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Preface 


This book aims to give a clear explanation of classical theory of analytic 
functions; that is, the theory of holomorphic functions of one complex 
variable. In modern treatments of function theory it is customary to call a 
function holomorphic if its derivative exists. However, we return to the old 
definition, calling a function holomorphic if its derivative exists and is 
continuous, since we believe this is a more natural approach. 

The first difficulty one encounters in writing an introduction to function 
theory is the topology involved in Cauchy’s Theorem and Cauchy’s integral 
formula. In the first chapter of the book we prove the latter in a 
topologically simple case, and from that result we deduce the basic proper- 
ties of holomorphic functions. In the second chapter we prove the general 
version of Cauchy's Theorem and integral formula. I have tried to replace 
the necessary topological considerations with elementary geometric con- 
siderations. This way turned out to be longer than I expected, so that in the 
original Japanese three-volume edition I had to end Volume 2 before 
Chapter 5 was completed. My original intention was to present classical 
many-valued analytic functions, in particular the Riemann surface of an 
algebraic function, and to introduce the general concept of a Riemann 
surface as its generalization. Now, with the appearance of the complete 
Japanese edition in a single volume, the link between the theory of 
Riemann surfaces and function theory is restored. 

similarly, for the theory of Riemann surfaces, with the assumption that 
the topology of curved surfaces is known, the plan was to introduce the 
content of Weyl’s book: The Concept of Riemann Surfaces.:Part II: Func- 
tions on Riemann Surfaces, but that would have been counter to the 
original policy of replacing the topological approach with elementary 
geometrical considerations. Thus, in Chapter 7, I have tried to illuminate 
topological characteristics of compact Riemann surfaces by using Rie- 
mann's mapping theorem. Consequently, Chapter 7 became longer than 
was planned, so Chapter 8 is limited to covering the Riemann—Roch 
theorem and Abel's theorem, which are the most basic theorems regarding 
analytic functions on compact Riemann surfaces. 
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Holomorphic functions 


1.1 Holomorphic functions 

a. The complex plane 

An expression z = x +iy, where x and y are real numbers and 
i= J — 1, is called a complex number. The sum, difference, and product of 
two complex numbers z = x -- iy and w = u + iv are defined by 

Z+w = (x+u)+i(y+ov), 

Z—w = (x—u)+i(y—v), 

zw = (xu — yv) +i (xv + yu) 

These expressions are obtained by first evaluating z +w, z — w, and zw as 
polynomials in the “variable” i and then replacing i? by — 1. Therefore, 
addition, subtraction, and multiplication as defined above satisfy the 
associative, commutative, and distributive laws. 

As usual, the real number line is represented by R. The plane R? is the 
product R x R, that is, the collection of all pairs (x, y) of real numbers. If 
one identifies the point (x, y) of the plane R? with the complex number 
z = x + iy, then R? is called the complex plane. The complex plane is rep- 
resented by C. 

The absolute value |z| of the complex number z = x + iy is defined by 

Iz| 2 yx? +y? 


For two complex numbers z = x + iy and w = u + iv 


Iz-w| = y (x— u}? * (y - v 


is the distance between the points z and w in the plane C. In particular, |z | is 
the distance between the point z and the origin 0. 

If one represents the complex number z = x + iy by the vector 0z from 0 
to z, then (x, y) are the coordinates of z and |z| = „/ (x? + y?) is the length of 
0z. Therefore, if z, and z, are complex numbers, and w = z, +z, is their 
sum, then the vector Ow is equal to the sum of 0z, and 0z, (Fig. 1.1): 


Ow = 0z, + 0z,. 
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Fig. 1.1 


For any complex number z = x + iy, one calls x — iy the conjugate of z. 
The conjugate of z is represented by z: 


Z=x—iy. 


imaginary axis 


real axis 


oZ=x—iy 


Fig. 1.2 


Furthermore, x is called the real part of z = x + iy, and y is called the 
imaginary part. The real part of z is represented by Re z, the imaginary part 
by Im z: 


Z+Z i(z — z) 
R = = — = y = 
ez=x 7” Imz = y 5 


The line R x {0} in the complex plane is called the real axis and the line {0} 
x R is called the imaginary axis. The conjugate Z of z and z are represented 
by points in the complex plane, that are symmetric with regard to the real 
axis. Obviously 
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Moreover 
Iz" = |Z|? = x? +y? 2z:z 
Hence 
|zw|? = zwzw = zwiw = zzww = |z12lw]2, 
and therefore 
|zw| = |z| |w]. | (1.1) 
If z # 0, then |z| > 0 and z - Z/|z|? = 1. So if z + 0, then z has an inverse 


1/z = z/|z|^. Therefore, the collection of all complex numbers C is a field, 
called the field of complex numbers. 

For z 4: 0 we have (w/z)z = (w/z)z = Ww, therefore 

(w/z) = w/z. 

Since similar rules hold for addition, subtraction, and multiplication, as 
we saw above, it is now clear that if a complex number w is arrived at by a 
finite number of additions, subtractions, multiplications, and divisions 
applied to a finite number of complex numbers Zis 22,.-.,2,, then by 
applying the same operations in the same order to Z,, Z5,...,2,0ne arrives 
at w. Therefore, the correspondence from C into C given by z => Z is an 
isomorphism. 

For two arbitrary complex numbers, we have the following inequality 


Iz-w| S |z]+]w}. (1.2) 


Proof. Using Rez < |z| we have 
Iz - w|* = (z+w)(Z74 w) = 274+ zw --wz + ww 
= |z|? +2 Re(zw) +|w/? x |z|? + 2|zw| + |w]? 
= |z|? *2Iz| |w] - |wI? = (Iz] + Iw]. 


From the inequality (1.2) the triangle inequality 
[21 — zl S |z; — zj| - |z; — z4], 
where z,, Z2, Z3 are arbitrary points of the complex plane, follows at once. 
, From |z| S Iz —w| *- |w], we conclude |z|- |w| < Iz —w|. 
In the same way it is proved that |w| — |z| € |w —z|. Hence 


Iz|i- iwi S |z —w]. (1.3) 
Repeated application of (1.1) and (1.2) yields 

[242223 * * * Zal = [zi] 1221 123] - -- Iz, l, 

Iz: za: tz Slzl-izal- --- +z l. 
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Therefore 
lao -aà1z - a57? + - - -  a,z"| S |ag|+ [ail |z| + a2] |z|? 
t las Iz" 


Since the complex plane C can be identified with the real plane R?, 
definitions and theorems pertaining to subsets of R? also apply to sub- 
sets of C. For example, one says that the sequence {z,} of complex 
numbers converges to w, if the sequence {z,} of points converges to the 
point w, that is, if 


lim |z, —w| = 0. 


n—> o0 


Theorem 1.1 (Cauchy's criterion). The complex sequence (z,] converges 
if and only if for every real number e > 0, there exists a natural number 
No (e) such that 


Iz,—z4| «e if n> ng(c) and m > no(é). 


We have |z,| — Iwl] S |z, — w| by (1.3), therefore from lim,..,, Zn = w we 
can conclude lim,,, |z,| = |w|. Hence if the complex sequence {z,} 
converges, then the sequence {|z,|} converges too and we have 


lim |z,| = | lim z,|. 
n => œ n-*oo 
The infinite series 2^ ,z, = Z1 +22+ °°: +2,+ ++- is said to con- 


verge if the complex sequence (w,) of partial sums 
Wa = Zi Z+ +t: Za 


converges. The complex number w = lim,,.. ,, w, is called the sum of the 
series and we write 


oo 
w= Y Zp = Z4 +Z + +++ +2,4+ sse 


n=1 


If the sequence {w,,} does not converge, then the series ° , z, is called 
divergent. 


Putting o, = |z| -|z2l t - : : -lz,l, we have form < n 
n 
[Wy — Wml = Y Z| S Y [Zk] = On —Om- 
k=m+1 k=m+1 


Applying Cauchy's criterion we conclude that Y" ,z, converges if 
>. -1 |[2,| converges. In this case, 9 ^ , z, is called absolutely convergent. 


n=1 
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If 5". , Za is absolutely convergent, then 
à, n|- 
n=1 


Since >. - -,|2,| either converges or diverges to +00, ^,, ,z, is 
absolutely convergent if and only if 5^. , |z,|« +œ. If w — 377. , z, and 
w — t C, are both absolutely convergent, then 

We = Zii +220, +210, 4240, 


T2462 230. +Z2%2 +Zı%3+ sc. (1.4) 


lim Wm 


m — oo 


- lim Iw,| € lim Y \z,| = y |z, |. 


m> 5,21 n=1 


Proof: Putting 
On = [Zul Ial +|Zn-1l [21+ |Zn-21 5s] + -+ +1201 UO, 


we have? , o, = Dra [Zal Po, -, In|, so that the series of the right- 
hand side of (1.4) is absolutely convergent and 


Y Zn Y -Y (2404 Zp- 12+ ` R6) 


s Y Iz, | Èl lnl — Y On 0, m — oo. 
n=1 n=1 


b. Functions of a complex variable 

Let D be a subset of C, i.e., D is a point-set in the complex plane. A 
function f defined in D assigns to each element of D exactly one complex 
number. D is called the domain of f. For ( € D the complex number w 
assigned to ¢ by f is called the value of f at (. We write 


e = fQ). 

If S is a subset of D, then the collection of all complex numbers /(¢), 

where ( € S, is written as f (S) 
f(S) = {£: Ces). 

The set f (D) of all values c = f (¢) is called the range of f. 

Writing f(z) instead of f, one calls z a variable and f(z) a function of a 
complex variable. Just as for functions of a real variable, z denotes an 
arbitrary element ¢ of D, or, in other words, a symbol for which ¢ has to be 
substituted. According to general custom, we will use the same letter z to 
denote points of D. Putting w = f(z), we call w a function of z. 

An open subset U of the complex plane is said to be connected if U is not 
the union of two nonempty, open subsets that have no points in common. 
An open subset U is connected if and only if each pair of points z, w of U can 
be connected by an arc lying in U. 
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A connected open subset of C is called a region (or a domain); the closure 
of a region is called a closed region (or a closed domain). 

In this book we will mainly consider functions defined on regions or on 
closed regions, but we start by discussing limits, continuity, and other 
properties of functions, defined on arbitrary sets D c C. 


Definition 1.1. Let D bea point set in C, can accumulation point of D, and 
y a complex number. We say that f(z) converges to y or that y is the limit of 
f'(z)as z tends to c, if for every reale > 0 there exists a real ó(c) > 0 satisfying 


lf(2—-y|«e | ifO«Iz—c| < ó(9. (1.5) 


This is written as 
lim f(z) = y 
z-^c 


Or 
fí(z—70 asz-c. 


Since f (z) is not defined if z € D, we have to assume that z e D in (1.5). The 
assumption that c is an accumulation point of D is necessary to exclude the 
possibility that there are no points z satisfying z e D and O < |z — c| < ó(e). 

The proof of the following result is similar to the proof of the4 
corresponding result for real functions. 


The function f(z) converges to y as z tends to c if and only if for all 
complex sequences (z,), z, € D and z„,# c, converging to c the complex 
sequence ( f (z,)) converges to y. 


"Combining this theorem with Cauchy's criterion for complex sequences, 
we arrive at Cauchy's criterion for functions. 


Theorem 1.2 (Cauchy's criterion). Let f(z) be a function of the complex 
variable z defined on D c C and let c be an accumulation point of D. Then 
f (z) converges to some value if z tends to c if and only if for every real e > 0 
there exists a real ó(ce) > 0 such that 
| f(z) —f(w)| <e if 0 <|z—c| < d(e) and 0 < |w—c| < ó(c). 
Let f(z) be a complex function defined on D c C, and assume that c 
belongs to D. If 


lim f(z) = f (o) (1.6) 


then f(z) is said to be continuous at c. 
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It follows at once from the definition that f(z) is continuous at c if and 
only if for every real c > 0 there exists a real ó(c) > 0 such that 


If()—-f(l<e if |z—c|<d(e). 


(If c is an isolated point of D, then for sufficiently small 5 the only z 
satisfying zeD and |z—c| < ô(e) is c, in which case f(z) is certainly 
continuous at c.) | 

Putting z = x -- iy and c = a + ib, we can split f(z) into a real and an 
imaginary part 


f(z) = u(z)+iv(z), u(z) = Re f(z), v(z) = Im f(z). 


The real part and the imaginary part can be considered as real functions of 
two real variables x and y where z = x + iy. From 


Lf (2) —f()] = vy 1u(x, y) — u(a, b)|? + |v(x, y) — v(a, b)? 


we conclude that (1.6) is equivalent to 


lm u(x, y) = u(a, b), lim v(x, y) = v(a, b). 
(x, y) -* (a, b) (x, y) ^ (a, b) 
Therefore, the function f(z) = u(x, y) -- iv(x, y) of the complex variable 
z = x + İy is continuous at c = a + ib if and only if its real part u(x, y) and its 
imaginary part v(x, y) are continuous at (a, b) as functions of the two real 
variables x and y. 

If the complex function f(z) is continuous at all points of its domain 
D c C, then f is called a continuous function of z or simply a continuous 
function. The function f(z) = u(x, y) -- iv(x, y) of the complex variable 
z = x + İy is continuous if and only if its real part u(x, y) and its imaginary 
part v(x, y) are continuous functions of the two real variables x and y. 

Just as for functions of a real variable, limits of complex functions satisfy 
the following rules: let f(z) and g(z) be functions of a complex variable z 
defined on D c C and let c be an accumulation point of D. If both f (z) and 
g(z) converge to a limit as z — c then the linear combination a, f(z) + a, f (z), 
Where a, and a; are constants and the product f (z) : g(z) converge to a limit 
and these limits satisfy 


lim (a, f (z) - a5g(z)) =a, lim f (z) ta; lim g(z), 


lim f (z)g(z) = lim f (z) lim g(2). 


If moreover lim,., g(z) #0, then the quotient f (yt converges 


8 Holomorphic functions 
if z —^ c and the limit satisfies 
fel limf (2) 


lim = 
z ^c g(2) 


lim g(z) | 


Hence if f(z) and g(z) are continuous functions of z, then the linear 
combination a,f(z)--a;g(z) and the product f(z)g(z) are continuous 
functions. If, moreover, g(z) ¥ 0 for all z e D, then the quotient f (z)/g(z) is 
also a continuous function of z. 

Continuity of the composite of two complex functions obeys the same 
rule as real functions do: If f(z) is a continuous function of z defined on 
D c C, if g(w) is a continuous function of w defined on E c C and if 
f (D) c E, then the composite g( f (z)) isa continuous function of z on D. For, 
if c is an arbitrary point of D, then lim, ,, f(z) = f (c) and lim, fi g(w) 
= g(f(c)); hence lim, .,. g(f(z)) = g(f(o)). 

The functions z and Z are obviously continuous functions of z defined on 
C. According to the above, linear combinations of finite products of z and Z, 
that is polynomials in z and Z: 


m n 
f(z) = Y 3 Any, Z9 Z*, ay, € C 
h=Ok=0 
are continuous functions of z. 


Definition 1.2. Let f(z) bea continuous function of z defined on D c C. If 
for every real e > 0 there exists a real 5(e) > 0 such that 

f(z) —f(w)| « e if |z —"| < ó(c) and zeD and weD 
then f(z) is.said to be uniformly continuous on D. 


Theorem 1.3. A continuous function f (z) defined on a bounded, closed set 
D c € is uniformly continuous on D. 


Proof: Assume that f(z) is not uniformly continuous on D. Then there 
exists an £ > 0, such that for each ô it is not true that |f(z) —/(w)| >€ 
whenever |z — w| < 6, z € D, and we D. Hence there exist complex numbers 
z, and w, for each natural number n, satisfying 


124 — wd <E, z€D,  w,eD,  |f(z)—f(w,ze (1.7) 


Since D is bounded, there exists a subsequence z, ,z,,,. . . , Zn proh 
«n,«-:- «nj«---,of the complex sequence {z,}, which converges. 
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Putting lim ;., ,. Zn, = c we conclude from z,, € D and the fact that D is closed 
that ce D. 
From 


1 , 
Iz, — Wp | < — > 0 as | joo 
Jj j n, 
we conclude that lim ,. ,, Wy, = lim 5 4 Zn, = C. Since f is continuous, 
we have 
lim f(w,) = lim f(z,) = f(c) 
jo jc 


and this contradicts (1.7). Hence f(z) is uniformly continuous. 


c. Holomorphic functions 

Let D c C bea region and f(z) a function of the complex variable z 
defined on D. The definition of the differential coefficient of a complex 
function is exactly the same form as the corresponding definition for real 
functions. Let z be a point belonging to D and let p be a positive real number 
such that the p-neighborhood of z: 


U, (2) = (CIC —z| < p) 


Fig. 1.3 


is contained in D. Now, the expression (f(z + h) — f (z))/h is a function of the 
complex variable h, 0 « |h| « p. If 

km LET SO) 

h-0 h 
exists, the function f (z) is said to be differentiable at z. This limit is called the 
differential coefficient of f(z) at z and denoted by f" (z): 

h) — 
fà) - ti I 9/0 > /e (1.8) 


h^0 


10 Holomorphic functions 


If f (z) is differentiable at all points z of D, then f (z) is called a differentiable 
function of z. In this case, f’(z) is a function of z defined on D. This function 
Ff’ (z) is called the derivative of f (z) and the process by which f'(z) is obtained 
from f(z) is called differentiation. Just as in the case of a function of a real 
variable the derivative of w = f (z) is denoted by dw/dz or df (z)/dz. Similarly, 
a function a(h) such that lim ,., 9 «(h) = «(0) = 0 is called an infinitesimal. 

Representing the product e(h)a(h) of the two infinitesimals e(h) and 
a(h) by O(h), (1.8) can be rewritten as 


f(z *- h) — f(z) =f' (2)h + O(h). (1.9) 
Therefore, if f(z) is differentiable, then lim „o f(z + h) = f (2). In other 


words, differentiable functions are continuous. 
Putting 


w = f(z) = f(x + iy) = u(x, y)  iv(x, y) 
and 

h = Ax + i^y, Aw = f(z+h)—f(z) = Aur i^v 
and f" (z) = p + iq, then (1.9) becomes 

Au + iAv = (p + iq) (Ax + iAy) + O(h). 

Splitting this into its real and imaginary parts, we get 
Au = u(x + Ax, y + Ay) — u(x, y) = pAx — qAy + O (/ (Ax)? + (Ay)? ), 

Av = v(x + Ax, y + Ay) — v(x, y) = qAx + pAy +0(./ (Ax)? + (Ay)?). 

From this we conclude, if f(z) = u(x, y)+iv(x, y) is a differentiable 
function of z, then u(x, y) and v(x, y) as functions of the real variables x and y 
are differentiable and 

u(x, y) = v,(x, y) =p,  -—u(xy-v0y-q. 
Hence, 
u, (x, y) = v, (x, y), 


u, (x, y) = —v,(x, y). (1.10) 


The equations (1.10) are called the Cauchy-Riemann equations. As a direct 
consequence of the Cauchy-Riemann equations we note 
f'(z) = u, (x, y) + iv, (x, y) = v, (x, y) — iu, (x, y). (1.11) 
Conversely, let f(z) = u(x, y) + iv(x, y) be a function of z = x + iy defined 
on the region D c C, such that its real part u(x, y) and its imaginary part 
v(x, y) are differentiable functions of the real variables x and y satisfying 


the Cauchy-Riemann equations (1.10). 
Putting 


p = u,(x, y) =v, (x, y) = —u,(x, y) = v, (x, y) 
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we have 
Au = pAx — qAy + 0 (V (Ax)? + (Ay^), 
Av = qAx + pAy + O(A/ (Ax)? + (Ay). 
Evaluating f(z + h) — f(z) for h = Ax +iAy we get 
f(z - h) - f(z) = Aut i^v = (p + ig(Ax + iAy) + O(|h]). 
Hence 


p /E* 3 —f(z) 
li — "o 
i.e., f(z) is differentiable and f" (z) = p + iq. 

Summing up, the function f(z) = u(x, y) + iv(x, y) of the complex variable 
z = x + iy defined on the region D c C is a differentiable function of z if and 
only if u(x, y) and v(x, y) are differentiable functions of the real variables x 
and y satisfying the Cauchy-Riemann equations (1.10). 

Just as for functions of a real variable, we have: If f (z) is a function of the 
complex variable z defined on a region D c C such that f(z) is differentiable 
at each point of D and such that f' (z) = 0 for each point z of D, then f(z) o 
constant. For, putting f(z) = u(x, y) + iv(x, y), we have u, (x, y) = u,(x, y) = 
identically, by (1.11). Therefore, u(x, y) is a constant function of x ay y. 
Similarly, v(x, y) is seen to be constant. 


= p iq, 


Definition 1.3. Let f(z) be a function of the complex variable z, defined on 
the domain D c C. If f(z) is a differentiable function of z, such that the 
derivative f" (z) is continuous, then f(z) is called a holomorphic function of z 
or, briefly, holomorphic. 


Remark: Usually, a function is called holomorphic if it is differentiable, 
but in this book we have adopted the above definition. This is a traditional 
definition, but since in modern theories of, for example, manifolds, 
continuously differentiable functions play a greater role than functions that 
are only differentiable, this older definition seems more natural. In Section 
2.4 we will show that the derivative of a differentiable function of a complex 
variable is always continuous, so that our definition of a holomorphic 
function is equivalent with the usual one. 


The following theorem follows immediately from (1.11). 


Theorem 1.4. A function f(z) = u(x, y)+ iv(x, y) of the complex variable 
z = x + iy, defined on a domain D c C, is holomorphic if and only if its real 
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part u(x, y) and its imaginary part v(x, y) are continuously differentiable 
functions of the real variables x and y, satisfying the Cauchy-Riemann 
equations (1.10). 


Example 1.1. Sincelim,..o [(z - h) - z]/h = lim, h/h = 1, z isa holo- 
morphic function of z. However, Z is not a holomorphic function of z. For, 
putting h = Ax +iAy, we have 

zth-z _ h Ax + iAy 


h h Ax—iAy 
If Ay = 0, then 
tim 255-77 = lim" = lim AX =1, 
h>0 h hoon Ax—0 
and if Ax = 0, then 
lim tha? lim ^ = lim TN _ — 
h- 0 noh nso iAy 


Therefore, the limit lim ,., 9 [(z +h) — z]/h does not exist. 


Since Definition (1.8) of the differential coefficient is formally the same as 
that of the differential coefficient of a real function, the rules of differenti- 
ation of a linear combination, product, or quotient of differentiable 
functions of a complex variable are exactly the same as for functions of a 
real variable. Explicitly, if f (z) and g (z) are both differentiable functions of 
the complex variable z, defined on a certain domain, then the linear 
combination a, f(z) --a;g(z), where a, and a, are constants, and the 
product f (z)g (z) are differentiable and their derivatives are given by: 


d 
q, (Aid (2) + a29(2) = a, f’ (2) + a29'(2); (1.12) 


od 
z U (0002) =f (Zaz) + F(@)9' (2). (1.13) 


If, moreover, g(z) # 0 for all points of that domain, then the quotient 
f (z)/g(z) is differentiable and its derivative is given by 

d (re | LO-A (1.14 
dz Ng(z) g(z)’ ) ) 
The proofs are also similar to the real case, but for completeness’s sake we 
give the proofs for the derivatives of product and quotient. Since f(z) and 
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g(z) are differentiable, we have by (1.9) 
f(z +h) = f(z) - f' (z)h + O(h), 
g(z + h) = g(z)+g'(z)h + O(h). 
Hence 
J (z+ h)g(z + h) — f (z)g (2) = (f (2)g (2) + f (2)9' (z))h + O(h). 
and therefore 
imf Ete +h- f Ga) 


h = f'(z)g (z) + f (z)g' (2). 

h>0 

Thus, f (z)g (z) is differentiable and (1.13) holds. If, moreover, g(z) # 0, then 
1 1 — g' (z)h -- 0 (h) 


g(z+h) g(z  (g(z)-g'(zh--O(h)g(z) 
Hence 


im 1( ! -A:)- 9g’) 
a ohNXg(z--h)  g(z) gy? 
and therefore 1/g(z) is differentiable and its derivative is given by 
xí 5) _ 9) 
dz \ g(z) g(z)" ` 
Since f (z)/g(z) = f(z) : 1/g (z), we conclude that f (z)/g(z) is differentiable and 
that (1.14) holds by using the product rule. 


If f(z) and g(z) are holomorphic, then f’ (z) and g'(z) are continuous, hence 
the right-hand sides of (1.12) and (1.13) are continuous too. If, moreover, 
g(z) # 0, then the right-hand side of (1.14) is continuous too. Therefore, we 
have the following theorem. 


Theorem 1.5. If the complex functions f (z) and g(z), defined on a domain, 
are holomorphic, then their linear combination a, f(z) + ag (z), with a, and 
a, constants, and product f(z)g(z) are also holomorphic. If, moreover, 
g(z) # 0 on that domain, then the quotient f (z)/g(z) is holomorphic too. 


As shown in Example 1.1, the function z, defined on the whole complex 
plane C, is a holomorphic function of z. Therefore it follows from Theorem 
1.5 that the polynomial p(z) of z, 


p(z) = ao +Q,z2+a,27+ ---+a,2", — ag,4,,...,a,€C 
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is holomorphic on C. Moreover, the rational expression 
p(z) 


a(zy when p(z) and q(z) are polynomials. 


is holomorphic on the domain, obtained by omitting from the complex 
plane C the roots of the algebraic equation q(z) = 0. 
Let n be a natural number. Using induction on n and 


d d n—i\ m ,n-1 d -1 

L 7C zz tz47 
it is easily proved that 

d n-i 

z^" . 


Therefore, the derivative of the polynomial 


p(z) = ag +a,z+a,27+ az" 


is given by 
p'(z) = a, +2a,z7+ --- na,z" |. 


If D is a subset of the domain of a function f(z), then the function obtained 
from f (z) by restricting the domain of f(z) to D is called the restriction of f (z) 
to D and denoted by f, (z) or (f |D) (z). Hence, f; (z) is a function defined on D 
by fo (z) = f(z) for each z e D. If D is a domain, and if f, (z) is continuous, then 
f(z) is called continuous on D; if f; (z) is holomorphic then f(z) is called 
holomorphic on D. Generally, if £ is some property of functions f (z) and if 
fp(z) has £, then f(z) is said to have the property £ on D. 

If D is a closed domain, then the differential coefficient of f,(z) is not 
defined on the points of the boundary of D. Therefore, it is meaningless to 
say that f(z) is holomorphic on D. What we mean if we say that f(z) is 
holomorphic on the closed domain D is that f(z) is holomorphic on some 
domain containing D. 


Theorem 1.6. Let f(z) be a holomorphic function of z defined on the 
domain D c C and let g(w) be a holomorphic function of w, defined 
on the domain E c C, such that f(D) c E. Then the composite function 
g (f (z)) is a holomorphic function of z defined on D and the derivative of 
g (f (z)) is given by 


d 
FU (z)) = g' (f (2)) -f (2). (1.15) 
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Proof: According to (1.9) we have 
f(z +h) — f (z) = f'(z)h + O(h), 
g(w + k) — g(w) = g'(w)k + O(k), 
where O (k) = e(k)k with lim „o €(k) = &(0) = 0. 
Substituting w = f(z) and k = f (z + h) — f (z), we get 


g( (z+ h))— 90) = ('0 (2) + ef (z)h + O(5)) (^ (z)h + Olh). 


Hence 


g(f (z +h))—g(f(2)) = g'O (2) (z)h + O(h). 
Therefore, g(f(z)) is differentiable and (1.15) holds. Since g'(w) is a 
continuous function of w, g'( f (z)) is a continuous function of z. Since f" (z) is 
a continuous function of z, the product g' (f (2))f' (z) is a continuous function 
of z, so that g(/(z)) is a holomorphic function of z. 


1.2 Power series 

a. Series whose terms are functions 

Let {f,(z)} be a sequence of functions, the terms f, (2), 
S,(z),...,f,(2), ..., of which are functions of the complex variable z, all 
defined on the same domain, and let D be a subset of that domain. If this 
sequence converges for each point of D, then we say that ( f, (z)) converges 
on D. In that case, a function f(z) = lim,.,, f, (z) is defined on D. 


Definition 1.4. If for each €> O, there exists a natural number ne (c) 
such that 


I (z) —f(2) < if n > no(e) for all zeD, 
then the sequence of functions { f, (z)) is said to converge uniformly to f (2). 


Similarly, if the series 5^, f,(z, whose terms are functions of z, 
converges for each point z e D, then the series Y.- Ja (2) is said to converge 
on D. 

If the function sequence (s, (z)) of partial sums s,,(z) = 2^. , f, (z) is 
uniformly convergent on D, then the series )'^. ,f,(z) is said to be 
uniformly convergent on D. Further, if the series ) ^. , |} (z) | is convergent 
on D, then the series )'".. , f, (z) is said to be absolutely convergent on D. In 
this case, obviously È ^. , f(z) is convergent on D. If the series Y^". , |f, (z)] 
converges uniformly on D, then the series $^. , |f,(z)| is said to be 
uniformly absolutely convergent. From 


P» 4.) 


oo 


< 2} 14. QI 


nmt 


IS. (z) — s(2)] = 
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we conclude that if 5^ , f, (z) is uniformly, absolutely convergent on D, 
then ?? , f, (z) is uniformly convergent on D. 

If there exists a convergent series Y. _ Án With positive terms A, 
such that 


IA (Gl S A, n-1,2,3,...,forallzeD, 
then 57. , f, (z) converges uniformly absolutely on D. 


Theorem 1.7. Letfi(z),f;(2),) ..., f (2, . . . be continuous functions on D. 
(1) If the sequence (f,(z)) converges uniformly on D, then its limit 
f(z) = lim,.,, f, (Z) is continuous on D. 
(2) If the series Y. ,Jí(Z) converges uniformly on D, then its sum 
>, - f(z) is continuous on D. 


Proof: Since (2) is a direct consequence of (1), it suffices to prove (1). Let c 

be an arbitrary point of D and let us prove that f(z) is continuous at c. 

Choose a real, positive e, then there exists a natural number n, such that 
A (2 —f(z) < € for all points ze D. 


Since f, (z) is continuous at c, there exists a real, positive ó(s) such that 


(2) — (c) «€ if |z — c| < d(e). 
From 


I2) -RN S Lf (2) — 55 (2)1 + 1 (2) — hle) + 1f. (c) FO 
we conclude 

| f(z) —f (c)| < 3e if |z —c| < (e). 
Therefore, f (z) is continuous at c. 


b. Power series 
A series of the form 


oo 
2, a(z—-c) = ag a,(z—ce)- a,(z—cy + «++ ta,(z—cey 
n=0 
is called a power series with center c. Power series play a fundamental role in 
complex analysis. In this section we consider power series, 


oo 
Y az-ajtaztazbReeckazue, 
n=0 


with center at the origin 0. 

By replacing z by z —c, all results obtained will be seen to be valid for 
power series with center c as well. We want to find a sufficient condition for 
the power series » , 442" to converge. Suppose that $2... o 442" converges 
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for a certain complex number z. In that case, lim ,., „ a,z" = 0, hence there 
exists a positive, real M such that 
|a,z"| S M for all natural numbers n. 
For such an M we have 
Iz| la|” € M'^, 
while lim ,..,, M !" = 1. Therefore 


|z| limsup |a,|!^" < 1. (1.16) 


If 0 < limsup, .. œ |a|!" < -- oo, we put 


1 
r = 


limsup |a, |! /" 


and we obtain from (1.16) the inequality 
|z| <r. (1.17) 
If limsup,,..,,|a,|'" = +00, then we put r=0. If |z|>0, then 
limsup ,., ,,[a,]! ^ < + oo by (1.16), therefore if limsup „~ |a,|!/" = + oo, 
then |z| = 0, that is, (1.17) is valid. If limsup,..,, |a, |" = 0, then we put 
r= + oo. In this case (1.17) is trivially satisfied. 
The number r defined in this way has the following property. 


Theorem 1.8. The power series D o 4.7" converges absolutely if |z| < r 
and diverges if |z| >r. | 


Proof: |f|z| < r, we choose a real number x such that |z| < x < r. Then 
1 1. , 
ani limsup la, |*/". 
Therefore, there exists a natural number n, such that |a, |!" < 1/« for 
n> ng, i€., |a,|K" < 1 for n> ng. Therefore, there exists a constant M, 
such that 
M 
[an| S — 


= x" 


(1.18) 


Since |z| < x, we have 
|z| \" Mx 
<M . 
È laz’ i(@ -E< +o 
Therefore, the series L = o 4n2" converges absolutely if |z| < r. The second 
part of the theorem follows from (1.17). 
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The number r is called the radius of convergence of the power series 
~ o Anz”. Putting 1/+ oo = Oand 1/0 = + oo, the radius of convergence is 
given in all cases by 
1 
r= a. 
, limsup „— o |a, |!" 
(1.19) is called the Cauchy-Hadamard formula. For 0 < r < + oo the circle 
C, with center 0 and radius r is called the circle of convergence of the power 
series 5". 9 4,2". According to Theorem 1.8, the power series ^. , a,z" 
converges absolutely if z belongs to the interior of the circle of convergence 
and diverges if z belongs to the exterior of the circle of convergence. 


(1.19) 


Fig. 1.4 


If z is a point of C,, then)’ ”_ , a,z" can be convergent or divergent. The 
interior of C, is denoted by U, (0) 

U,(0) = {z: |z| <r}. (1.20) 

If r = + co, the circle of convergence is not defined, but we put U, , (0) 

= Cand consider C as the interior of the circle of convergence. By doing so, 

the power series 5^" , a,z" is absolutely convergent in the interior of the 

circle of convergence for all radii of convergence such that 0 <r € +œ. 


Theorem 1.9. Let ye. o nz" be a power series with radius of convergence 
r, such that 0 <r € +œ. If p is a real number such that 0 < p <r, 
>, = o 9x2” is uniformly absolutely convergent on the interior U, (0) of the 
circle with center 0 and radius p. 


Proof. Choose a real x, such that p < x < r. According to (1.18), there 
exists a constant M such that 


|a, |p" < M(p/x)". 
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Since $^. M (p/k)' = Mk/(x — p) < + œ, the sum Y; . o lanl p" < 4 oo. 
From la, z" "| S |a,| p" for all z with |z| < p, we conclude that ». = o 42" 
converges uniformly absolutely on U,(0) = (z: |z| < p}. 


Since all terms a,z" are continuous functions of z on U,(0), by Theorem 
1.7(2), the sum f(z) = 27, a,z" is also continuous on U, (0). Since this is 
true for each p with 0 < p <r, we conclude that f(z) = 5 ,a,z" is a 
continuous function of z on the interior U, (0) of the circle of convergence. 


Theorem 1.10. Let)" ,a,z"bea power series with radius of convergence 
r such that 0 < r < + oo. Then f (z) = ) -o 4z" isa holomorphic function 
of z on the interior U,(0) of the circle of convergence and the derivative of 
f(z) is given by “termwise differentiation of $7 ,a,z"": 


f'(z) = Y na,z" ! = a, + 2a,z + 3a4z? + oe +na,z" 1+ e. 


n=i1 
(1.21) 
The radius of convergence of the power series 5^ , na,z" ! is also r. 


Proof: First we prove that the radius of convergence of $7 ,na,z" ! 
equals r. 
Differentiating both sides of the equality 


n 1- 
| È tSr 
yields 
m . 1 — (m4 1)" 4- mm" *! 
toi s II 
» n (1 —ty 
Since lim,,., œ mt" = 0 for 0 < t < 1, we find 
~ 1 
D = —. 1.22 
2 É (1— ty 


In order to prove that » , na,z"” ! converges absolutely if |z| < r, we fixa 
z with |z| < t. Next we choose a real x such that |z| < x < r. According to 
(1.18) there exists a constant M, such that 


la,| € M/k". 
Using (1.22) we get 
oo . M 2 |z| n-1 Mx 
nla,z" !|x-— (2 = + ©. 
L K D K (x — -iz ^ 


Therefore, 5^ , na,2"—' converges absolutely for |z| < r. 


20 Holomorphic functions 


From 


o0 


2, la„z"| < laol + |z| Y n|a,z"" ! | 


n=Q n=1 
we conclude that 5 ^ | a,z" converges absolutely if y= ,na,2" ! converges 
absolutely. Therefore, the radius of convergence of y- ,na,z"~* equals r. 
Hence, the sum $a na,z" ^! is a continuous function ‘of z on U,(0). 

Next we prove that I (2) = 4 4n2" is differentiable on U,(0) and that 

f'(295,.,na.2"- ! Fix z such that |z| < rand choose real numbers p and 
K such that |z| < p < x < r. Consider, for |w] < p, 

f (w) — f (z) — Y a, — —z 


W—Zz i n=1 W—z 


as a function of w. Putting 


Ww 
Dp, (w) = a, — a,(w"^! + w" 274 wr 372 + te +z" 1) 
W—Zz 


we see that p,(w) is a continuous function of w. Let M be a constant such 
that |a,| € M/x", then 

Ip. (w)] S la, (Iw! + Iw|" ?Iz| o --- zl!) < Mnp’ yr". 
By (1.22) we have 


~ M 24 Mk 
— -————; < + ©. 
Le K” np" (k —p y 
Therefore, the series on the right-hand side of 
f(w)-f() S 
10) -/0) 2, p,(w) 


Ww—Z2 n-1 


converges uniformly absolutely for |w| « p and hence its sum is a 
continuous function of w for |w| « p, ie., 


m f= SO) _ - E»o- i na 23 


Therefore f (z) is a differentiable function of z on U,(0) and 


f'2- y na,z" |. 


Since, as we proved above, a , na„z" ! is a continuous function of z on 
U, (0), we conclude that f (z) is a holomorphic function of z on U, (0). 


Since the circle of convergence of 2^ , na,z"^ ! equals r, we can apply 
Theorem 1.10 to conclude that f’(z) is a holomorphic function of z on U, (0) 


x 
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and 


oo 


f"(z) = Y n(n—1)a,2"~?. 


n-2 
Since the radius of convergence of this power series again equals r, f” (z) is 
also holomorphic on U, (0) and 


oo 


f"(2 = 5, n(n- 1)(n—2) az" ?. 


n=3 
Continuing in this way, we find that f(z) is infinitely often differentiable on 
U,(z, that the higher-order derivatives f’’(z),...,f(z),...are all 
holomorphic on U,(0) and that f™ (z) is represented by 


f(z) 2 Y n(n—-1)(n-2)--- (n—-m- l)a,z"". 

Replacing z by z —c in o a,z" and applying the above results to the 
power series yo a,(z — c)", we get the following results. 

Let >. o 4n(Z — c)" be a power series with radius of convergence r, such 
thatO <r € + oo. Then a o 4n(z — €)" is absolutely convergent for |z — c| 
< rand divergent for |z — c| > r. The radius of convergence is given by the 
Cauchy-Hadamard formula, (1.19). If 0 < r < + oo, then the circle with 
center c and radius r is called the circle of convergence of ?^ ^ , a,(z — c)". 
For0<rs + œ, U,(c) = {z:|z—c| < r} is called the interior of the circle 
of convergence. Consequently, 


Theorem 1.11. The sum of the power series 


00 


f(z) = Y a,(z—c)" = agta,(z—c)+a,(z—c)> +- 


n=0 


is a holomorphic function of z on the interior U,(c) of the circle of 
convergence. The function f(z) is infinitely often differentiable on U, (c) and 
the derivatives f'(z), f" (z), . . . ,f ?(z),. . .areall'holomorphic on U, (c). The 
m' derivative of f (z) is obtained by differentiating .- o 4(Z — C)" termwise 
m times: 


fi (2) = Y n(n —1)(n—2)--- (n—m-4l)a,z — c^" 


and the radius of convergence of this power series is also r. 


Substituting z — c in the above expression, we find 
f (c) = m! aw (1.23) 
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Therefore, the original power series can be written as 


Qoo 


f= ¥ a-or- FEO c y. 
n=0 (zo N! 
The power series on the right-hand side is called the Taylor series off (z) with 
center c. 
Now let f (x) be a real analytic function of x, defined on some interval of 
the real line R. Let c bea point from the interior of that interval and let f (x) 
be represented by its Taylor series with center c: 


(fe =s0)+ X S ec 


Assuming that its radius of convergence r satisfies 0 < r € +œ, then the 
power series obtained from this Taylor series by replacing x by the complex 
variable z converges absolutely in the interior U,(c) of a circle with center c 
and radius r in the complex plane C and represents a holomorphic function 
of z on U,(c). Denoting this function also by f, we have 


e f Og 


f(2) =f(c) + 2 - o. 

The original real analytic function is obtained by replacing the complex 
variable z by the real variable x, i.e., by restricting f (z) to the real axis. A real 
analytic function can always be extended to a holomorphic function. 


Example 1.2. The exponential function e*, or exp x, has a Taylor expan- 
sion e* = 1+ ye ,x"/n! with radius of convergence equal to + oo. 
Therefore, the exponential function of the complex variable z, 

z2 z3 z" 


@al+o+ stat: tap 77 


is holomorphic on the whole complex plane C. 
The complex sine function, 


z 2° 7 (0 2n*Y 
3n2—2^73 ^5 m^ e.. +(-1) Qna DU 
and the complex cosine function, 
z^? z* zô n 2n 
cosz=l- 5ta gt o +(—1) Omit ee, 


are also holomorphic on C. 
Since log(1 +x) has the Taylor expansion log(1 +x) = 24 (—1y ^ !x"/n 
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with radius of convergence 1, the complex extension, 


3 


z? z z" 
] = — a —— -— o o o — n-1" eee 
og(1+z) =z 5 + 3 -(- 1) " + , 


is a holomorphic function of the complex variable z on the interior of the 
unit circle U, (0). 
We note as an obvious consequence of the above, the following formula 

e = cosz + isinz. 

In particular for real 0 
e = cos -- i sinO 

so that |e®| = 1. Hence, the transformation given by 
z — z' = ez 


is a rotation of the complex plane C with center 0 and angle 0. 


Fig. 1.5 


Every complex number z # 0 can be represented as 
z = |z|e", 

where 0 is the angle between the segment 0z and the positive real axis. One 
calls 0 the argument (or amplitude) of z. If one represents the complex 
number z by the vector Oz, then the argument of z is the angle between the 
vector 0z and the real axis. 

Using (1.4) and the binomial theorem, we have 

O yh o yn o0 (= ziw g^ 2.2 s) 


Lana (DEG 232: ^w 


œ 1 n n 
=) al enm ems vee ew | 
an=0 "e 


o0 (z - wy 
p n! l 
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So we have proved 

ee" = ev, (1.24) 
Therefore the product of two complex numbers z, = |z,|exp(i0,) and 
Z, = |z5|exp(i0;) is given by 

3125 = |zi||z2] exp[ (0 + 0;)]. 
From this we see that the argument of the product of two complex numbers 
is equal to the sum of the arguments of those numbers. 

At this point, we insert some remarks concerning coordinate transform- 
ations of the complex plane. The complex number x = x + iy is called the 
coordinate of the point z of the complex plane C. Given a linear expression 
aw + b, a and b constants, a # 0, of the complex variable w, the value of w 
satisfying z = aw + b can be thought of as a new coordinate of the point z. 
The point z has now two coordinates z and w, related with each other 
through the so-called coordinate transformation 


b 
Z—w---—-, 
a a 


The origin of the new system of coordinates is b and the angle « between the 
real axis of the new system of coordinates and the real axis of the old system 
of coordinates equals the argument of a. 


Fig. 1.6 


1.3 Integrals 

In the previous section we have seen that the sum f(z) 2 5^ , 
a,(z — c)" is a holomorphic function of z in the interior of the circle of 
convergence. Conversely, it is possible to represent a holomorphic function, 
defined on a certain region, in some neighborhood of an arbitrary point c of 
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that region as the sum of a power series, i.e., 
o0 
f= Y a(z-c"  if|lz—c| <r for somer > 0. 
n-O 


a. Curves 
Consider a complex-valued function y (t), defined on some interval 
of the real line R. 
The following definitions are obvious. 
If for each t in the interior of the interval 


lim |y(t-- At) —3(0] 20 
At-0 


then y(t) is called a continuous function of t. 
If for each t in the interior of the interval the limit 


y (t) = lim y(t + At) - y (t) 
At—0 At 
exists, then y(t) is called a differentiable function of t. (Here, At represents an 
increment of t.) 

If y(t) is differentiable and its derivative y'(t) is continuous, then y (t) is 
called continuously differentiable or a function of class C!. 

The function y (t) is continuous, of class C! and so on if and only if its real 
part Re y (t) and its imaginary part Im y (t) are both continuous, continu- 
ously differentiable, and so on. Let y (t) bea continuous function defined on 
the closed interval I = [a,b]. If t moves from a to b over the real axis, the 
point y(t) moves in the complex plane C, describing a "curve" C = y (I) 
= {y(t:a St <b}. 


Fig. 1.7 
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Definition 1.5. A continuous map y: t > y(t) from the closed interval 
I = [a,b] into the complex numbers is called an arc or curve in the complex 
plane. The point » (a) is called the initial point and the point y(b) the final 
point of the curve. If y(t) is continuously differentiable on I, y is called a 
continuously differentiable curve or a curve of class C'. If, moreover, y' (t) # 0 
for all t€1, then y is called a smooth arc. Points belonging to the subset 
C = (Il) = (y(tkasts b} are said to be points on y. 

(Formally speaking, there is no difference between a "map" and a 
“function,” but “map” seems to better convey the idea of a curve.) 

If «x and B are two points of C, then a curve y: t > y(t, a € t € b, such that 
y(a) = a and y(b) = B is said to connect « and f. 

If D is a region in C, [D] its closure, «e D and f£ [D], then all curves 
connecting a and f intersect the boundary [D] — D of D, that is, for some s 
with a < s < b we have y (s) e[D] — D. To see this, let S be the subset of I 
consisting of all points t such that y (t) [D] and let s be the supremum of S. 
Suppose y(s)¢ [D], then by the continuity of y there exists an € > 0 such 
that y(t)¢ [D] if t > s—e. This is a contradiction and therefore y(s)e [D]. 
Suppose y (s) € D, then there exists an € > 0 such that y(t) € D for t < s +e. 
This is a contradiction and therefore y(s) £ D. 

Hence, if it is possible to connect the points a and B of C with a curve y not 
intersecting the boundary of D, then either « and f both belong to D or to 
the complement of [D]. 

In complex analysis one frequently encounters curves y: 0 > y(0) = 
c 4 re?, wherece C,0 « r « + oo, and 0eI = (0, 2x]. In this case we write 
0 rather than t, since 0 represents an angle. 

In Definition 1.5 we have defined a curve as a map y, rather than as a 
subset (1) of C, because the way the point y (t) moves when t moves from a 
to b is also characteristic of a certain curve. For example, if we represent the 
direction on the curve corresponding with increasing t by arrows — then 
the two curves y, and y; (see Fig. 1.8) are different, although the point sets 
yı (I) and y; (1) are the same. 

Of course, if a curve y is given, we also have in mind the point set C = y (I) 
and this is made concrete by saying that points belonging to C = y(I )are on 
y. For example, if we say that the boundary of a certain region D is 
formed by the curve y, we mean that the boundary of D is the point set 
C= y(I). 

If y: t — y(t), a St € b, isa curve such that for all s,t witha Ss <t <b 
we have y(s)# y(t), that is, if y is a one-to-one map from I into C, then y is 
called a Jordan arc. 

If y is such that y(a) = y(b) then y is called a closed curve and if y is such 
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Fig. 1.8 


that for all s,t witha S s < t < b we have y(s) # y(t), while y(a) = y(b), then 
y is called a Jordan curve. 


Y(s) 


Y(b)- (a) 
Y(t) 


Jordan curve 


Fig. 1.9 


There are examples of curves, which are not “curvelike” at all, such as a 
curve, y, the corresponding point set, C = y(I), of which is a triangle, 
together with all of its interior points. In his case, the idea of a curve is only 
carried by the map and not by the point set. This curve is not a Jordan arc 
but there are also unintuitive Jordan arcs. | 
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Jordan arcs of class C!, however, have properties that are worthy of 
curves. Let y:t—y(t, a€t € b, be a Jordan arc of class C! and let 
to € [a, b] be such that y'(tg) # 0. Writing y (t) as 

y (t) = y (to) + y (to) (t — to) + O (t — to) 
the linear part of the right-hand side defines a line through y (t): 

l: t l(t) = y(to) + y (to) (t — to) 
This line l is called the tangent to the curve y at y (to). The vector Oy’ (to) is 
called the tangent vector to the curve y at y(to). If we agree to call the 
direction of the tangent corresponding with increasing t the positive 
direction, it is clear that the angle 0 between the positive direction of the 
tangent and the positive direction of the real axis is just the argument of 
y (to): 

Y (to) = ly'(to)l e". 


Fig. 1.11 


If y'(t9) = 0, then the tangent at y (to) is not defined. If y’ (t9) = 0, curves 
can exhibit a number of different behaviors in the vicinity of y (to). 


Example 1.3. Consider y: t > y(t) = t, -1 €t S 1. This is a Jordan arc 
of class C!. In this case y'(0) = 0, but »(0) = 0 is not a singular point on 


Example 1.4. Consider y:t > p(t) = t? +it?, —1<t<1. This is a 
Jordan arc of class C! and y'(0) = 0. In this case the point (0) = 0 is a 
singular point (a so-called cusp) of (J). 
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Fig. 1.12 


Example 1.5. Consider y defined on [0,1] by y(t) = Pe?" ifo r1 
and (0) = 0. Now, »’(0) = lim,.. 4 9 y(t)/t = Oand y'(t) = t(3t — 2zi)e?*' for 
O<t<1. Since lim,..,oy'(t) =0, y(t) is a continuously differentiable 
function of t on 1 = [0,1]. For st with O<s<t<1 we have ly (s)| 
= $? < t? = yt), hence y: t > y(t), 0 € t < 1 isa Jordan arc of class C!. If t 
tends to 0, y(t) “spirals infinitely often” around 0 and it is clear that y(0) =0 
is a singular point of y(J). 


iy 


Fig. 1.13 


If y:t > y(t), a S t € b,isa smooth Jordan arc, then by definition y'(t) # 0 
for all teI, so that a tangent is defined at each point. A Jordan curve 
y: t 2 y (t), a St S b, satisfying y is continuously differentiable, y'(t) 0 for 
all t and y’(a) = y'(b) is called a smooth Jordan curve. (If y'(a) # y'(b), then 
there would be two different tangents at the point y(a) = (b).) 

If y: t ^ y(t) and A: s + A(s) are two smooth Jordan curves intersecting in 
Zo = y (to) = A(so), then the angle 0 between the tangent to y at y (tg) and the 
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tangent to À at A(sy), that is, the argument of 4'(so)/y' (to) is called the angle 
between A and y. If 0 = mz for some integer m then the curves A and y are said 
to touch at Zp. 


Fig. 1.14 


b. Integrals 
Generally, if p(t) = u(t) + w(t), a € t € b, is a continuous function 
of t, the definite integral f: $(t)dt is defined by 


b b b 
| sou - | u(t)dt +i | v(t)dt. (1.25) 


If $ (t) and y (t) are both continuous functions, defined on (a, b] and if c, 
and c, are constants, the following formula holds. 


b b b 
| (cy h(t) + c, (0) dt = c, | (tdt ^ c; | y (1) dt. (1.26) 


Proof: By (1.25) we have 


b b b 
| (c, P(t) - cov (t))dt = | cio (t)dt +| Co (t)dt. 
Putting c, = p + ic, where p and c are real numbers, we have 
c P(t) = pu(t) — ov(t) + i(ou(t) + pv(t)). 
Hence 


b b b b b 
| c1 o(t)dt = p | u(t)dt — c | v(t)dt + io | u(t)dt + ip | v(t)dt 


= o~+io( | «cei | tdt) 
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that is, 
b b 
| Ci P(t)dt = c, | $ (bdt. 
Similarly for the other term. This proves (1.26). 


We want to derive another useful formula 


b b 
| $(t t| S | l$ (t)ldt. (1.27) 


Let 0 be the argument of the complex number f? ptdr, then 


b b b 
| p(t) dt =e | sod - | e (tdt. 


(This defines 0 only if f: pdt # 0; however (1.27) is trivially true if this 
integral is zero.) By (1.25) we have 


| i e "(tdt = | Re(e~ g(t) dt +i | f Im(e~ 99(t)) dt 


and since Re(e~ "(t)) € le^ "(t| = | d(t)| we conclude 


b 
| o(t)dt 


The chain rule is also true for the composition of a complex-valued 
continuously differentiable function y(t) of a real variable t and a holomor- 
phic function f(z) of a complex variable z: 


= | Re(e p(t) )dt < | I$ (t)] dt. 


Theorem 1.12. Let f(z) be a holomorphic function defined on a region D 
and let y(t) be a continuously differentiable function defined on an interval I. 
If y(t)e D for all te I, then the composite function f (y(t)) is a continuously 
differentiable function of t and the chain rule is valid: 


d 
4/000 =f 0(0)-y 9. (1.28) 


Proof: Let At be an increment of t, then 
y(t + At) — y (t) = y (t)At + O(At). 
By (1.9) 
f(z * h) — f(z) = f' (z)h + O(h). 
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Substituting z = y(t) and h = y(t + At) — y(t) in the last expression, we get 


fo (t At) -f((0)) = f OA) (At + O (At). 


This proves (1.28). Since f' (y(t) )y' (t) is obviously a continuous function of t, 
f (y (t)) is a continuously differentiable function. 

Let y: t y(t, a St € b, be a curve in C and let D be a region in C. If 
y(t)e D for all t e [a, b], we say that y is in D and we write y c D. Let f(z) bea 
continuous function on a region D. A holomorphic function F (z), defined on 
D and satisfying F'(z) = f(z), is called a primitive function of f(z) on D. If, 
for example, f(z) is given by 


oo 


f(z) = Y a,(z — cy, 


n=0 
where the power series on the right converges on U,(c) for some r with 
0<rs +o, then, by Theorem 1.11, | 


oo 


F@= Y, — of"! 


n=0 l 


is a primitive function of f(z) on U,(c). 
If F (z) is a primitive function of f(z) on D and if y: t > y(t), aS t € b, isa 
curve of class C! in D, we have by (1.28) 
d 
ane (t) = f (y (t) )y (t). 
Writing F (y (t)) = U (t) -- iV(t), we get 
d .d , 
S U (iL VO =So WW 0. 
Integrating both sides from a to b, we get 


b 
F (y (b))— F (y (a)) = | f (t))y (Hat. (1.29) 


This formula suggests the following definition. 


Definition 1.6. Lety:t—^y(t,a&€t € b, bea curve of class C! on D and let 
f(z) bea continuous function of z on D. The integral f : f (y (0)y' (t)dt is called 
the integral of f (z) along y and denoted by f, f (z)dz. Thus 


b 
| f(24dz = | f (0) (dt. 


The curve y is called the path of integration of this integral. 
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Fig. 1.15 


If a primitive function F (z) of f(z) exists on D, then, by (1.29), the integral 
of f(z) along y equals the difference of the values of F (z) at « = y(a) and 
B = y(b): 


| f(z)dz = F (B) — F (a). (1.30) 


Therefore, in this case, the value of f, f(z)dz depends only on the points 
a = y (a) and B = y (b) and is independent of the choice of curve connecting 
a and f on D. In particular, if y is a closed curve, then f, f(z)dz = 0. 

If f (z) is continuous on D, the following inequality: 


b 
| f (z)dz <Í ISO (0)1 ly’ (Olde (1.31) 


is an obvious consequence of (1.27). 
Similarly, if f (z) and g(z) are both continuous on D and if c, and c, are 
constants, the following formula: 


| (ci f(2) + e59(2))dz = c, | f(Mz*c,| gdz  — (132 


is a direct consequence of (1.28). 

An integral f, f(z)dz along a curve y of class C! can be obtained as a limit 
of finite sums 5... , f (Ca) (Zx — z, -,). The details of this procedure are as 
follows. We choose m + 1 points to, t,, t2, . . . , t, in [a, b] such that a = t, 
«t, €«t,«--- «t, - band weputA = {to,t,,t,,...,t,,}. The interval 
[a, b] is divided into m intervals [t,..,, t,], k = 1,2, ..., m, by these m+ 1 
points. We call A a partition and we denote the maximal length of the 
intervals [t,..,, t,] by ó[A]: 


ó[A] = max (t, — t,..,). 
k 


For each k we pick t, € [t,_ ,, t, ] and putting ¢, = y (1,)and z, = y(t,) we find 
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a finite sequence of points on y 
Zo = y(a), 6,214,025, Z2, eee 9 Zp—1> 0p Zip ses Uo Zm = y (5), 


which are ordered according to increasing values of t. This sequence 
determines a finite sum: 


Oa = PELO (zy — z, -1). 


Fig. 1.16 


Now, the integral f, f (z) dz equals the limit of all these sums c,, where we 
take all possible partitions A of [a,b] and let ó[A] tend to 0: 


| f(zdz = lim y f(5,) (zy — z,-1)- (1.33) 
y &[A]50 k = 1 


For, since f (y(t) ) is defined on the closed interval [a, b], it is a uniformly 
continuous function of t, that is, for each e > 0, there exists a ó(s) > 0 such 
that 


Ifo (0)—f((s)) «e if|t—s|«ó(e) and t, se[a, b]. 
Since 


b m tk 
| f(e)dz -Í SOOW (dt = È| f) at, 


and since from 
ty 
Z,— Zy-1 = Y(t) —V(Q-1) = | y (t)dt 
t - 1 
we have 


(Qa-a-J=| f(tQy(0dt- | f(x) de, 
we deduce 


| fiad- Y. f(b) @—a41)= Y | " (fG0) —f( ()y at 


= t1 
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If A is a partition such that ó[A] < ó(c), then for all t€[t,-,, t, ] we 
have |t — t| < ó(c). Hence |f (y(t)) —f(y(t,))| < €. Using (1.31) we have 


| E (v (0) — £0 ()) vy’ (dt 


=f 


| fee ¥ fe. => 


k=1 


s | - M0 0)—f6 91 br Ola 


k 


s| 


k=1 ti-1 


b 
ely (dt = e| ly’ (t)] dt. 
This proves (1.33). 


The parameter t of the curve y: t — y(t) seems to be absent from the sums 
aS (Ce) (Zk — Zx- ı occurring on the right-hand side of (1.33). This is not 
true, since the order of the points zo, (1, Zi, 05,25, ..., Zk-19 Čks Zo. 
Zm-1> Sm» Zm» Which is determined by the parametrization, is essential. 


c. Cauchy' integral formula for circles 
Let c be a point of complex plane C and let r be such that 
0 « r « +œ, then the interior U,(c) = {z:|z—c| < r} of the circle with 
center c and radius r is called the disk with center c and radius r. The closure 
[U,(c)] = {z:|z— c| <r} is called the closed disk with center c and radius r. 
Let f (z) be a holomorphic function on the region D, c a point of D, and 
U,(c) a disk with center c and radius r, 0 < r < + oo, satisfying [U,(c)] c D. 
Under these circumstances the following theorem holds. 


Theorem 1.13. Let y: 0 —^ (0) = cc re'^, 0 € 0 < 2n, be the circle with 
center c and radius r. If w is a point of U,(c), then the value f (w) is given by 


1 f(z) 
fv) = = E dz. (1.34) 
D 


Fig. 1.17 
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Formula (1.34) is a special case of Cauchy's integral formula, which we 
will prove in Section 2.3. 
Putting w = c in (1.34) and using y (0) — c = re”? and y'(0) = rie? we get 


3 f? fOO) 
2ni Jo y(0)—c 


_! {| /@, . mag. 1 (7 
f(c) = zji | Ba = y (0)40 => j f(y (0))d0. 


Hence 
2n 
f(c) = l | f(c 4 re'?)40. (1.35) 
2n Jo 


Formula (1.35) shows that the value f(c) of a holomorphic function f(z) at 
a point c is equal to the average of the values f (c + re?) taken on the points 
ofa circle with center c. Therefore, (1.35) is called the Mean Value Theorem. 
It is also easy to prove the Mean Value Theorem directly. Putting 
2n 


u(r) = x . f(c 4- re'?)40 
we have 
1 (° 
u(r) -f(c) = 2x | (f (c + re^ ) — f (c))40. 
0 
If r  --0,|f(c + re?) — f(c)| tends to 0 uniformly with respect to 0 and so 
2 

inn) -fte sz. 


In other words, 


“Uflc+re”)—f(ld0+0, r2 +0. 


0 


lim u(r) = f (c). 


Therefore, in order to prove (1.35) it is sufficient to prove that p(r) is a 
constant, independent of r, for sufficiently small values of r. 
Applying the chain rule, (1.28), gives 


ô ið 7 i i 
aL fere) =f (c 4- re?) e'?, 


Z f (c - re?) = f" (c - re'?)rie'?, 


Hence 
2 fica ey LO + re’) >0 (1.36) 
a r — 7 20 c re"), r . | . 


Since, by assumption, f(z) is holomorphic, f'(z) is continuous, hence 
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Of (c + re'?)/r = f' (c + re Je? is a continuous function of the two variables 
0 and r. Therefore, u(r) is a differentiable function of r and its derivative can 
be found by differentiating “under the integral sign": 

2n 


ont nat *" (c 4- re)d0 = or ?)d0 
dr” — dr jo | jo Or (c re 


2n 
= |. f (c-t reda = —[fle+ re) —f(e+7)] = 0. 

This proves that p(r) is independent of r. 

The vital part of this proof is (1.36), which gives a relation between the 
partial derivatives of f (c + re?) with respect to r and 0. 

Now we return to the proof of the integral formula (1.34). Let 
y.: 0 y, (0) = w+ ee?, 0 € 0 x 2n, represent a circle with center w and 
radius e satisfying 0 < € < r—|w—c|. From 


2n x 
1 f(z) dz 1 S. (0)) - y: (0)40 = x [ f (w 4- £e? )40 
0 


2ni J, z—w — 2ni h y,(0)—w 
we get 
1 f(z) 241 f(* » 
— = — "dð = . 
lim ad zw lim». | Siw + ee a0 = f(w) 


(Of course, 1/27 f > "f(w + £e?)d0 = f (w) by the Mean Value Theorem, but 
we do not need that result in the present proof.) 
Therefore, in order to prove (1.34) it suffices to prove 


L| Mewes | Je, (1.37) 


— Z = 


2ni y 2—W 2ni z—w 


y 
We first need a lemma. 


Lemma 1.1. Let f(z) be a holomorphic function on a region D and let 
Jo: t — yo (and y; : t > y, (0,a € t € b, be closed curves of class Ct in D. If, 
for all t e(a, b], the segments L, connecting y, (t) and y, (t), represented by 


L, = {(1—s)yo(t) + sy, (0: 0S s <1} 
are in D, then 
| f(2dz = | f(z)dz (1.38) 
Yo Yı 
holds. 


Proof: Putting 
y,(t) = (1 — s)yo () + sy: (t) astsb 
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for each se[0, 1], the y,(t) are continuously differentiable, such that 
7. (t) e L, c D. Since y, and y, are closed curves, y, (a) = Yo (b) and y, (a) 
= y; (b), hence y, (a) = y, (b) for all s. (The curves y,: t > y,(t, a < t € b,are 
a family of closed curves in D. If s moves from O to 1 the curve y, is gradually 
“transformed” via the curves y, into the curve y, .) It suffices to prove that 

y,(z)dz is independent of s, and to prove this it is sufficient to prove that 


d . 
ds | f(z)dz = 0. 


Fig. 1.18 


Putting 


P(t, s) = Ys (t) = (1 — s)Yo (t) + sy, (t) (1.39) 
we see that T (t, s) is a function of the two variables t and s defined on the 
rectangle K = { (t, s):a < t $b,0 < s < 1} with continuous partial derivat- 
ives on K: 


T, (t, s) = (1 — s)yo (t) + sy; (t), 
F(t, s) = Y, (t) — vo(t), 
T, (t, s) = T a(t, s) = y1 (t) — Yo (t). 
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For fixed s, T (t, s) is a function of t defined on the closed interval [a, b] 
and the derivative I, (t, s) of this function is also defined at the end points 
(a, s) and (b, s). Similarly, fixing t, the derivative I’, (t, s) is also defined at the 
points (t, 0) and (t, 1). The same is true for T, (t, s) and T, (t, s). From 
y, (b) = y, (a) we have 


I (b, s) = T (a, s). (1.40) 
Since 


b b 
| f(z)dz = | f. (0), (0dt = | f (V (t S)) T, (t, s)dt, 
Ys a a 


in order to prove that f, f(z)dz is independent of s, it suffices to prove 


d b 
d. | l f(T (t, S)T, (t, s)dt = 0. 


To do this, we will establish a relation between the partial derivatives with 
regard to t and s, which will play a similar role as (1.36) in the proof of the 
Mean Value Theorem. 

Since T(t, s) is continuously differentiable with regard to s, f (T (t, s)) is 
also continuously differentiable with regard to s, by Theorem 1.12, and the 
derivative is given by 


ð 
EU (T (t, s)) = f" (E (t, s))T , (t, s). 
Therefore 
ð 
a; ADE) =f OF +F» (141) 


where we have written T for T(t, s). Writing 
f (T (t, s))T, (t, s) = U (t, s) + iV (t, s) 


and observing that the right-hand side of (1.41) is a continuous function 
of t and s defined on K, we conclude that U, (t, s) and V, (t, s) are contin- 
uous on K. 

“Differentiating under the integral sign" yields 


d (* b 
= | STEDT, G, slat = | | as SE MTC, Dat. 
On the other hand 


SUT) =f ONL Sw 
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Hence 


ô 0 | 
a (I (t, s))T, (t, s)) = a; UC (65 NEG s)) (1.42) 
and therefore 
Pg Pg 
| 3 (T STG, Ddr = | a UT, ST, (s dt 
= f(T (b, S)T, (b, s) — f (P (a, S)T, (a, s), 
and finally 
d 
ds | f(z)dz = f(V(b, s), (b, s) — f (T (a, s))F, (a, s). (1.43) 
Ys - 
T (b, s) = T (a, s) by (1.40), hence T, (b, s) = T, (a, s). Thus, the right-hand 
side of (1.43) equals zero, which proves (1.38). 


Proof of Theorem 1.13: It suffices to prove the equality (1.37): 
Lf ID, 1 fo 


— | ——dz= 
Z—w 


- dz. 
2ni y ZZW 2ni 


y 
By Theorem 1.5,/(z)/ (z — w) isa holomorphic function of z on the region 
D — {w}. The circles y, and y are both in D — {w} and the line segment L, 
connecting y, (0) and y (0) is in D — {w} for all 0. This is because the distance d 
between a point (1 — s)y, (0) + sy (0), 0 € s € 1, on L, and w satisfies 


(0) 


y. (0) 


Fig. 1.20 d 


d = |(1 — s)», (0) + sy (0) — w| = | (sr — se + e)e'? — s(w — c) 
= sr—se+e—s|w—c| 


= S(r—|w—c|—e)+e2 e. 


Equality (1.37) is now a direct consequence of Lemma 1.1. 
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If the curve yọ of Lemma 1.1 is defined by yo (t) = c, where c is a constant, 
a S t S b, then yo (t) = 0, hence f „J (dz = 0. This gives the following 
corollary to Lemma 1.1. 


Corollary. Let f(z) be holomorphic on the region D, y:t > y(t), a St € b, 
a closed curve of class C? in D, and c a point in D. If all segments connecting 
c and y(t), a S t S b, are in D then 


| f(z)dz = 0. 


In the proof of Lemma 1.1 we did not use the explicit formula (1.39) for 
I (t, s). We used the existence and continuity of the partial derivatives 
I,(t, s), T,(t,s), and T,,,(t,s) = T(t, s) and equality (1.40) asserting that 
T(b, s) = F(a, s). 

Therefore, let us assume that there exists a continuous map T: 
(t, s) ^ T (t, s) defined on the rectangle K = { (t,s): a St <b, 0<s<1}, 
taking values in D such that the partial derivatives I, (t, s), DL, (t, s) and 
T, (t, s) = T, (t, s) exist and are continuous and let us apply the same 
reasoning as above to this map T (t, s) and the holomorphic function f(z) 
defined on D. 


Putting 
y, (t) = T (t, s) for se[O0, 1] 


y: t—y,(t), a < t < bis a curve of class C! in D for each te[0, 1]. Since we 
did not assume that the equality T (b, s) = IF (a, s) holds, the curves y, are not 
necessarily closed. 

Up to equality (1.43) 


À | 
02 | f(2dz = f(T (b, S))T, (b, s) —/'(T (a, s))T, (a, s) 
Ys 


the above proof can be repeated without any changes. 
Now defining 


y (s) =T (t, s) for all te[a, b] 
g:s ,y(s), 0 < s < 1, is a curve of class C! in D for all te[a, b] and 


| f(z)dz = | f(T (t s))T, (t, s)ds. 
ni 0 


Integrating both sides of the equality with regard to s from 0 to 1 and 
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using the last equality, we get 


| fei - | fes = | feyis- | f(z)dz. 
Yı Yo b) a) 


So, we have proved: 


Theorem 1.14. Let f(z) be a holomorphic function on a region D and let 
I: (t, s) + T(t, s) be a continuous map defined on the rectangle K = { (t, s): 
astsb,0s < 1} taking values in D, such that the partial derivatives 
l(t, s) T(t, s), and T,,(t, s) = T(t, s) exist and are continuous on K. 
Putting y.: t > y, (t) =T (t, s), a S t < b, and y: s> ,y(s) =T(s,0, OSs 
S 1, the equality 


| f(z)dz— | f(z)dz = | f (z)dz— | f(z)dz (1.44) 
n Yo by a) 


is valid. 


Fig. 1.21 


Theorem 1.14 is a special case of Cauchy’s Theorem, which will be proved 
in Section 2.3. The vital part of the proof of Theorem 1.14 is equality (1.42): 


0 0 
a, UCM) = ZOTE E, s) 


Actually, this equality is a generalization of the Cauchy-Riemann 
equations, (1.10). To see this, replace t and s by x and y and put l'(x, y) = 
x -F iy. Since T, = 1 and T, = i, (1.42) becomes 


ô , „0 , 
g & +) = iS (x + iy). 


Writing f(x + iy) = u + iv, we get 


u,+iv, = i(u, + iv,), 
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from which the Cauchy-Riemann equations, u, = v, and u, = — v,, follow 
directly. 

By integrating both sides of the generalized Cauchy-Riemann equations 
over the rectangle K, 


Il ETa, s))T,(t, s))dtds = {| 2 nr, s)) I’, (t, s))dtds, 
x OS K Ot 


we arrive at Cauchy’s Theorem (1.44). 


d. Power series expansions 

Let f(z), fi (z), £(2), ..., f, (2), ... be continuous functions of z 
defined on a region D and let y: t > y(t), a € t € b, bea curve in D. If the 
sequence of functions 


1 (£) -S OW) 


tends uniformly to 0 on [a,b] if n —^ oo, we say that the sequence of 
functions ( f (z)} converges uniformly to f(z) on y. Similarly, if the sequence 


2, h (x) —f (70) 


tends uniformly to 0 on [a, b] as m — œ, we say that the series 9'^.. , f, (2) 
converges uniformly to f(z) on y. If for all points y(t) of y the series 
>, -1 A (0) converges to f(7(t)) and if )”_, |£(y()| converges un- 
iformly on [a, b], then 5'*. , f, (z) converges uniformly to f(z) on y. This 
follows from 


Y £o0)-/oc)|-| È fo) 


If 5". l} (y (0)| converges uniformly on [a, b], then 2 4a (2) is said to 
converge uniformly absolutely on y. 


< Y if G1. 


Theorem 1.15. Let y be a curve of class C}. 
(1) If the sequence of functions {f(z)} converges uniformly to 
f (z) on y, 


f(z)dz = lim | f. (dz. 


(2) If the series of functions $^. , f(z) converges uniformly to 


f(z) on y, 
| f(z)dz = Y f. (z)dz. 
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Proof: The second part follows directly from the first part, so it suffices to 
prove (1). By assumption, there exists a sequence (e, ) satisfying: | f (y(t)) 
—f(y())) < & for a < t € b and lim, ., £, = 0. 

Using (1.31) we have 


| f, (z)dz — | f(z)dz 


b 
|, Keser od 


b 
E | 1f, (v (0) —f(()1 ly (ldt 


b 
ss | todo, n oo. 


Hence 


im | es = | f (z)dz. 


Let D bea region in € and let c e D. We want to consider disks U, (c) with 
center c and radius r. First let us assume that D # C. Then there exists a 
maximum value of r for which U,(c) c D, that is, there exists an r(c) 
satisfying 


Uric) (c) e D, [U, (c)] £ D. 


Fig. 1.22 


(Proof: Letr(c)denote the supremum ofall values r for which U, (c) c D. If 
r < r(c), then U,(c) c D, hence Unale) ^J, »,4U,(c) c D. Next we prove 
that [U,4(c)] £ D. If r>r(c), then U,(c) ¢ D, hence there exist points 
Wi;W5,... , Wy... Such that w,& D and |w,— c| < r(c) - 1/n. Select a 
convergent subsequence (w, j, n, < n; < --- «n; < --- ,and denote the 
limit of this subsequence by w. Since D is open, w = lim ,.., Wn, € D and 
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since |w—c| = lim, olw —c| Sr, we([U,4(c)]). If D=C, we put 
r(c) = + oo. In this case, U „o (c) = U, œ (c) = € = D.) 

If f(z) is holomorphic on D and if r < r(c), then Cauchy’s formula (1.34) 
holds with regard to the circle y,: 0  y,(0) = c +re®, 0 € 0 < 2n. If we 
replace w by z and z by ¢ in (1.34), we get 

1 | jf) 


f (2) => Noris z € U, (c). (1.45) 


Theorem 1.16. Letf(z) bea holomorphic function on a region D, and let c 
be a point of D. Then f(z) can be expanded in a power series 


co 


f= } a(z- c) 


n= 0 
= do +a,(z—c)+a,(z—c)*+ --- +a,(z—c)"+---, (1.46) 
which converges on U,,.)(c). The coefficients a, are given by 
= l /() dc, O<r<r(c). (1.47) 


"2n J, (7 9"*! 


Proof. We may assume without loss of generality that c — 0. Let 
z € U,(9,(0) and choose r such that: |z| < r < r(0). By (1.45) we have 
1 | SO 
=— | ——d. 
fe 2ni J, 6—z d 
Since ( is a point of the circle y,, we can write ( = y, (0) = re’, hence 
[| =r > |z|, and therefore |z/£| < 1. So we can write 


t= rei? 
Fig. 1.23 
1 1 1 ] 8 fzy ez 
t-z ¢ 1 — z/C 248 Pos 
Hence 
ft) &jfmuoz 
—z -= >» cnt 
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The continuous function | f(y (0))| of 0 assumes a maximum on [0, 27]. 
Denoting this maximum by M, we have 


z^ n oo n 1 
HOF] syle, gt. 


rn ort - r—|zi 


«M 


< - oo. 


Therefore the series 2.- o ((/ C" * ! )z" converges uniformly on the circle 
y, and thus, by Theorem 1.15(2), we have 


fO) f() 
| a= 3 3 ( . IJ. 


n=O 
Putting a, = i f, Uf (€)/6"* ! dC we arrive at 
f(z == fæ di = Ya a,z". (1.48) 
n=0 


The coeficiens a, = (1/2ni) f, (f(0/0^* ! )di are independent of the 
choice of r, because we can select r and s such that 0 « r « r(0) and 
0 < s < r(0). Since f(()/¢"** is holomorphic on the region U,(o,(0) — {0} 
and the segments connecting y, (0) and y,(0) are clearly in this region, we 
have by Lemma 1.1 


uL ( £04. [1 

n > y, (n*! 25i or? 

Since z is an arbitrary point satisfying |z| « r(0), the power series 

>), =o 447" converges for |z| < r(0). Hence, by Theorem 1. 8, the radius of 

convergence of 5/7 ,a,z" is not less than r(0). Therefore, Y^ ,a,z" 
converges absolutely on U,,9) (0). 


di. 


Corollary. A function f(z) defined on a region D is holomorphic if and 
only if for each c e D there exists a neighborhood U, (c) c D on which f(z) 
can be expanded in an absolutely convergent power series, f(z) = } ^. o d, 
(z — c)" (t depends on c). If f(z) is holomorphic on D, f(z) is arbitrarily often 
differentiable on D and the derivatives f'(z), f" (2), . . . , f" (2), . . . are all 


holomorphic on D. 


Proof: The result follows directly from Theorems 1.16 and 1.11. 


A complex function, f (z), defined on a region D, that can be expanded in a 
power series f(z) = 2^. , a,(z — c ona neighborhood of each point c of D 
is called an analytic function (or a complex analytic function if it is necessary 
to distinguish it from a real analytic function). By the above corollary, 
analytic functions are holomorphic and vice versa. 
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1.4 Properties of holomorphic functions 


In this section we will study the fundamental properties of 
holomorphic functions. 


a. mth-order derivatives 

By the corollary to Theorem 1.16, a holomorphic function 
f(z) is arbitrarily often differentiable and the derivatives f(z), 
f"(z),..., f(z), ... are all homomorphic. This was proved using the 
power series expansion of f(z). In this section we want to deduce this fact 
directly from Cauchy’s integral formula (1.34) and find integral formulas 
for the mth derivatives as well. 


Lemma 1.2. Let y(t) and w(t) be complex-valued continuous functions 
defined on the integral I = [a, b]. 
For each natural number n 


| wt) | 
g(z) = f G()— DOF“ (1.49) 


is a holomorphic function of z defined on C—y(J) and its derivative 
is given by 

> y4) 
a (y (t) — zr *! 


g'(z)=n dt. (1.50) 


Proof: Differentiating the integrand on the right-hand side of (1.49) with 
regard to z yields (1.50), so we actually prove that the order of differenti- 
ation and integration can be interchanged. 

If z # 0, we obviously have 


»e:z—wAw" zz]  dzWiz'] zœ 


If p is a positive real number, the convergence of this limit is uniform for 
Iz| > p and |w| > p. Actually, 


(1 1) 1, 1? ,,.,1 
z-wAw" z] wz wig"! w"z 


Hence 


Since 
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1 1 1 n 
z—w\w" z” gn*l 


Fix ze C — y(1), and put 2p = min, < «,|7(t) — zl, then p > 0 and |y(t) 
—z-—h|» p for all h with |h| < p. Replacing z by y(t) —z and w by 
y (t) — z — h in (1.51) we get 
1 ( y(t) y(t) )- ny (t) 


(y(t)—z—hyl” (0-z") Q@—2"* |= 


hence, using (1.27) 


we get 
2 


< Iz Wh reg: (1.51) 


ET 


g(z +h) — g(z) "^ Wd) Ihin 

~h "hLog-g"^ |s os |. | (£)] dt. 
Therefore 

lim gz*h-g0 y guo dt, 


ho h Se Qo -zr*! 
i.e., g(z) is differentiable on € — y(I) and g'(z) is given by (1.50). If one 
replaces y (t) by ny (t) and n by n + 1 in (1.49), one gets (1.50), so that g'(z) is 
also differentiable on C — y (I). Therefore, g'(z) is certainly continuous and 
hence g(z) is holomorphic on € — 5 (1). 


Theorem 1.17. Let y (t) and y (t) be complex-valued continuous functions 
defined on the interval [a, b]. 
The function 
V (t) 


j0- a y(t) -z 


is a holomorphic function of z on the region € — y(J). f(z) is arbitrarily 
often differentiable on C—y(I) and all its derivatives f'(z), f"(z),. .., 
f? (z), . . . are holomorphic on € — y (I). The mth derivative is given by 


y (t) 
me) 00-2777 


Proof: By Lemma 1.1, f(z) is holomorphic on C—y(I) and f'(z) 
= í [v (0/(y(Ó — zy" Jat. Therefore, by the same lemma, f' (z) is holomor- 
phic and f”(z) = 2! fíz [V (0/ (v (t) — z)? ]dt. Again by the same lemma, f’ (z) is 
holomorphic and f”'(z) = 36 [v (0)/ (9 (t) — z)*]dt, and so on. 


dt 


(1.52) 


Let f (z) be a holomorphic function on a region D c C and let ce D. Let 
U,(c), 0 <r < + œ, bea disk such that [U,(c)] c D and let y, be defined by 
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j,:0 — y, (0) = c re?, 0 € 0 < 2x. By Cauchy's integral formula (1.45) we 
have for ze U fo 
IO | ** f (y, (8)) y, (8) 
= — p Att! d 
7e y 57 2 =z, »(0—z 

Therefore, wa Theorem 1.17, f(z) is arbitrarily often differentiable on 
U, (c) and all its derivatives f'(z),f"(z), ... , f? (z), . . . are holomorphic. 
Since U,(c) is an arbitrary disk in D, we have proved that f(z) is arbitrarily 
often differentiable on D and that all its derivatives  f'(z), 
f'"(z2)...,f?(z) ... are holomorphic. 


By (1.52) we have 
m ?* f(v.(8)) y. (0) 
fe 2) = ai ni o (»(0—2"*! 
So we have proved. 


dé, zéU,(c). 


Theorem 1.18. The mth derivative of f(z) is given by 


fm (2) = 5 xil. C- J c di (1.53) 


on U, (c). 


By Theorem 1.17 the integral b, [f(O/(C— z)"* !] dC on the right-hand 
side of (1.53) is also a holomorphic function of z on D —[U,(c)]. 
This function is identically equal to 0 by the corollary to Lemma 1.1, since 
f(Q/(C— z)"^*! is a holomorphic function of ( on D — {z} and all segments 
connecting c and the points of y, are in D — {2}. 


b. Limits of sequences of holomorphic functions 
Theorem 1.19. Let ( f,(z)} be a sequence of holomorphic functions defined 
on a region D, converging uniformly on all compact subsets of D. Then 
f(z) = lim „- f, (z) is holomorphic on D and its mth derivative is given by 


f™ (z) = limps o f4” (2), m-12,3,...., 
and the sequences { f? (z)} converge uniformly to f™ (z) on all compact 
subsets of D. 


Proof: Let U,(c), 0 «€ r « +œ be an arbitrary disk such that [U, (c)] 
c D. Since, by assumption, (f,(z)) converges uniformly on [U, (c)], 
f(z) = lim, , f, (Z) is a continuous function of z on [U, (c)]. Let y, be the 
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circle with center c and radius r, then, by the integral formula (1 45), we have 
1 ò f,() 
Sn (z) = ni , C —z 


Since {f,(¢)} converges uniformly to f(f) on [U, (c)], Us (OK —z) 
converges uniformly to f(¢)/(¢ — z) on y, for a fixed z e U, (c). Therefore, by 
Theorem 1.15, (1) 


im | £O le at 


n> oo yo 


di, zéU, (oc). 


Hence 


f) = lim f,(2) = mil Eos e) 
Therefore f (z) is tomorphic on v r (c) by Theorem 1.17 and since U, (c) is 
an arbitrary disk in D, we see that f(z) is holomorphic on D. 


Next, by (1.53) 
(m) (m) f. () -f() 
Ja” (z) —f™ (z) = -g 


Since (f, (0D)) converges MN to f (L) on y, there exists a sequence 
{en} such that lim,- œ c, = 0 and |f, () —f(()| < e, for all Cey,. 
Choosing z such that |z—c| S r/z, we have |y, (0) —z| 2 r/2. Using 
y, (0) = rie”, we get, by (1.31), 
(m) (m) "5r  _ m!2" +t 
Po- 9s - x. EO qe S. 
i.e., (f (z)}. converges uniformly to f™ (z) on [U,;; (c)]. Let K be a 
compact set of D and choose for each ce K a closed disk [U, (c)] c D. As 
shown above, { f 7" (z)) converges uniformly tof (z) on all disks [U, 2 (c)]. 
Since K can be covered by a finite number of these disks, { f™ (z)} converges 
uniformly to f" (z) on K. 


dí,  zeU,(0) 


di. 


Corollary. Let» 7 , f, (Z) be a series of holomorphic functions defined on 
a region D, converging uniformly on all compact subsets of D. Then 
f(z) =), fa (Z) is holomorphic on D and its mth derivative is given by 


f (z) = Y fi(2 m=1,2,3,... 


and the series ?'7 ,f("(z) converges uniformly on each compact 
subset of D. 


Let us apply this corollary to the case of power series. Let yr a, z"bea 
power series with radius of convergence r,0 <r < +œ. All terms a,2" 
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are holomorphic on D = U, (0) and 9? , a, 2" converges uniformly on all 
disks U, (0) for 0 < p < r by Theorem 1.9. For each compact subset K of D 
it is possible to find a p <r such that K c U,(0), hence Y^ , a,z" 
converges uniformly on K. Therefore, by our corollary, the sum È * , a,z" 
= f (z)is holomorphic on D = U, (0) and its mth derivative f™ (z) is given by 


f (2-2 Y n(n-1)(n-2)...(n—-m-*1)a,z""". 

Thus, we have given another proof of Theorem 1.11, using the corollary 
to Theorem 1.19. 

If È * , Ja (2) is a series of holomorphic functions defined on a region D 
and converging uniformly on all compact subsets of D, then 5^". , f(z) is 
also uniformly convergent on all compact subsets of D by the above 
corollary. However, uniform convergence of $'* , f,(z) on D does not 
necessarily imply uniform convergence of )' *. , f™ (z) on D. For example, 

22,2 * !/(n4 1)n converges uniformly on U, (0) = (z: |z| < 1) (because 

©, l/ i 1)n 2 Y 2 [1/n—1/(n+1)]) = 1) but Y? , z", obtained by 
differentiating the above series term by term twice, is not uniformly 
convergent on U, (0). 


c. The Mean Value Theorem and the maximum principle 
We have already seen in Section 1.3c that the Mean Value Theorem 
is a direct consequence of Cauchy's integral formula (1.34). 


Theorem 1.20 (Mean Value Theorem). If f(z) is a holomorphic function 
on a region D and c eD and r are such that [U,(c)] c D, then 


1 2n ji 
fo) = on j f (c ^- re") d0. 
By taking absolute values we obtain the inequality 


1 (2 | 
AOS 5 Ji |f (c + re^)de. (1.54) 


Next, let f(z) be a holomorphic function on a region D. We want to 
consider the real-valued function | f(z)| of z, also defined on D. 


Theorem 1.21 (maximum principle). Unless f(z) is a constant function on 
D, the function | f (z)) assumes no maximum on D. 


Proof. Let us assume that f(z) assumes a maximum value M, at, say, z = c. 
We have to show that f(z) is a constant function on D. Choose r, such that 
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[U, (c)] c D. Then, by (1.54), 
2n 
x | (M —f(c+re%))d9 s M—If(0)| = 0. 
n Jo 


Since M — |f(c -- re?)| is a continuous function of 0 satisfying M — 
|/ (c - re?) = 0, we conclude that M — |f(c--re?)| = 0. Choose £ » 0 such 
that [U, (c)] = D, then |f (c + re^)| = M for all c + re? with O < r < e, i.e., 
|f/(z)) = M on U,(c). Put V = (zeD:|f(z)) = M}. If ce V, then there exists an 
€ > 0 such that U,(c) c V, hence V is open. On the other hand, since | f(z)| is 
a continuous function of z, V is also closed. Since D is a region, we conclude 
that D = V, i.e., | f(z)| = M for all ze D. 

If M = 0, we are finished, so we assume M > 0. Writing f(z) = f(x + iy) 
= u(x, y) + iv (x, y), we have u? + v? = |f(z)? = M? on D, hence 


Ó 
uu, + vv, = 3 (u? +0") = 0, 
uu, + vU =4" W240 =0 
y y 2 ay ED 


Combining these with the Cauchy-Riemann equations, u, — v, and 
u, = —v,, We get a system of equations with “unknowns” v, and u,. 

Since |j ,"| 2 u^ cv? = M? 2 0, we conclude v, — u, — 0. Hence 
u, = v, = 0 and f(z) = u + iv has to be a constant. 


Corollary. Let. D be a bounded region and let f(z) be defined and 
continuous on [D] and holomorphic on D. Then | f(z)| assumes a maximum 
at a point of the boundary of D. 


Proof: We may assume that f (z) is not constant. Since [D] is compact and 
[f(z)| is continuous on [D], | f(z)| assumes a maximum at a point ce [D]. 
However, since f(z) is a nonconstant holomorphic function, we have c£ D, 
hence ce[D] — D. 


d. Isolated singularities 

Let D bea region, ce D and r (c) the number defined in Section 1.3d 
as the maximum real number satisfying U „a (c) c Dif D # Candas + oo if 
D = C. Let y: 0 > y, (0) = ct re?, 0 € 0 < 2n, as usual represent the circle 
with center c and radius r. In this section we consider functions that are 
holomorphic on D — {e}. 
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Theorem 1.22. A function f (z) that is holomorphic on the region D — {c} 
can be expanded in a power series 


ao 


fa X a (z-e, (1.55) 


which converges absolutely on U,,, (c) — {c}. 
Its coefficients are given by 


an = i xil. T JQ O<r<r(c). (1.56) 


(oi^ 


Remark: The power series Y ^ ^ | a, (z — c)", i.e., 
A-n 

+ E + 

is said to converge absolutely on U,.(c)—{c} if the series 5^, 

a, (z — c and Y? , a ,/(z — c)" both converge absolutely for 0 < |z —c| 

« r (c). A power series of the form Y^ ^ |. a, (z — c)" is called a Laurent 


series. 


i += tata, (z—c)+a,(2-c} + ttt, 


n= — œ 


Proof: We may assume without loss of generality that c = 0. Choose a 
point w such that 0 < |w| < r (0) and real numbers c and r such that 
0<e<|w|<r<r(0). Let y,: 0—y,(0)= ce and y,: 0 y, (0) = re", 
0 « 0 « 2n represent the circles with center 0 and radii € and, r re- 


spectively. 
Putting 
a) LOL 
z—w 


g (z) is a holomorphic function on D — (0, w}. By Theorem 1.16, f(z) can be 
expanded in an absolutely converging power series in some neighborhood 
of w: 

f(z) =f(w) +b, (z—w) +b, (z-—w)? +--+ +b, (z—w)"+ 
Therefore 

f(z) —f(w) 
g (2) ———— — 
z—W 

Therefore, g (z) can be defined at z = w in such a way that g (z) becomes a 
holomorphic function on some neighborhood of w and therefore on the 
whole of D — (0). 


Therefore, we can apply Lemma 1.1: 


[ocde= | omes 
Ye Yr 


=b, +b, (z—w)+ --: +b,(z—w)"* + 
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that is, 
f@-S) 1, | LO-A (5n) 
X» 7 VW y, 7-W 


Applying the integral formula (1.34) to the function f(z) = 1, we get 


=| $ a, 
2ni „ZZW 


while by the im to Lemma 1.1: 


{= dz = 0. 
„ZW 
Combining these results with (1. u we get 
SF (2) fe , 

Sw "= 5 y,2—W dz — » zw" 

Replacing z by ¢ and w by z _ 
1. | f@ f (0) 
fe = 2ni Noris 2ni i]. (—z at. (1.58) 


For the first term of the right-hand side we have by (1.48) 


O p e, . 1ffüQ 
qim hae al cud 


Since the ¢ occurring in the second term is a point of y, we have 
I¢/z| = e/|z| < 1, hence 
1 1 1 e d 
(=z zz ü-U2 ya 
and therefore 
fO. Uf 
(—z E gn*1 
with the power series on the right-hand side converging uniformly 


absolutely on y,. 
Hence, (Y Theorem 1.15 (2) 


LO 4 = - X b ZU CSO d 
Ye 


T2 
The series ey. 2-1 4-n-1/2"" ! onthe right-hand side converges for |z| > e. 
Hence, by (1.58) 


f(2) = Yast È tats X az 
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Since ¢"f(¢) is a holomorphic function of ¢ on D-{0} and since all 
segments connecting y,(0) and y,(0) are in D-(0), we conclude from 
Lemma 1.1 


J. Cf (dt = | -C'S (C) dC. 


Replacing —n—1 by n in the expression for à, ,, we see that we can 
write for all indices 


f) 


QU 


. dt. 


"x 


Itisclear from Lemma 1.1 that a, is independent of the choice of the radius 
r,0 < r < r(0), of the path of integration y,. This proves that for all z with 
0 < |z| < r(0) the series 5 ^... a,z" converges and that 


f(z) = 3 a,2". 


The power series D -œ 4nz" is composed of two power series, 
2n =o 452^, Which converges absolutely for |z| < r(0) and Y^. , a_,(1/z)", 
which converges absolutely for |z| > 0. Therefore, >. ..,, 4.7. converges 
absolutely for 0 < |z| < r(0). 


The Laurent series on the right-hand side of (1.55) is called the Laurent 
expansion of f(z) about c. The point c is called an isolated singular point of 
f(z) and the part of the Laurent expansion with negative exponents: 


a_z a_i 


me... _4-3 —————R 
à. aO 5 RETE | z—C 


is called the principal part of f(z) at c. 
We distinguish the following three cases: 


Case (1): There is no principal part. In this case we have for 0 < |z—c| 
«r(o, — | 
f) = ao +a, (z — c) + az (z — ey + 

By defining f(c) = ag, we make f(z) into a function which is also 
holomorphic at c. In this case, c is called a removable singularity of f(z). 
Usually, one removes removable singularities from the start making f(z) 
into a function which is holomorphic on the whole of D. 

Let f(z) be holomorphic on D. A point c e D such that f(c) = 0 is called a 
zero of f(z). Consider the Taylor expansion of f(z) around the zero c: 


f(z) = ag t+a,(z—c)+a,(z—c)? + --- +a,(z—c)"+ 


56 Holomorphic functions 


Then a, = f(c) = 0, and it is possible that some of the other coefficients 
|. 44, d5,... are also equal to 0. If all coefficients Q,,05,...,0,,.... are 
equal to 0, the function f(z) is identically equal to 0 in a neighborhood of c 
(and, in fact, in D. See Theorem 3.1). Let us assume that not all coefficients 
are equal to O and that a,, is the first coefficient which is not equal to 0. Then 


f(z) = (z — c)" (am + Am +1 (z—c) +a, 42 (Zz —c)? tcc :), Am # 0. 
In this case, m is called the order or the multiplicity of the zero c. Writing 


f(z) = (z—c)"g(z) (1.59) 
the function g(z) = am + 4,4 1(Z—c)+4,42(z—c)? + --- is holomorphic 
on U,,.,(c) and g(c) = am # 0. Therefore, g(z) X 0 on a a sufficiently small 
neighborhood U, (c) of c, hence 

f(z) = (z—c)y"g(z) # 0 for 0 < |z—cļ| <e. (1.60) 

We have proved that there are no other zeros in a sufficiently small 

neighborhood of a zero of a holomorphic function. The zero c is “isolated.” 

If one counts the number of zeros of a function f(z) in a certain region, a 
zero of order m is counted m times. 


Case (2; The principal part has only a finite number of terms, that is, 
for 0 < |z — c| < r(c) we have 
| am a_, +o . 0 
IQ) = Grom t VU tgcgthec-os a T ` 
In this case c is called a pole of order m of the function f (z). The function g(2), 
defined by 


g(z) = (z —c)"f (2) = a -m+ Ams 1 (Z—C) + 4_m42(Z—C)? + 
is holomorphic on U,,,(c) and g(c) = a_,, # 0. Therefore, g(z) # 0 on a 
sufficiently small neighborhood U, (c) of c. From 


1 | 
. we conclude 
lim |f(2) = -22L = | 
2c Iz — c|” 


In this case, we write f(c) = oo. We will return to the meaning of oo later. 


Putting h(z) = 1/g(z) we have 


l m 
jo = (z—c)"h(z) 
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and h(z) is holomorphic on U, (c) and h(z) # 0 for z e U, (c). Therefore, the 
pole of the mth-order c of f(z) is a zero of the mth order of 1/f(z). 
Conversely, it is easy to prove that a zero of the mth order of 1/f(z) is a pole 
of the mth order of f (z). 


Case (3): The principal part is an infinite series, that is, a_, #0 for 
infinitely many natural numbers n. In this case, c is called an essential 
singularity of f(z). As the following theorem shows, the behavior of f(z) in 
the neighborhood of an essential singularity is very complicated. 


Theorem 1.23 (Weierstrass’s Theorem). Letc bean essential singularity of 
f (z) and let w be a complex number. It is possible to find a sequence (z, ) of 
points converging to c such that lim, ., ,, f (z,) = w. It is also possible to find 
a sequence {z,} converging to c such that lim,..,, |f/(z,)| = + oo. 


Proof: We first prove that if c is an isolated singularity of f(z), such 
that f(z) is bounded on some neighborhood of c, c is a removable 
singularity. By assumption there exist ô > Qand M such that |f(z)| < M for 
0«lz—c|« 6. 

According to (1.56) 


l -1 
an= |. (-or7 foa 


hence, for0O <r « ó 


1 2n 
|a_,| sx | I», (6) - cl" * M |y, (6)1d0 = Mr". 
0 


Since r can be made arbitrarily small, we conclude a. , = 0, that is, c isa 
removable singularity. If there does not exist a sequence (z,) converging to 
c such that |f(z,)| > + oo, f(z) is bounded on some neighborhood of c. By 
the above, c would be a removable singularity contradicting the 
assumption. 

If there does not exist a sequence (z, ) converging to c such that f(z,) > w, 
there exist positive € and ô such that 

f(z -w| Ze for 0 < |z-—c| <ð. 
Putting g(z) = 1/(f(z) —w), g(z) is holomorphic for 0 < |z —c| « ó and 
\g(z)| < 1/e, hence c is a removable singularity of g(z), so that we may 
assume that g(z) is holomorphic for |z — c| < ô. If g(c) # 0, f(z) = w+ 1/g(z) 
is also holomorphic for |z — c| « ó, contradicting the assumption. If c is an 
mth-order zero of g(z), c is an mth-order pole of f (z), also contradicting the 
assumption. 
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Example 1.6. If we define f(z) by 


f(z) = el^ drm a+ tty 
then f(z) is holomorphic on € — (0) and 0 is an essential singularity of f(z). 
Let w #0 be a complex number. Putting q = |w|e'?, where @ is a real 
number, we have w = exp(log|w| + i0 + 2nzi) for all natural numbers n. 
Putting z, = 1/(log|w|+i0+2nzi), we see that lim,.,, z,=0 and 
m „>of (Z,) = w. (In this case, we actually have f(z,) = w for all z,. We will 
return to this phenomenon later.) 


e. Entire functions 

A function holomorphic on the whole complex plane C is called an 
entire function. If f(z) is an entire function, then, by Theorem 1.16, f(z) 
can be expanded in a power series 

f(z) = Ag +a,z+a,27+ +++ +a," + -> 
which converges absolutely on the whole complex plance C. We distinguish 
the following three cases: 


(1) f(z) = ao, 
(2) f(z) =ag+ayz+-+: +a,2", a, #0,m21, 


(3) f(22 Y az a, + 0 for infinitely many n. 
n=0 


The first case is trivial. 
In the second case f(z) is a polynomial of degree m. From 


HOIR- zir Ian - rl mal NM uj 


we conclude that there exists an rọ > 0 such that 


If] > 1012 E É 


that is, |f(z)| ^ + oo if |z| > + oo. 

In the third case, f(z) is called a transcendental entire function. If f (z) is a 
transcendental entire function and w is a complex number, there exists a 
sequence (z,) such that lim,..,.|z,| = +œ and lim, f(z,) = w. It is 
also possible to find a sequence (z,) such that lim ,., |z,| = + œ and 

ma.l|f(z,)] = +00. To prove this, put g(t) =f(1/0). Then g(f) is 
holomorphic on € — (0) and 0 is an essential singularity of g(¢), so that we 
can apply Theorem 1.23 to g(¢). 


if |z| > ro, (1.62) 
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Theorem 1.24 (Liouville’s Theorem). A bounded entire function is a 
constant function. 


Proof: If f(z) is a bounded entire function, cases (2) and (3) above cannot 
occur, that is, f(z) = ag. 


The fundamental theorem of algebra, saying that an equation of the 
form a,z" Fa, ,2" 1+ -- -+a =0, a, #0, m2 1, has at least one 
root, can be deduced from Liouville’s theorem as follows. Suppose 
f(z) = amz” a, -,z2" ! + +++ +a has no zeros, then 1/f(z) is an entire 
function. By (1.62) we have |1/f(z)| < 2/|a, |r? for |z| > ro, hence 1/f(z)isa 
bounded function. Therefore, 1/f(z) is a constant by Liouville's Theorem, 
contradicting the assumption that f(z) is not a constant function. 


It is also possible to deduce the Fundamental Theorem of Algebra from 
the Mean Value Theorem. Suppose f(z) = a,z"-a, ,z27^!4 ... 
* ag # 0 for all zeC. Then 1/f(z) is an entire function and by the Mean 
Value Theorem (1.35) we have 

1 1 (? 5 1 
SO) 2ni Jo f(re^) 
Using (1.62) and letting r tend to -- oo we arrive at a contradiction 
0< 1 < 1 (7| 1 
(0)| ^ 27 Jo 


2 
— —á5- < —— — 0. 
fere? dO 0 


~ Jay|r" 
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Cauchy's Theorem 


2.1 Piecewise smooth curves 

a. Smooth Jordan curves 

According to Definition 1.5 of Section 1.3, a continuous map 
y: t — y(t) from the closed interval [a, b] into the complex plane C is called a 
curve. In this section we will first investigate to what extent the map y is 
determined by its image y(I) if y is a smooth Jordan arc, that is, if y(t) is a 
one-to-one continuously differentiable function of t such that y'(t) # 0. 


Lemma 2.1. A one-to-one and continuous map 6 (t) from I = [a, b] onto 
J — [«, B] is monotone. 


Proof: Ifr<s< t and $(r) « $(t), then $(r) « $(s) « (t). Because if 
(s) < d(r) < P(t), then there exists a u, such that s < u < tand $(u) = ġ(r) 
by the intermediate value theorem, contradicting the fact that $ is one-to- 
one. In the same way, the assumption ó(r) « $(t) « $(s) leads to a 
contradiction. 

First consider the case (a) < $(b). If a < s < t < b, then $(a) S G(s) 
< $ (b), hence $(s) < (t) S $(b), i.e., is monotone. 

The case (a) > $(b) is reduced to the previous case by putting 
W(t) = — P(t). 


Let A:t — A(t), TE J = [«, B], and y:t > y(t),t el = [a, b], be Jordan arcs, 
such that A4(J ) = y(I) = C. Since å and y are both one-to-one, a function $ 
can be defined by assigning to each t € I the value t € J with y(t) = A(t). This 
function $ is monotone. This is because according to Lemma 2.1 it suffices 
to show that ¢ is continuous. Assume that $ is not continuous at some point 
s. Then there exists an € > Osuch that for each 6 > 0 there exists at least one 
point t such that |t' —s| <ô and |ġ(t')— $(s)) = e. Hence there exist 
ty,t2,3,... such that |t,—s| « 1/n and |$(t)— (s) Z€. Putting 
t, = P(t,), there exists a subsequence {t,,},m) <m,<-+--<nj<---, 
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converging to a limit, say, t. Putting o = ¢(s), we have |t — e| 2 e. Since 
Lim j= o ta, = s and y(t,,) = A(t,,) and y(s) = A(a), we have 


A(o) = y(s) = lim (tj) = lim A(t) = A(z) 


contradicting the fact that A is one-to-one. Hence @ is a continuous 
function of t. 


The Jordan arcs y and A are therefore connected by the formula 
y(t) = A($(t)), where ¢ is a continuous and monotone function. One can say 
that y is obtained from 4 by a change of variable x = $(t). 

If A and y are both smooth Jordan arcs, $(t) is a continuously 
differentiable function of t with $'(t) ¥ 0. 

To see this, let At be an increment of t and put At = $ (t + At) — $ (t). 
We have 


y(t + At) — y(t) = (y(t) +.e(At))At, lim e(At) = 0, 
At—0 


A(t + At) — A(t) = (A'(x) + €, (At)) At, Jim €, (At) = 


Since A(t) = y(t) and A(t + At) = y(t + At), At > o if At + 0 and 4'(1) Æ 0, 
we arrive at 


At:  ,. — p'(t)+e(At) y(t) 
lim — = lim nr SES oe. 
Ar=0 At  ArSoA (T)+E (AT)  A’(z) 


Hence 6 (t) is a differentiable function of t and $'(t) is given by 


y) 
$0 - 
Since t = $(t) is a continuous function of t, while A’(t) and y'(t) are 
continuous functions of t and t respectively, $'(t) is a continuous function of 
t, while obviously $'(t) Æ 0. 

We can say that the smooth Jordan arc y: t — y (t) is obtained from the 
smooth Jordan arc 4: x + A(t) by a change of variable t = 4 (t), where (t) is 
a continuously differentiable and monotone function of t, with $'(t) # 0. 

Formula (2.1) is nothing but the chain rule for this change of variable 

y' (t) =X p (t, | *-ó(0. (2.2) 

If p(t) is a monotone increasing function, we have ¢ (a) = «and $ (b) = f, 
if ġ is monotone decreasing, we have $ (a) = $ and $ (b) = a. 

Let f (z) be a continuous function defined on a region and let y be a 
smooth Jordan curve such that y (I) is contained in that region. We want to 


(2.1) 
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investigate the influence of a change of variables on the value of i f (z2dz.We 
distinguish two cases: 


Case 1. If $ (t) is monotone increasing, we have 


B b b 
| f(4())4 ()d1 -| f (4(0(0))4 (o (0)dt = | f (0)y' (dt 


and therefore 


| f(z)dz -| f (z)dz. (2.3) 
y A 


Case 2. If $ (t) is monotone decreasing, we have 
b 


p a 
| f (4())4 (t)dt = f f Q()y' (t)dt = -Í S(y(t))y' (at 


and therefore 


| f(z)dz = — | f (z)dz. (2.4) 
y a 


Therefore, f, f(z)dz = + f, f (z)dz, where the + sign holds if ¢ is monotone 
increasing and the — sign if $ is monotone decreasing. If we call the 
direction of increasing t the orientation of the Jordan arc y, we can say that 
the Jordan arcs y and 4 have the same orientation if $(t) is monotone 
increasing and opposite orientation if $(t) is monotone decreasing. If we 
could assign an orientation to the point set C = y(J), f, f(z)dz would be 
unambiguously determined by C together with its orientation. 

We can assign an orientation to C in the following way. On the interval J 
there is defined an order «. This order is transferred to C by a one-to-one 
map y and denoted by <, that is, if t < s, and z = y(t) and w = y(s), then 
z <w. The order < determines a linear order on C. If we call this linear 
order on C the orientation of C, f, f (z)dz is determined unambiguously by C 
together with its orientation. 

We summarize the above in the following new definition of a Jordan arc. 


Definition 2.1. Let y: t —^ y(t) be a one-to-one and continuous map from 
the interval J = [a, b] into the complex plane C. On the point set y(J)alinear 
order < is defined by: if t < s then y(t) < y(s). This linearly ordered set C 
= y(I)is called a Jordan arc, the map y is called a parameter representation of 
C and t is called a parameter. If y(t) is continuously differentiable and 
y'(t) # 0 for teI, then C is called a smooth Jordan arc. 
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By the above results, if A: t + A(t), « € t € fj, is a parameter representa- 
tion of the Jordan arc C, then an arbitrary parameter representation 
y t > y(t), a St Sb, of C has the form y(t) = A(@), a € t € b, where $ isa 
continuous and monotone increasing function. If C is a smooth Jordan arc, 
then $ (t) is continuously differentiable and $' (t) > 0. In particular, taking 
p(t) = a + (B — a)t we arrive at a parameter representation y: t > y(t) with 
domain [0, 1]. 

If f (z) is a continuous function, defined on a region which contains the 
smooth Jordan arc C, then |, f(z)dz is defined by: 


"b 
| f(z)dz = | f(z)dz = | fy (0)y (Hat (2.5) 


where y: t — y(t),a < t S b, is some parameter representation of C. We have 
seen already that the value of this integral is independent of the choice of the 
parameter representation. Using the order < given on C it is possible to 
give a definition of | f (z)dz which does not use any parameter represen- 
tation. Let us call « = y(a) and fi = y(b) the initial and the terminal 
points of C, respectively. For all zeC we have «<z<f. Let A 
= {Zo, Z1, Z2, .. . , 2m} be a finite set of points on C such that 


€ = Zo Z2, X22 <: <Zm-1 < Zm = B 
and let ô[A] = max, |Zk — Z- ı |. Choose for each k a point ¢, on C such that 
Zk-1 < Cy < Zk. The integral | f(z)dz as defined in (2.5) can be obtained as 


|: = lim y f (x). — 24-1). (2.6) 
C ó[A] 1 


~0 k= 


Proof: Let y:t— y(t), a & t € b, bea parameter representation of C. For 
each £ > 0 there exists a 5(e) > 0 satisfying: 


It-s| <e if |y(t) — y(s)| < ó(e). (2.7) 


(For, suppose there exists an e > 0 for which this is not true, then there are t, 
and s, for n = 1, 2, 3, .. . such that |y(t,) — y (s,)| < 1/n and |t, —s,| 2 €. 
Choose subsequences (t, } and {sn}, n; <n, < --- < nj € -- - , converg- 
ing to t and s, respectively. Then |t — s| z eand y (t) = y (s), contradicting the 
fact that y is one-to-one.) 

Define t, and t, by y(t,)=z, and y((,)- t,, respectively. Then 

=to <t <: «t, ,«t, -b and max,|t,—t, ,|0 if ó[A] 
= max, |Z, — z, ., | ^ 0, by 2.7. Hence we have, by 1.33, 


lim 2, f). z- = | f (z)dz. 


é(4]50 k= 


This proves (2.6). 
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Therefore (2.6) could be taken as the definition of f, f (z)dz. The Jordan 
curve obtained by reversing the orientation of C is denoted by — C. C and 
— C have the same underlying point sets, but if z and w are points of C with 
z <w, then on — C we have w <z. If y: t — y(t), a € t € b, is a parameter 
representation of C, then 4: s > A(s) = y(a+b—s),a < s € b, is a parameter 
representation of — C (if s increases from a to b, t = a + b — s decreases from 
b to a). If C is smooth, we have, by (2.4), 


| f(2- -| f (z)dz. (2.8) 
-C C 


We have given a new definition of Jordan arc, but we will not adhere to 
this definition too strictly. We adopt the following convention: If we talk 
about “a Jordan arc C" we have in mind a Jordan arc according to Definition 
2.1, if we talk about "a Jordan arc y" we have in mind the one-to-one 
continuous map used to define the actual Jordan arc. Furthermore, if 
y t > y(t), tel, isa Jordan arc then y (I) is not just the point set { y (t te1) 
but rather the Jordan arc C with parameter representation y: t > y(t), te I. 
Hence C = y (I). The point set {7 (t): t e I } will be denoted by |C]. Sometimes 
IC] is also called a Jordan arc. In that case C is the Jordan arc obtained by 
defining an orientation on |C|. If C is smooth, |C] is called a smooth Jordan 
arc. Let C = y (I), I = [a, b], be a Jordan arc and let the m— 1 points a,, 
d,,..., 0, 1,0 «0d, < 05 < +++ <a,_, < b, divide the interval J into m 
intervals Z, = [a,a,],..., 1, = [a4 ,, a]; ..., Im = [a,, ,, b]. Then the 
Jordan arc C is also divided into m Jordan arcs C, = (I4), ..., C, 
= y(/,),...,C,, = y (Im). This is denoted by 


C=C,+C,+---4+C,+---+C€ (2.9) 


If the Jordan arcs C, are all smooth, the Jordan arc C is called piecewise 
smooth. Thus C is piecewise smooth if y(t) is continuously differentiable 
with y'(t) Æ 0 on each /,. 


C, 
j « (b) 
/(b 
Y(a) C, 


Fig. 2.1 


If f(z) isa continuous function defined on a region containing C, | oF (2)dz 
is defined by 


| f (z)dz -| fes | f(24z ^ --- «| f (z)dz. (2.10) 
C C, Ci C. 
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Since the + in (2.9) indicates a commutative operation, the sum 
C,+C,+--- +C,, is independent of the order of C,,C,,..., Cm- The 
Jordan curve C obtained by piecing together C,, C;,. . ., C,, in that order is 
represented as 


C-C,:C; C, Ch, (2.11) 
If we use this notation, we write C^! instead of —C. If C 
=C,°C,°---°C,, then C7! =C! C;'-C,?), and |C] 


= |C lv CO --- vlc, |. 

The parameter representations of the arcs C, occurring in the represen- 
tations (2.9) or (2.11) of C can be chosen independent of the parameter 
representation of C. For example, we can choose representations 
Y: t> y(t), 0S t S 1, for C,. These representations of course satisfy 
Y (1) = y441(0, k = 1,2,..., m—1. Conversely if parameter represen- 
tations y: t —> y, (t), a, € t € b,, of arcs C, are given, we put l, = b, — a, and 
we have the parameter representation 


y(0:t-»(), Ost Y l; 


j71 


k—1 k-1 k 

O= nhat- Y. ;) for $ sts} 

jt & 
with C=C, Cze ee Cpe +e Cm. 

If y: t — y(t), teI = [a, b], is a Jordan curve, we have y(a) = y(b) and 
therefore it is not possible to transfer the order < on I to the point set y (1). 
However, if we split J into at least two intervals J 1=([a,a,],..., L 
= [a,-1,4,],..., 1, = [a,-,. b], it is possible to define a linear order 
< on each point set y (/,) using the order < on each I. The Jordan arc 

C-C, Ces C, C, (2.12) 
obtained in this way by piecing together the Jordan arcs 
C; — (4) ..., C, Y (Gu), ..., C, — y(1,) in that order is called a 
Jordan curve and is denoted by C = y(I). Using the notation IC] 
= {y(t): teI}, we obviously have |C] = |C,|u|C,] o -u |C,, l. Also, y 
is called a parameter representation of the Jordan curve C — y (4). If all C, 
occurring in (2.12) are smooth, C is called a piecewise smooth Jordan curve. 


b. Boundaries of bounded closed regions. 

Let D be a region and let D be the interior of [D], that is, the region 
consisting of all interior points of [D]. If [D] — D = |C] for some Jordan 
curve C, we say that C is the boundary of [D]. 
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Fig. 22 


Let the boundary [D] — D of [D] be a piecewise smooth Jordan curve 
C-—C;,':C,:-:--:-:C,:: cC, with parameter representation y: t > y(t), 
tel = [a,b], and C, = y(I,) with I, = [a, ,,a,]. Of course, we have 
a—ag«a,€--: «a.a «c: «a, — b. We want to study the 
relation between D and the orientation of C. In order to do this, choose a 
point ;(c)eC,c # a,fork =0,..., m. Since c # a,,wehavea,_, < C < a, 
for some k, hence y (c) eC, and y’ (c) # 0: In order to facilitate our study of 
the neighborhood of y (c) we introduce a new coordinate w = u + iv with 
origin at y(c) in € by 


z = y (c) - y'(o)w. | (2.13) 


Fig. 2.3 


Putting 
y (t) = y (c) + y’ (c) (p(t) + io (t), | (2.14) 


t — w = p(t)+ ic(t) is the parameter representation of C in the new 
coordinate w. 
We have p(c) = o(c) = 0 and differentiating both sides of (2.14) with 
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regard to t and substituting t = c we get 
Y'(c) = y'(c)(0' (c) + io (c)), 


hence p'(c) 2 1 and o'(c) = 0. Since p'(t) and c'(t) are continuous in a 
neighborhood of t = c, we have p'(t) > 0. Therefore p (t) is a monotone 
increasing function and the inverse function t — t(u) of u= p(t) is a 
continuously differentiable monotone increasing function on a neighbor- 
hood of u = 0. Since c = 1(0), by applying the change of variable t = t(u) to 
the parameter representation t > w = p(t) + io(t) we arrive at the parameter 
representation 
u>w=utip(u), — v(u)-—o(t(u) 

of C,, valid on a neighborhood of the origin w = 0. Here, y(u) is a 
continuously differentiable function of u, V(0) = o(c)=0 and y'(0) 
= 6'(c)t (0) = 0. Therefore, if £ is small enough, we have |y (u)| < eif |u| < e. 

Let U = {w:w = u + iv, |u| < e, |v| < 2e} be the rectangle with center 0, 
width 2e, and height 4c. Choose e so small that CAU = Ca U, and 


IC|AU = {w:w = u + i} (u), |u| < e}. 
C divides U into two regions U (*) and U ^ 


U') = {w:w = u + iv, |u| < e y(u) < v < 2c), 
U' = {w:w = u+ iv, |u| <£, —2e<v< y (u)). 


Fig. 2.4 
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If we remove |C| from the complex plane, the remainder consists of two 
open sets D and C — [D], that have no points in common.* Therefore, U +? 
is also divided into two disjoint sets U'*) ^ D and U + n (C - [D]). Since 
U * is connected, one of these sets has to be the empty set, i.e., either 
U‘ cD or U™) c C- [D] and similarly for U C? either U c D or 
U? c C—[D] will hold. Therefore, one of the following possibilities will 
occur: 

(i) UM c D, U' c C—[D], 

(ii) UC? c D, U'À^cc-[D]. 
(If U“*) c D and U ©’ c D, then U c [D]. Hence, all points of C ^ U will 
be interior points of [D], contradicting the fact that D is the interior of [D]. 
If U? c C-[D]andU C? c C [D], then U c C — D, contradicting the 
fact that all points of C ^ U are boundary points of D.) 

If onelooks at U moving along the curve C in the direction corresponding 
to increasing values of t, one sees U ‘*) on one’s left and U ^? on one's right. 
In case (i) the region U ‘*? to the right of C will be in D, while in case (ii) the 
region U €? to the left of C will be in D. 

Now we return to the original coordinate system z. Remember that 
w = u+iv was defined by 

z = y(c)+y (c)(u + iv). 

Since t = t(u) is a continuously differentiable and monotone increasing 
function of u and 1(0) = c, we see, putting t(— £) = c, and t(e) = c;, that 
€, <c < c, and that t:u — t(u) is a one-to-one map from the open interval 
(— €, €) onto the open interval (c,, c2). By definition of y (u) we have 


y(t) = y(c) - Y ( (uci (u), — v(u = o(t). 
Hence 
z = y(c)+ y (c) (u + iv) = y(t) + iy' (c) (v — Y (u)). 
Putting 
n = v— y(u) = v—o(t) 
we get 
z = y(t) + ty (c)n 
and 
U = {z:z = y(t) + iy' (o), c,«t«c,, In +a(t)| < 2e}, 


ICIAU = (y(:c, < t < c3}, 


* This assumes the validity of the Jordan Curve Theorem. 


2.1 Piecewise smooth curves 69 


UO = (y) iy’ (ie, «t«c, O< <2e—a(t)}, 


U = {y(t)+ iy (cn: cy «tc, —2:£—o(t) <n <0}. 
That c, « t « c, implies 
2£ — o (t) >e, —2£— o(t) « —e 


follows from the fact that | (u)| < e if |u| < e. 

The division of the neighborhood U of y(c) into a part to the left of C and a 
part to the right of C can be shown by introducing a smooth Jordan arc, 
which intersects C ^ U. Let y(to), c, < ty < c;, be an arbitrary point of 
C^ U and let å: s > A(s), — 1 < s 1, bea smooth Jordan curve with A(0) 
= y(t). If the angle between 4 and C, that is the argument 0 of 4'(0) /y' (t), is 
between 0 and z, then there exists a ô > 0 such that A(s)e U if0 «s < ô 
and A(s)e U ^? if —ó < s < 0, that is,if 0 < s < 6 the point A(s) is to the left 
of C and if — ô < s < 0, the point A(s) is to the right of C. A proof follows. 


Fig. 2.5 


For A(s)eU we put 
A(s) = y(c) + y (c) (u + iv) = y(t) + iy' (c)n. (2.15) 
Since u — u(s) and v — v(s) are continuously differentiable functions, 
= t(s) = t(u(s)) and n = n(s) = v(s) - v(u(s)) are continuously differen- 
tiable functions of s with t(0) = t; and (0) = 0. Differentiating both sides of 
(2.15) and substituting s = 0 yields 
A'(0) = y' (to )t' (0) + iy'(c)n' (0). 
Hence 
A(0) — 


. Y (c) 
— t'(0 ' (0 
y (t5) t (0) 4-i——— n (0) 


y (to) 


A’ (0) 


= A-e® with A = |— 
y (to) 
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Taking the imaginary parts of both sides of the above equality we get 
A sin0 = Re(y'(c)/y'(to)) +n’ (0). 

From (2.14) we get y'(tg) — y'(c)(p'(tg) -- io'(ty)) with p'(tg) > O. 
Therefore, Re(y' (c)/' (t9)) > 0. Since 0 < 0 < x by assumption, we con- 
clude that 7'(0) > 0. Therefore there exists a ô > 0 such that n(s) > O if 
0<s<06. Remember that (0)=0, ie, A(s) = y(t) - iy' (c)g(s)e U. 
Similarly, A(s)e UC? for —d < s < Q. 


In general, if A: s + A(s), -1 < s < 1, isa smooth Jordan arc intersecting 
C in A(0) = y(t), a < t < b,t x a,, such that the angle 0,0 < 0 < 2r, between 
Aà and C at A(0) = y(t) satisfies 0 + 0, 0 n, then å is said to intersect 
C transversely at A(0) = y(t). In this book, we will say that 2 crosses C 
at A(0) = y(t) from right to left if O « 0 « x and from left to right if 
n « Ü « 2n. 

Let A be a Jordan arc crossing C from right to left at A(0) = y(t). If there 
exists a ô > O such that A(s)e DforO < s < 6, then we say that D is on the left 
of C at the point y(t); if there exists a ô > Osuchthat A(s)e D for — ô < s < 0, 
then we say that D is on the right of C at the point y(t). The value of 
ô is dependent on 4, but D being on the left or right of C at y(t) is indepen- 
dent of the choice of 4. (To see this, put c = t, let U be the neighborhood 
of y(c) defined above. There are two possibilities: (1) U©? c D and 
UCÀ cC-[D] or (2) U^? c D and U‘*) c C- [D]. In the first case, 
A(s)e U**) c D for 0 « s « ó and in the second case A(s)e U’ c D for 
— ô < s < 0 by the above.) If D is on the left of C at one point y(to), to £ a,, 
of C, then Dis on the left ofall points y(t), t  a,, of C. Similarly, if D is on the 
right of C at one point y(t), to # a,, of C, then D is on the right of all points 
y(t), t # a;, of C. 

To see this, choose c with a,_ , < c < a, and let U be the neighborhood of 
c as defined above. Let us assume that D is on the left of C at y(c), ie., 
U'? c D. If Aisa Jordan curve crossing C from right to left at 4(0) = y(t)e 
COU, c, «t «c;, then, as shown above, there exists a 6 > 0 such that 
A(s)e U*?) c DforO < s < ô. Therefore, D is on the left of C at all points y(t) 
with c, < t < c4. Let LbethesetofallteR, a,.., < t < a,, such that Dis on 
the left of C at y(t). If ce L, then the open interval (c4, c2), c, < c < C2, is 
contained in L, that is, it is an open subset of R. Similarly, let R be the set of 
all teR, a,_, < t < a, such that D is on the right of C at y(t). R is also an 
open subset of R. Since (a,_,,a,) = LUR, ROL = Ø and (a,_,, 4,) is 
connected, we have either L=(a,_,,a,) or R-(a, ,,a,). If L 
= (a, -,, a, ie. if D is on the left of C, at all points y(t), a,_, < t < a,, then 
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we say that Ð is on the left of C,. Similarly, if R = (a,_,, a,), we say that D is 
on the right of C,. 

Next we will prove that D is on the left of C, if it is on the left of C,, ,. 
Choose c sufficiently small and draw a circle 4: s — A(s) = y(a,) + ce" with 
center y(a, )and radius e, such that 4 intersects C, , at exactly one point A(a), 
C, at exactly one point A(B) a < B « a--2nx, and does not intersect 
C,,..., C,-,, Cu, ..., Cm that is A intersects C at exactly two points 
A(x) and A(B). The circle A crosses C,,, at A(a) from right to left (we will 
prove this below). Since by assumption D is at the left of C,,,, we have 
A(s)e D for values of s,a < s < f, sufficiently close to a. Since 4 intersects the 
boundary C of D at A(a) and 4(f), we conclude that A(s) e D for all s with 
æ < s < f and that A crosses C, from left to right at A(f). Therefore, D is on 
the left of C, at A(8) €C,, hence D is on the left of C,. 


Fig. 2.6 


We now want to prove that À intersects C, , , at exactly one point and that 
A crosses C, +, from right to left at A(a). To simplify our notation, we may 
assume y(a,) — 0, a, — O0. Let y:t —^ y(t), te[0,a,,,], be a parameter 
representation of the Jordan arc C,,, (ie, y(t) is a continuously dif- 
ferentiable function of t and y(0) = 0). First we show that |y(t)| is a 
continuously differentiable function of t on (0, a, , ] and 


d 
(gmon) = ly) > 0. (2.16) 
t= +0 


Put y, (t) = y(t)/t. From lim,- +o y(t)/t = y' (0) we conclude that y, (t) is 
continuous on [0, a,,, ] if we define y, (0) = y’ (0). 
Hence 
lim 
t> +0 


201 = lim 17501 = IO =h’O 
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that is, | y (t)| is differentiable at t = 0 ) and the differential coefficient is given 
by (2.16). On (0, a,., 1, |y (01? = y(t)y(t) is continuously differentiable. Since 
I»(01? > 0, I(l = V (I»(012) is also continuously differentiable, while 


107 ( +907 
2|y(t)] 
Substitution of t y, (t) for y(t) in the expression on the right yields 


yi (y (0 4- y, Or 
2 |y: (01 
hence d|y(t)|/dt is continuous on [0, a, , , ]. 
Therefore, taking a sufficiently small k, we have d|y(t)|/dt >0 if 
0 <t <k, hence |y(t)| is a monotone increasing function for 0 € t S k. 
By (2.7) there exists a ó(k) > O such that 
O<t<k if |y(t)| < ô(k). : 
Take an e > O such that € < ó(k) and e < |y(k)]. If |y (t)| = £, then O < t S k. 
If t increases from 0 till k, then |y (t) | increases from |» (0)| until |y (k)], so there 
is exactly one t (0 < t € a,, ,) such that |y(t)| = £. We have proved that the 
circle 4: s > A(s) = ee" intersects C,,, at exactly one point: 
y(t) ce"  t»0 
Let 0 be the angle between C, ,, and 4 at this point, then 


d 
4: 701 = 


. d . ; 
lim z| = lim = |y" (0)| 
t^ +0 al t^ +0 


A( _ A'(a) e? 
ye {YM 
From: 4'(a) = iee^ = iy(t) = ity, (t) we get 
dO. iO 
yt [rO 


If e — 0, then t — 0, hence: y, (t)/ y' (t) — 1. Therefore, for sufficiently small e, 
0 will be between, for example, 2/4 and 37/4. Therefore, the circle A crosses 
C, , , from right to left at A(a) = y(t). The fact that A intersects C, at exactly 
one point A(f) and crosses C, from left to right at that point is proved in the 
same Way. 

This finishes the proof of the fact that D is on the left of C, if D is on the 
left of C, +1 . Therefore, if D is on the left of Cm, then D is on the left of C,,_,, 
C4-2,..., Cz, C, ie, Dis on the left of C = C,:C5,,..., Cm at all points 
y (t), t # a,. The fact that D is on the right of C at all points y (t), t # a,, if Dis 
on the right of Cm is proved similarly. 


If D is on the left (right) of C at all points y(t), t # a,, then D is said to be 
on the left (right) of C. 
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Remark: The above proof is based on local considerations. However 
complicated the form of a piecewise Jordan curve C may be, in a sufficiently 
small neighborhood of each point y (t) e C, the form of C is simple, as shown 
by the diagrams above. The proof is nothing but the confirmation by 
calculation of an intuitively clear fact. It is often said that Jordan's Theorem, 
stating that a Jordan curve C divides the complex plane in two parts, the 
interior and the exterior of C, is intuitively clear, but this is only based on the 
analogy with simple cases as circles and convex polygons. In fact this 
theorem is far from intuitively clear. 


Till now we have assumed that the boundary of [D] is a piecewise smooth 
Jordan curve C, i.e., that |C| = [D] — D. In this sense, the Jordan curve 
—CzC'!isalso a boundary of [D]. However, C and — C are different 
Jordan curves, and if D is on the left of C, then Dis on theright of — C and if 
D is on the right of C, then D is on the left of — C. We now define the 
boundary of the bounded, closed region as an oriented, piecewise smooth 
Jordan curve as follows. 


Definition 2.2. 1f C is an oriented, piecewise smooth Jordan curve such 
that |C] = [D] — D and D is on the left of C, then C is called the boundary of 
[D], and denoted by 0[D]. If |C| = [D] — D and D is on the right of C, then 
we have 0[D] = —C. 


Till now, we have only considered the case that the boundary of [D] 
consists of exactly one piecewise smooth Jordan curve, but the same 
considerations can be applied to a domain [D], whose boundary consists of 
a finite number of mutually disjoint piecewise smooth Jordan curves. 

Let Ci, C2,...,C,,...,C, be piecewise smooth Jordan curves 
such that 


[D] - D = |C,|ulC;]o --- VIC JU + VIG, ICalniC.l = Ø, 4 + v. 


and such that D is either on the right or on the left of each C,. 


Definition 2.3. If D is on the left of all C,, v=1, 2,...,n, then 
C=C,+C,+--:+C, is called the boundary of [D] and denoted 
by oLD]: 


[D] -C 2 C44 C4 * - +C, 
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If [D] - D = Ui IC, |, |C;11^|C,| = Ø, A # v, then 
2D] - ) £C. 
The sign of C, is + if D is on the left of C, and — if D is on the right of C,. 


Example 2.1. Consider the smooth Jordan curve C, = y, (I) defined by 
Y: 0 (0) = re^, O€1 =[0, 21]. If D= {z: &«|z| « R] then the 
boundary ô[D] of D is given by 


9[D] = Cp- C, 


Fig. 2.7 


2.2 Cellular decomposition 

a. Cells 

Let T: (t, s) ^ l'(t, s) be a continuous map from the rectangle 
K = {(t, s-a S t $b,0 < s 1} into the complex plane C, such that the 
partial derivatives T, (t, s), I’, (t, s), and T, (t, s) = T, (t, s) exist and are 
continuous. Under certain conditions to be specified later, the image T (K) 
of K under T is called a cell. We first want to give a few examples of cells. 
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Example 22. K = {(t, s:0«esStsSR,OsSssm) and I(t, s)- te^. 
The cell F (K) is the closed domain sketched in Fig. 2.9. 


—&£ 0 € 


Fig. 2.9 


Example 2.3. K = {(t,sza<t<b,0<sX<1}and 

r(t, ) =t+(1—s)iġ (t) + sip (t), 
where $(t) and w(t) are continuously differentiable functions, defined 
on [a, b] and satisfying $ (t) < v (t) if a < t < b. We have $ (a) S v (a) and 
$ (b) € v (b). This gives four possibilities: the cell corresponding with each 
possibility is sketched in Figure 2.10 (a-d). 


Fig. 2.10 


Example 24. K-((t s; OStS1, OSs 1} and T(t, s) 72 (t—1) 
(1 4e 75). 
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The cell T (K) is the closed domain enclosed by a semicircle and the line 
segment [ —2, 0] and is sketched in Fig. 2.11. T maps the side ((t, 0): 
0 St < 1} of K on the segment [ — 2, 0], the side { (0, s): 0 Ss < 1} on the 
semicircle, and the remaining two sides onto the origin 0. 


Fig. 2.11 


Now let us introduce the following notations: E = ((t, s): a « t < b, 
0 < s < 1} is the interior of K and L, = {(t, 0: a < t € b), L, = ((b, s): 
0OssszlhLl,—-((tbastsb)andL, = {(a,s):0 < s < 1} areits sides. 
Of course, E is a region in C and K = [E] is its closure. 


Fig. 2.12 


We now want to examine the properties of the map T as defined in 
Example 2.3 under the assumption that ¢(b) = y (b). From 


I (t, ) 2 t -(1— s)ió (t) + sip (t) 

we get 
I, (t, s) = 1+ (1 —s)id’ (t) + siy' (t), (2.17) 
I, (t, s) = i(v (t) — ó (t)). 
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T (L,)isa smooth Jordan arc, with parameter representation t — T (t, 0) = 
t+ip(t), a €t € b, T(L;) is just one point b + i$ (b), T (L3) is a smooth 
Jordan arc with parameter representation t >T (t, )=t+ip(),ast sb, 
and T (L4)is just one point a + i$ (a). Let K” = {(t,s):a<t<b,O0Ss<1} 
be the set we get by taking L, and L, from K, then T: K” ^ l'(K")is one-to- 
one on K” and for each point (t, s)e K” we have by (2.17) 


Im T, (t, s) T, (t, s) = v (t) — ¢ (t) > 0. 
T(K) is a bounded, closed region, T (E) is its interior and its boundary a 
piecewise smooth Jordan curve C, * C5, where C, = l'(L;)and C; = T (L3), 
i.e., OT (K) = C =C,°C;3. Redefining the Jordan arc T (L3) by the para- 
meter representation t — T (b +a-—t, 1), aS t S b, we get C4 = T (L3). 


C3 


Fig. 2.13 


We now define a cell as follows. 


Definition 2.4. If satisfies the following conditions (1)—(4), I (K ) is called 
a smooth cell, or more briefly, a cell: 

(1) T(K) is a closed domain, T (E) is its interior, i.e., the set of all 
interior points of IT (K) and the boundary of T (K) is a piecewise 
smooth Jordan curve. 

(2) Each T (Lx) is either a point or a smooth Jordan arc. 

(3) If K" is the set obtained from K by omitting those sides L, such 
that l'(L,)isa point, the map T: K” + T (K”)is one-to-one and we 
have for all points (t, s)e K”: 


Im T ,(t, s) T(t, s) > 0. (2.18) 


(4) For fixed s the function T (t, s) of t satisfies T, (t, s) # 0,a S t S b,or 
is a constant. Similarly, for fixed t, the function I (t, s) of s satisfies 
I,(t, s) # O or is a constant. 


The boundary C = ôF (K) of a cell T(K) is a piecewise smooth Jordan 
curve by condition (1) and we have 
ICI = T(K) - T (E) = IF (Li) v IT (22) v IT (23)] v IT (L4). 
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Each C, = ['(L,),k = 1,2,3,4, is by condition (2)either a point or a smooth 
Jordan arc. If C, is a smooth Jordan arc, by condition (4) parameter 
representations are given by: 

C;:t — T' (t, 0), astsb, 

C:s — T (b, s), Oss il, 

C3:t>TP(b+a-t, 1, astsb, 

C4:s > I (a, 1 — S), 0sssl. 

Since the orientation of each T' (74) is not implied by condition (2), we 

define the orientations for each C, = T (L,) using the above parameter 
representations, Le., 

C = or (K) = C, C, °C; °C 4. (2.20) 
If C,, C2, C3, and C, are all Jordan arcs, then C, °C, °C; °C, is the Jordan 
curve obtained by piecing together C,, C;, C3, and C, in that order. If 
among C, , C2, C3, and C, there are one or more points, then C, * C; *C4*: C, 
is the Jordan curve obtained by piecing together only the Jordan arcs from 
among C, , C2, C4, and C4. If, for example, C; is a point and C,, C4, and C, 
are Jordan arcs, then C1*C5:C3* C, = C, *C3 *C4 and if C; and C; are 
points, then C, C, °C; °C, = C, "C4. 


(2.19) 


Proof: Since |C| = |C,| v |C;| u |C4| v [C4], itis sufficient to establish the 
fact that if C, is a Jordan arc its orientation agrees with the orientation of C, 
i.e., that T (E) is on the left of C,. Choose c € (a, b) and consider the curve 
cy: s > «7 (s) = T (c, s), OS s S 1. By conditions (3) and (4), y is a smooth 
Jordan arc. If C, is a Jordan arc, then the angle between ,y and C, at 
cy (0) = T (c, 0), i.e., the argument 6 of .y' (0)/T, (c, 0), is equal to the argu- 
ment of 


T, (c, 0) I’, (c, 0) = Y (O)/T; (c, 0) | (c, 0)1?. 


By (2.18) we have sin 0 > 0, hence 0 < 0 < n. Since ,y (s) = T (c, s)e T (E) 
for 0 « s < 1, T (E) is on the right of C, . Similarly, considering the Jordan 
arc À: s— A(s) = .y(1—s), 0S s < 1, obtained from ,y by reversing the 
orientation, and observing that the angle y between 4 and C, at T (c, 1) is 
equal to the argument of T, (c, 1) T, (c, 1), we conclude sin y > 0 by (2.18), 
hence 0 < y < x. Therefore T (E) is to the left of C3. 

Next consider y,/3: t > y1/3 (t) =T (t, 1/3), a St S b. y,;j5 is a smooth 
Jordan arc and the angle w between y, ,; and C, (if C, is not a point) at the 
point I (a, 4) is equal to the argument of — T, (a, 4) T, (a, 4). Therefore, sin 
w > 0 by (2.18), i.e., 0 <w < x. Hence T (E) is on the left of C, since 
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I (a, 1/3) 


I'(c, 0) 


Fig. 2.14 


3173 (0 € T (E) for a < t < b. Similarly, one proves that T (E) is on the left of 
C; if Cj is not a point. 


To illustrate what happens if some of the C,, C;, C3, and C, are points, 
we have sketched in Fig. 2.15 what the curves ¿y and y, , look like for the cell 
of Example 2.4. In this case, C; = C4 = 0 and C = 0T (K) = C,:C,. 


Fig. 2.15 


For notational convenience we have defined K as the rectangle ( (t, s): 
astsb,0 ss S 1}, butit is obvious that we could have used an arbitrary 
rectangle {(t, s): a St Sb, c Ss <d}. An arbitrary rectangle is trans- 
formed into the square K' = {(t,s):0 <t < 1,0 < s < 1} by the change of 
coordinates t = a + (b — a)t, s = c + (d — c)o, so we could just as well have 
started with K'. 
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b. Cellular decomposition 
Let [D] be a closed region in C and let D be its interior. 


Definition 2.5. A collection # = (D,(K,)... I, (K1), ..., P, (K,)] of 
cells is called a cellular decomposition of [D] if 
(1) an arbitrary pair of cells has no interior points in common. 
(2) [D] =T, (Ki) uF; (Kj) u --- UT, (K;)u ++ UT, (Ky). 221) 
(3) If T';,(K;) and T,(K,), 2 # v, have a nonempty intersection, then 
DL; (Ki) aT, (K,) 1s either one point or a smooth Jordan arc |C,, |. 
If such a cellular decomposition exists, [D] is called cellularly 
decomposable. 


Example 2.5. Figure 2.16 shows a cellular decomposition of the 
closed disk. In this example, |C,.| = I, (Ki) ^ T; (K;) is the segment 
{x:0 Sx S 1}, |C3,| = 13(K3) oT, (K,) is the segment (i 0 < yx 1}, 
and so on. 


Fig. 2.16 


Theorem 2.1. Ifthe boundary of a bounded closed region [D] consists of a 
finite number of mutually disjoint, piecewise smooth Jordan curves, then 
[D] is cellularly decomposable. 


The proof is in three parts. 


Part (I) of proof: We first assume that the boundary of [D] consists of 
exactly one smooth Jordan curve C. The proof, which is basically 
straightforward, is based on the fact that a smooth Jordan curve is *almost a 
straight line" on a sufficiently small neighborhood of each of its points. 
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Let 
Qa = {x+iy: hô Sx shd+6, kó Sy € kóó], 
hk =0,+1,4+2,..., 
define an infinite number of squares with sides equal to 6 > 0 and covering 
the whole complex plane C 


C= U Q, x- 
h,k 
Then [D] is covered by a finite number of closed subsets [D] ^ Q,, # Ø 


[D] = U ([D] ^ Q,,). 


If this is a cellular decomposition, we are finished. If it is not, we make 
adjustments as shown in Fig. 2.17 to change this decomposition into a 
cellular decomposition. 

The details of this adjustment procedure are as follows. First, let Q,, be a 
square such that one of its sides intersects C in at least two points or is 
tangent to C. Let Q,.,. be the square that has this side in common with Q,, 
(i.e., (h', k') = (h,k + 1), (h,k — 1), (h + 1, k), or (h — 1, k)) and let the rectangle 
R be defined by R = Q,, O Q,,,. Denote the rectangles obtained in this way 
by R,, R,,..., Ry... Rm If p # q, R, and R, have no interior points in 
common and [D ] is covered by the sets [D] ^ R, p = 1,2,..., m, and the 
remaining [D] A Q,,, where Qu F Up R,. All [D]o R, are cells. Let 
Qn £ J, R, be such that Q,, and [D] have interior points in common, then 
a side of Q,, intersects C not at all or transversely in exactly one point. If 
[D] ^ Q,, is not a cell, then one of the cases sketched in Fig. 2.19 must occur. 
By dividing [D] ^ Q,, into two cells, as shown above, we obtain a cellular 
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Fig. 2.18 


Fig. 2.19 


decomposition of [D]. The cellular decomposition shown above was 
obtained in this way. 

We now proceed to prove that the decomposition defined in this way is 
really a cellular decomposition.* Let y: t > y(t), 0 < t € 1, be a parameter 
representation of C. By assumption, y(t) is a continuously differentiable 
function of t, such that y’ (t) # 0 for t e [0, 1], y (0) = y(1), and y(s) # y(t) for 
0 Ss <t<1. In order to be able to treat the point (0) = y(1) just as all 
other points y(t), we extend y(t) to a function with period one defined on the 
real line R by putting y (t) = y(t — k), where t is an arbitrary real number such 
that k S t S k +1, k an integer. 

Splitting 7 (t) into its real and imaginary part, we write 


y (t) = p(t) + io (t). 
Let & = y(t) = č + in = p(t)+io(t), 0€ t € 1 be an arbitrary point on C. 
Since ?' (1) # 0, at least one of p'(1) and ce'(x) is not equal to 0. Let us assume 
p'(x) # 0; then |C | can be represented by an equation y = $(x), where $(x)is 
a continuously differentiable function of x on a neighborhood of (. 
If p'(1) > 0, then p'(t) > 0 on a neighborhood of (, hence x = p(t) is a 
monotone increasing function of t. Therefore the inverse function 


* This fact is intuitively clear from the diagrams. The proof that follows is nothing but 
a verification through calculation of this intuitively obvious fact. 
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t = p^ +(x) is a continuously differentiable, monotone increasing function 
on a neighborhood of č = p(t). By applying the change of coordinate 
t = p^! (x) to y(t) we obtain the parameter representation 
xoz-x-*ié(x, | ó(x)—oc(p '(x)) 

on a neighborhood of C. If p'(1) < 0, then t = p! (x) is a continuously 
differentiable, monotone decreasing function on a neighborhood of £, 
and x >z = x +id(x) is a parameter representation of the Jordan curve 
— C obtained from C by reversing the orientation on a neighborhood 
of ¢. In both cases, |C| is represented by the equation y = $ (x) on a neigh- 
borhood of (. 

Since $'(x) is a continuous function of x, there exists for each e > 0 
a ó(c) > O such that 


I$(x)-$' (i «e if |x— čl] < ô(e). (2.22) 
By the intermediate value theorem there exist a 0, 0 < 0 < 1, such that 
$(x) = $ (E) + 9'(6-8(x — $)(x 24). 
Since $(£) = n we get from (2.22) 


Id(x)—n-—@'(E)(x—-¢)| Selx—E| if |x— č] < ð(e) |. Q23) 
We have proved that if p'(t) #0, then |C| can be represented on a 
neighborhood of ¢ = y(t) by the equation y = $(x) and that inequality 
(2.23) is satisfied on this neighborhood. Next, we want to prove the 
following. If the condition 


3|p'(z)] 2 lo’ (1)| (2.24) 
is satisfied, then the "size" of the neighborhood and the value of 6(¢) 
occurring in (2.23) can be determined independent of the point ¢ = y (t). 

Since y'(t) is a continuous function of t and since y’(t+ 1) = y'(t), 


y (t) is uniformly continuous. Therefore, for each e > 0, there exists a 
(£) > O such that l 


Iy ()— y (s)| <e if |t— s| < Ble). (2.25) 
Since y'(t) # 0 for all t, there exists a x > O such that 
ly’ (t)) 2 8x > 0. (2.26) 


It is sufficient to prove that f(z) is a monotone nondecreasing function of c. 
(For under this assumption a(£) = supo. us: f (u) isa monotone nondecreas- 
ing function of e. Hence there exists a u with O < u <e such that 
It —s| < B(u)if |t —s| < ale), so ly’ (t)—y'(s)| < u < eif|t—s| < a(£).) From 
(2.24) and (2.26) we get 


10p'(2)]* 2 |p’ (a)? + le' (P = (CP z 64, 
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hence 

|p'(t)| > 2k, 
that is, p’(t) > 2x or p'(1) < —2k. 

First, let us assume p’(t) > 2x. By (2 25) 

p(t)>K if it — t| < B(x). (2.27) 
Hence, x — p(t) is a continuously differentiable, monotone increasing 
function of t on the interval [t — B(x),t + B(«)], so its inverse function 
t = p !(x)isacontinuously differentiable, monotone increasing function of 
x on the interval [p(t — B(x)), p(t + B(x))]. Therefore, $(x) = e(p !(x)) 


is also continuously differentiable on [p(t — B(x)), p(t + B(«)) ]. By (2.27) we 
have 


t+ B(x) 
p(t + B(k)) — p(t) = | p'(t)dt > k(x) 


and similarly p(t)— p(t — B(x)) > kB(k). Since p(t)=& we conclude 
that the interval [£— f(x), £-- kB(x)] is contained in the interval 
[o (x — B («)), p(t + B(x))]. From now on, we regard 4 (x) as a function with 
domain [€ — «B(k), €+«B(k)]. From 
, $'(t) NET 
9 0) = vg t=p '(x) 
we get 


co'(t) o'(t) 


re) 
«Ie eG) 


a(t) oh) 
ti» po 

(zy P 0 — p Ol 
po OO epe) 
Therefore, by (2.27) and (2.24) 


4 
Ié'(x) - P(E) € x ly (t) — y' (1)]; 


hence, by (2.25) 


I$ (x)—$' (6) «e X if |t—t| < B(xe/4). 
Since dt/dx = 1/p'(t) < 1/x by (2.27) we have 


lt—t| = jE = dx 


Ié'(x) —é'($)) «e if |x— č] < KB(Ke/4). 


Ié'() —6'(1 s 


s | x- el 


Hence 
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Note that x belongs to the domain of $(x) since |x — €| € xf(x). Putting 
|j kB (xe/4), 0«28&4, 
og) = | KB(k), e> 4, 


we have ó(c) € kf (xk) for all e since f(e) is a monotone nondecreasing 
function of e. Therefore 


I$ (x) (E <e — ifIx—é| < ô(e), 


(2.28) 


hence 
Ié(x) -u—eé'(5)(ix—-éMsslx-é| if |x- č] < d(e). 
Putting £ = 1 and using |$'(£)| = |o'(x)/p'(1)| € 3 (by 2.24), we get 
Ié(x) "| < 4lx—-é| |— if|ix—é| « (1). 
Defining a neighborhood U(¢) of 6 = č + in by 
U(l) = ix iy: Ix - 6| < d(1), |y— n| < 46(1)} 
the points x + i$(x)e|C| with £ —ó(1) < x < č + ó(1) belong to U (C). 
Since ó(1) = xf (x/4), we get for sufficiently small x by (2.7) 
IC] AU (D) (x ib(x): £—ó(1) < x < €+ 6(1)}. 
The case p' (1) « 2x is treated similarly, the only difference being that now 


p(t) and p^! (x) are monotone decreasing functions. 
To summarize, if condition (2.24), 


3|p'(x)| 2 lo (1), 
is satisfied at a point £& = ¢ + in = y(t) = p(t)+ io(t) of C, then |C] can be 
represented on the neighborhood U (C) by 

IC| nU (C) = (x + ib (x): £—ó(1) < x < €+6(1)}. (2.29) 
Here, $ (x) is a continuously differentiable function of x on the closed 
interval [č — Kf (K), € + xB(x)], where r(x) 2 9(1) satisfying — 

Ip (x) -n-p (E) (xë) Selx—E]  if|x—-&|«ó(e. — (2.30) 
U (C) is divided by |C | into two subregions U * (¢) and U ^ (C) defined by the 
inequalities y > d(x) and y < (x), respectively: 

U ())—-|C| 2U* (QuU- (C) 

Let l:y— (y) 2 x iy represent the line through the point z = 


X Fio (x) on C and parallel to the imaginary axis. 
If p'(1) > 2x, then x = p(t) is a monotone increasing function. Since 


xoz-x-i$ó(x) 


is a parameter representation of C on U(C), we see that the line l, 
crosses C from right to left at l (@(x))=x+id(x). Therefore, if 
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Fig. 2.20 


ó(x)« y<n+4d(1) then x+iyeD, that is, U*(()cD and U-(L) 
c €— [D].If p'(t) < — 2k, then x + z = x + i$ (x)isa parameter represen- 
tation of —C, hence U (0) c D and U* (0) c € — [D]. Similarly, if the 
condition 


3|c (1) 2 |p' (©) (2.31) 
is satisfied at & = č + in = y(t) and if we put 


V (5) = ixiy:|x— čl < 46(1), |y—m| < ô(1)}, 
then 

IC) OV (0) = tV O)*tiy:g-ó(1) «y «nv ó(1)j. (2.32) 
V (y) is a continuously differentiable function of y defined on the closed 
interval [n — KB(k), n + kB(x)] and 

IV)—-é—-v'(Q-mlss(y-n) if ly—n| <6(e). (2.33) 
If a point x, +iy,, on C with 0 < |x, —€| < d(e) and 0 < |y, — n| < ó(e) is 
such that 

3 

3c -1 
holds, then condition (2.24), 3|p'(x)| = |o’(z)|, is satisfied. For, assuming 
3|e'(1)| = |p’(t)|, we have x, = W(y,) by (2.32), hence 

Ixy—6—V' (Qs —ml S ely, — n| 
by (2.33), that is, 
Ace 


——— —w'(n)| < «. 
y 8h vin| se 


(2.34) 


E 
x= 
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Using (2.34) we get 


p'() xı—¢ , 38 t 1 1 
e' (t) = |v' (n Iz EE TESz 
Smari if 
ut s 


holds, then we "have 3le' (1)| = lp'(x)]. 

Using these results we can easily ascertain that a cellular decomposition 
of [D ] can be obtained by the procedure described in the beginning of this 
proof. First select € with 0 < e < 1/3, next select ô > O such that 

3ó < d(e) 
and cover the complex plane C with an infinite number of squares Q,, with 
width 6, as described above. 

We consider three cases: 


Casel: Aside of Q,, intersects C in at least two points or is tangent to C. 

Let us put Q,, = Qo, to simplify the notation. Let 
L={x+id:0<xs6} 

represent the side of Qo, that intersects C in at least two points or is tangent 

to C and let ¢ = €+i6 = y(t) be one of the points of intersection or the 

point of tangency. The rectangle R = Qoo U Qo; is given by 


R={x+iy:0sxs6,0S ys 26}. 


Fig. 2.21 
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Assuming that 3|c'()| 2 |p’(t)| holds at ¢ = y(t), C is given by the 
equation x = y (y) on V (C) by (2.32). Hence L intersects C transversely in 
exactly one point, contrary to the assumption. (Since 36 x ó(c) € ó(1), we 
have V (5) > R.) Therefore |C | is given by the equation y = $ (x)on U (C) by 
(2.29). By (2.30) we have 

I669)-6—9'()x—-esslx—-é| if |x—E[ < de), (2.36) 
that is, on the neighborhood {x + iy: |x —€| < ó(&), |y —ó| < 46(1)} of 
Ç = C + iô, the curve C is between the lines y = 6 + (¢’(€)+.¢)(x—¢) and 
y = 0+(G'(¢)—«&)(x—€), as shown in Fig. 2.21. If L intersects C in at 
least two points, we put one such other point of intersection (, = č, + ió, 
č, #€. Since $(£,) - à and |&, —£| S ô< ô(e), we have d'(£) S e by 
. (2.36). If L is tangent to C at C, then $'(£) = 0. So, in both cases, we have 
1$ (6)| S e. Hence, by (2.36) 

Ié()-à| S 2elx-El S225 if OS x SS, 
therefore 

0 < $ (x) < 26 fOsxsd 
since £ $ 1. 

Therefore, assuming p'(1) > 0, we have U * (£) c D and 

[DJ AR={x+iy:0s x Sô, o(x)S y S26}. 


Fig. 2.22 


If p' (x) < 0, we have 
[D]OR = {x+iy:0 S x Sô, 0 S y So). 
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In both cases [D] ^ Risa cellas described in Example 2.3. Let L,, L2,..., 
Lp» ..., Lm represent all sides from among the sides of the squares Qp, h, k 
— 0, +1, +2,..., which intersect C in at least two points or are tangent to 
C. For each L, let R, = Q,, U Qn, be the union of the two squares Q, and 
Q,',, which have L, as one of their sides. We have shown that all [D] ^ R, 
are cells. If p 7 q, then R, and R, do not have interior points in common. 
(For, suppose R, = R = Qoo Y Qo,. If R, has interior points in common 
with R, then one of the squares making up R, say, Qoo is contained in R. 
Hence L, has to be a side of Qoo, but all sides of Qoo except L = L, either do 
not intersect C at all or intersect C transversely in exactly one point. Hence 
L,—-L-L,ie,p-q. 


Case2: Qj, + Up R, and Q, , has interior points in common with [D]. As 
before, we put Q,, = Qoo. If the boundary C of [D] does not pass through 
the interior of Qoo, we have Qo, c [D] and [D] A Qoo = Qoo is a cell. If C 
passes through the interior of Qoo, we conclude from (2.29) that C intersects 
the boundary of Qoo in at least two points. Since Qoo ¢ VJ, Rp, each side of 
Qo either does not intersect C at all or intersects C transversely in exactly 
one point. Therefore C intersects at least two sides of Qoo in one point each. 
We distinguish two cases: 

(a) C intersects two sides of Qo which are parallel. Let us assume that C 
intersects the side on the imaginary axis at in = y(t), O < n € ô, and the 
other side at (, = d+in,, 0€ n, <ô. At in we have 3|p'(1)| 2 |o" (1)]. 
(For, since e < 4, we have 3/(3c + 1) > 3. Hence, the inequality (2.34) |n, 
—5|/ó € 3(3e + 1), holds at the point ó + in, # in = y(t) of C.) Therefore, 
by (2.29), |C | is given by the equation y = ¢(x) in a neighborhood U (in) of 
in. The side (x: 0€ x <ô} of Qoo either does not intersect C at all or 
intersects C transversely in exactly one point. If C intersects this side 
transversely in €,0 < č < ô, then $ (č) = Oand $'(£) # 0. If ġ' (5) > O,then 
n = $(0) « 0 and if $'(£) « 0, then n; = $(ó) < O by the intermediate 
value theorem. This contradicts our assumption, hence $ (x) > 0 if 0 « x 
< ô. Similarly, ġ (x) < ô if 0 < x < 6, hence 


0 < ġ(x)< ô if 0 « x « ô. 
Therefore if p'(x) > 0 then U * (in) c D and 
[D] A Qoo = (x +iy:0 Sx 806, 96) Sy S ô}, 
If p' (x) < 0, then 
[D]o^ Qoo = (x +iy:0 S x < ô, 0 < y € 6(3)j. 
In both cases [D] ^ Qoo is a cell as described in Example 2.3. 
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Fig. 2.23 


(b) C intersects two adjacent sides of Qo in one point each. Let us 
assume that C intersects the side {iy:0 < y < ó at in, 0 < y x ô, and the 
side {x:0 S x S$ db} at €,0 < č € ô. |C] is given by the equation y = (x) in 
a neighborhood U (in) of in or by the equation x = y (y) in a neighborhood 
V (in) of in. Let us assume that |C] is given by an equation y = $(x). If 
$'(6)«0, then O«ó$(x) «ó for OSx<€& and ¢(x)<0 for 
€ <x < ô. Therefore, if p’(t) > 0, we have 


[D] A Qoo = (x *iy:0O€ x56, o(x)S yS6,0Sys5}. 


$ 


p' (t)>0 


C p'(1)«0 


Fig. 2.24 
| 


In this case [D] ^ Qoo is the union of a cell, as described in Example 2.3, 
(x*iy:0xs660)sys9) 

and a rectangle, 
ix*riy:éxsó,0xysó). 
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If p' (x) < 0 then 
[D]n Qoo = {x+iy:0 £ x s6,0sy 8 6(9)). 
Which is a cell as described in Example 2.3. 


Case3: Q,, £ VJ, R, and Q, has no interior points in common with [D]. 
In this case, [D] ^ Q,, is either empty or consists only of the points where C 
intersects the sides of Q,,. Since C intersects each side of Q,, in at most one 
point, [D] ^ Q,, consists of at most two points. Since [ D] has no isolated 
points, we can omit these sets [D] ^ Q,, without changing the validity of 
the equality 


[D] = U(ED]1^ Q4). 
Hence, [D] is decomposed by the procedure above into a finite number of 
cells, no two of which have interior points in common. 


Part (II) of proof: The boundary of [D] is a piecewise smooth Jordan 
curve C. Let C = C,*C5*---* Cj: - * C4, with all C; smooth Jordan arcs 
and let y;:t > y;(t),0 S t € 1, bea parameter representation of C;. We have 


931(1) = »2(0), y»; (1) = y3(0),..., y; (1) = 7j+1(0), ~~~, y (1) = y1 (0). 


Just as in Part (I) we cover the complex plane C with an infinite number of 
squares Q,, with width ô. Then [D] is covered by a finite number of closed 
subsets [D] A Qu * Ø: 


[D] = U(ED]0 Q4). 

By adjusting this decomposition, we arrive at a cellular decomposition, but 
now the points y;(0), j 2 1, ..., m, need special consideration. Put 
Či = yı (0) = Ym (1), ...3 Cj = y; (0) = yj- 1(1), tty Um = Ym (0) = Ym-1 (1) 
and pick squares Q, , such that j€ Q, Let Q; be the union of the nine 
squares Q,-, such that Q,«,«. A Onn, FD (ue, h” = h;-,, hj, hj, 
k" = kj_1, kj kj+1). Q; is a square of width 36, its center coinciding with 
that of Q,,,. Next we divide all squares Q,,, which are not contained 
in Uj. Qj, into n? squares Q,,, with width ó/n (where n is a natural 
number) defined by 


Qi, = {x t iy: (p —1)ô/n S x — hó € pó/n, (q — 1)ó/n S y — kô S qó[n). 
We have 


On = U Q nkpag 


p,471 
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Fig. 2.25 


and the decomposition of [D] 
[D] = r U (LD] A Q5) [D]6^ Q)) v --- o ([D]0 Q,). 
sK. p.a 

Uk. p.a [D] ^ Qrp) can be changed into a cellular decomposition by the 
procedure described in Part (I). (Figure 2.25 illustrates why it is necessary to 
divide the squares Q,, ¢ |); Q; into n? smaller squares for some sufficiently 
large n.) Therefore it suffices to show that each [D] ^ Q;can be decomposed 
into a finite number (in fact, at most three) of cells, as illustrated in Fig. 
2.26.* 

Define f (e), x, ô (e) for y; (t), j = 1,2, . . . ,m, as they were defined in Part 
(I) for y (t), that is, f (c) is a monotone nondecreasing function of e, c > 0, 
such that f (c) > 0 and |y; (t)— y; (s)| <¢,j=1,2,...,m, if |t—s| < f (6), 
O<t<s<1, x is a constant satisfying 

Ij(0)28«»0, j=1,2,...,m 
and 0 (e) is defined by 


< 
5(e) = KB (Ke/4), 0<e <4, 
KB (k), E> 4. 

Splitting y; (t) into its real and imaginary part, we write y j (t) = p; (t) + ic; (t). 
For ¢ = ¢ + ig we define neighborhoods U (5) and V (C) as in Part (I) by 

U (D) — {x + iy|x— č] < ô (1) ly ml < 4 (1)}, 

V (9 = {x + iyly-n < ô (1), Ix — & < 45 (1)). 

* This is also intuitively clear: if C;_ ; and C; are both segments, the proof is trivial. By 


taking Q; sufficiently small the parts of C;.., and C; contained in Q; are almost 
segments. 
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(5) 


Fig. 2.26 


By selecting a sufficiently small x, we may assume that similar results to 
(2.29) and (2.30) or (2.32) and (2.33) are valid for |C j| in the neighborhood 


Fig. 2.27 
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U (t) or V (5) of the point ¢ = č + in = y;(t) of Cj. However, since Cjis nota 
Jordan curve, we have to adjust these results if ¢ is close to y; (0) or y ; (1). For 
example, if condition (2.24), 3 |p) (t)| z lø; (1)|, is satisfied and if p;()»0 
and 4; = p;(0) > £—ó(1), then 


IC aU (0 = ix ig; (x): čj <£ x< €+6(D}. 


If G = 6; = č; + in; = y; (0) this result becomes (if 3 |p; (0)| = |o (0)| and if 
p; (0) > 0) 


IC] aU (5) = {x + id, (x): č; S x < €;+6(D}, (2.37) 
and if p; (0) < 0, 
IC] U (t) = {x + ib; (x): €;-d(1) < x € £j). (2.38) 
If 3 |e; (0)| 2 lp; (0)| and c; (0) > 0, then 
ICI OVC) = (WO) + iy nj Sy <n; +46 C), (2.39) 
and if c; (0) < 0, then 
ICI AVC) = (yy) + iy: ns (1) «y & nj. (2.40) 


The functions ¢ (x) and y; (y) are continuously differentiable functions 
of x and y, respectively, satisfying the inequalities (2.30) and (2.33), 
respectively, that is, we have for $; 

I6;(x) -u—6;(69(x—6é)9I Se(x—6&) if čj Exe +ô (e) 
and for y; (y) 

Ivj(y -Š vn) wn sewn)  ifmgsycnjó(). 
Hence, if the point x; iy; of Cj, £j < x, < € +ô(1), |y —n;| < ô(1), is 
such that the inequality (2.34) 

y— J1 7 Nj « 3 

xi—64;| 3e+1 

is valid, then 3|p;(0)| 2 |o;(0)]. If the point x, +iy of C,nu <y <N 
+ô(1), |x, —¢,| < ô(1), is such that the inequality, 

nh 3 
y— £ y +1 
is valid, then ; lo^ = |p; (0)]. 

Since 6; = y;-, (1) is the terminal end point of the arc —C,_, with | 
parameter representation £y; ,(1—t) O St € 1, we can replace C; 
p ; (0), and c, (0) in the above results by — C;. ,, — p5., (1), and —o;. , (1). 
For example, if 31p;.., (D| z |o. , (1)| and pj. , (1) < 0, then 

ICj-,I OU K) = {x tio; (xy č; Sx < č; +ô(1)}, (2.41) 
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and if 3|o 5. , (1) z |pj- , (1)| and c5. , (1) < 0, then 
IC) IO VE) = yr) iy m S y <j + 5()}. (2.42) 
Choose £ < $ and 36 < 6(e) and consider Q, ^ [D]. If (,€Q;,, we have 
Q, = {x + iy: 0 S x < 3ô, 0 < y < 38}. 
Let L, ={3ô+iy: OS y S36}, L, = {x+3id: O€x&€30) L,— 
{iy: 0 < y S 3ô}, and L, = {x: 0 € x < 36} be the four sides of the square 
Q,,. The point ¢, (0) = Ym (1) is the beginning end point of C, and the 
terminal end point of Cm. 


Fig. 2.28 


Since 36 x ô (c) € ó (1) we have Q, c U (7). Since ô (1) = «f (x/4) and 
since we may assume that x is sufficiently small, U ((,) does not intersect 
C5,C;,..., C4 ,, that is, |C] AQ, = (Cila Qi) u (IC, Q,). Hence, if z, 
and z, are two points in the interior of Q,, but not on |C lu |C], that can be 
connected by a polygonal line in the interior of Q, not intersecting C, and 
Cm then z, and z, either belong to D or to the exterior of [D]. 

C, intersects the boundary L, o L, U L, U L4 of Q,. We assume that C, 
intersects L, and let 35 + iy,,0 € y, < 36, be the point of intersection of C, 
and L,. Since 6, = č, + in, €Q,,, we have 


hence 3|p; (0)| 2 |o (0)| and |C, | is represented on U (£,) by (2.37) or (2.38). 
Since C, intersects L, we conclude that |C,| is represented by (2.37), that is, 
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C, is given by the parameter representation 
x — x +i, (x), G1 2x < ğı +ô(1), 


on U (t). 
We have 


if č; € x < 36, then 0 < $, (x) < 3ó. (2.43) 


To see this let x, be such that $, (x2) = 30,6, < x, < 36, then C, intersects 
L, in the point x; + 3ió, hence C, has the parameter representation 


yov,Qnri, msy«m-9(l 


on V(¢,). Hence 3ó c iy, = Y (yj) iy,, Le, Yı (y1) = 36,9, < y, S 30. 
Since $, (€,) = n, we conclude from the intermediate value theorem that 
there exists an x4 with $, (x3) = y, and €, < x4 € x. Hence y, (y,) = 
X4 S x, < 36, contradicting the fact that y, (y,) = 3ó. 

As shown by (2.43), C, intersects the boundary of Q, in exactly one point 
36+iy,. Similarly, we prove that C, intersects the boundary 
L,VL,UL,U L, of Q, inexactly one point. There are four possibilities to 
consider: 

(1) C,, intersects L,. In this case, 

xox4ióQQ) č Sx <b, +6(1) 
is a parameter representation of — C, on U (C,). C, and C, have no 
other points of intersection in U (6,) but ¢,. Hence, ¢,,(x) > $, (x) for 
all x with €, < x € 36 or $, (x) > $, (x) for all x with č; < x € 36. Let 
lx y > l (y) = x + iy be the line through x parallel to the imaginary axis for 
€, < x S 30. The line l, crosses C, from right to left at x + i$, (x) and C,, 
from left to right at x + id,, (x). Furthermore, |, intersects C = ô [D] in no 
other points on U (C). Hence, since Q, c U (£,) we have, if $,, (x) < $4, (x), 

xtiye[D]  if0 SyS m(x), 

x+iyé[D] if m(x) < y < ġ, (x), 

x+iye[D] if $, (x) € y S 36. 
Hence [D] ^ Q, is decomposed into three cells: 

{x + iy: č, S x S 38, 0 S y S ¢,,(x)}, 


{x+ iy: &é €x €35,01 (x) S y S 36}, 

{x+iy:0 <x < č, 0< ya 36}. 
That the third cell, which is a rectangle, is contained in [D] follows from the 
fact that a point z in the rectangle can be connected with the point x in D by 
a polygonal line not intersecting C, and C,, This case corresponds with 
Fig. 2.26 (1). 
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Fig. 2.29 


If $, (x) < @,, (x), then 
x+iye[D] if $, (x) Sy < m (x), 
x+iyé[D] if 0 € y < $, (x) or @,, (x) « y s 30. 
Hence : 
[D] ^n Q; = (x *iy č, x $836, Q, (x) Sy S 64,09]. 
This case corresponds with Fig. 2.26 (2) and [D] ^ Q; isa cell as described in 
Example 2.3. 
(2) C, intersects L,. Let C,, intersect L, in the point x;-3ió, 
0€x,€3ó.OnV((,), —C,, is given by he parameter representation 


Y > Pm Y) tiy, mzy«ót() (2.44) 
If —C,, is also given by the parameter representation 
x+>x+id,(x) G4 Sx«ó(), (2.45) 


then $, (x) < m(x) for £, < x € 3ó and, by 2.44, 
hm (xX) < 36 for č €x «x, and ¢,,(x) > 36 for x, <x S 30. 
Hence, [D] ^ Q, is decomposed into two cells: 
{x +iy: či Sx S x2, $1 (x) Sy S $m (X)}, 
{x +iy: x4 Sx S36, $, (x) € y S 35}. 
This case corresponds to Fig. 2.26 (3). The equation 
ym 2 
x—é&, 1+3¢ ~ 
represents a line | through 6, = č, + ig,. Solving for x and y we get 
x-AQg)- Bel m) 


3 
y= HX) =n +773, Te 
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Fig. 2.30 


If there exists a point x + iy = v, (y) +iy with g, < y € 36 and x z å (y) 
on C,, then 
yh. 3 
x—&|^ 1438’ 
hence 3 |p;, (1)| 2 |o,, (1)| and there exists another parameter representa- 
tion (2.45) for — Cm. Hence, if a parameter representation (2.45) does not 
exist, then 


Wm) <A)  ifg < y S 36. (2.46) 


In this case 
$, (x) « u (x) if 6€, < x < 3ó. (2.47) 


For, if £, < x < č, +ô (c), then 


$10 7m o (5) ss 


x—¢y 
and since y, = $, (36) € 36 we have 
36 —n, 26 
' < <—4¢= 
0161) S 357r. +és 5 te 2+ 


We assumed e < à, hence 2 + 2e < 3/(1 +3) and we conclude 
$1 (x) Sy + (2 + 28) (x — 61) < u (x) 


if Či «Xx < 3ó. 
Putting x, = 4 (36) we conclude from (2.46) and (2.47) that [D] ^ Q, can 
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be decomposed into three cells 
{x +iy: x3 Sx < 36, g; (x) £ y € 30), 
{x+iy: 65 Sx S x3, $1 (x) Sy < u (x)}, 
{x +iy: ny Sy S36, Ym (Y) Sx SA(y)}. 
This case corresponds with Fig. 2.26 (4). 


(3) Cm intersects L4. On U(0,) the arc Cm is given by the parameter 
representation 


x +X + i, (x), 0Sxs$6, 
and [D] ^ Q, is decomposed into two cells 
{x+iy:0 Sx S či, bn (x) S y S 36}, 
{x+iy: & €x $36, $1 (x) Sy € 36} 
as shown in Fig. 2.26 (5). 
(4) C, intersects L4. On V(¢,) the arc C, is given by a parameter 
representation 
yo2v,Q)tiy OSysm, 
and [D] ^ Q, is decomposed into three cells 
{x +iy: 6 Sx < 36, $, (x) S y S 36}, 
{x+iy:0SxS či, f, Sy S 35}, 
{x +iy: OS ySm,0SxSy,,()} 
as shown in Fig. 2.26 (6). 


Part (III) of proof: Since all considerations above were local (which 
means that it was possible to restrict our attention to sufficiently small 
neighborhoods of points of C), the same considerations go through if the 
boundary of [D] consists of a finite number of mutually disjoint piecewise 
smooth Jordan curves. 

Theorem 2.1 is now proved. 


Let (DP; (K): 4 =1, 2, ...,u] be a cellular decomposition of [D] as 
obtained above: 

[D]  T',(K)UT; (K)o -+> Uri (K)o +- UT, (K), (2.48) 
where K = {(t,s: OS¢ <1, 0<s <1}. Let E= {(t,s) 0«t«1,0«s«1) 
be K's interior. It is clear from the above proof that the cells that have no 
point or exactly one point in common with the boundary C of [D] are 
squares or rectangles. For all other cells l';(K) the intersection 


C,- C^T,(K) 
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is a Jordan arc and the boundary |¢0T,(K)| = r, (K) - I; (E) of such a 
I’, (K) consists of C; and at most three segments. 

If I; (K)^ T, (K), À # v, is neither empty nor a set consisting of one 
point, then |C,,| = I; (K) ^ T, (K) is a segment and C,, is defined by 
assigning an orientation to |C,,| in such a way that TI'; (E) is on the 
left of C,,. Now, if CAT, (K) is the empty set or a set consisting of one 
point, we have 


61, (K) = Y Cy. (2.49) 


For example, in Fig. 2.31, 0T, (K) is given by 
OT, (K) = C54 + C59 + C5; - Css +Cs3, 


C56 


| C5, Is(K) Cso ui Cys T(K) 


Cs, 


C, 
|C IK) Ca 


Fig. 2.31 


If C; = Co T, (K) ts a Jordan arc, we have 


9T, (K) 2 C -Y. Ca. (2.50) 


For example, 
O13(K) = C3 C34 t C55 - Css, 
OV4(K) = C4 + Cas t C45 t Ca3 
in Fig. 2.31. Obviously 
Ciy = ~ Cya (2.51) 
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and 
C=) C, (2.52) 
A 


Each Jordan arc C, is smooth or piecewise smooth. If C, is piecewise 
smooth, then C, consists of two smooth Jordan arcs. For example, in Fig. 
2.31, C4 and C, are smooth while C, is piecewise smooth. 


2.3 Cauchy's Theorem 

In this section [D] is a bounded, closed region in the complex plane 
and its boundary 0 [D] consists of piecewise smooth Jordan curves. D is the 
interior of [D]. 


Fig. 2.32 


a. Cauchy's Theorem 
As agreed upon already in Section 1.1c, a function f(z) is called 
holomorphic on [D] if f(z) is holomorphic on a region containing [D]. 


Theorem 2.2 (Cauchy's Theorem). If f(z) is holomorphic on [D], then 
| f(z)dz=0, C = ô[D]. (2.53) 
C 


Proof: Let (T; (K): 4 = 1,2, ..., u} be the cellular decomposition of [D] 
obtained in the proof of Theorem 2.1. The equality 


Y | f(2) dz = | f) dz | (2.54) 
A=1 JOD, (K) C 


follows from (2.49), (2.50), (2.51), and (2.52). 
Since OT ,(K) = `, C;, Or or, (K) = C, + `, Cy by (2.49) and 
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(2.50), we have 


| f(zjdz=) | f(2az 
oT, (K) 


v Cav 
or | 
| f(z) dz = | f) dz - Y f (z)dz. 
or, (K) C, v JC 
Hence 
u 
» fd: - Y. | f(z) dz - 9 f(z) dz. 
A=1 JOTr,(K) A JC, A v JC, 
Here, the sum 2,2, is extended over all pairs (I';(K), I',(K)) that have a 
segment in common. For each segment |C,,| = |C,;| we have C,, = —C,, 


by (2.51), hence by (2.8) 


f(z) dz | f(z) dz 2 0, 
Cry C, 


and therefore 


LL] f(04-0 


À v Cav 
Further, 5, C; = C by (2.52), hence 


Y f) ds - | rena 
AJC, C 


This proves (2.54). 
Therefore, it suffices to prove f; (x) f(z) dz = 0 for each cell T,(K). 


Lemma 2.2. If f(z) is holomorphic on the cell T(K), then 


f(z) dz =0. (2.55) 
ôF (K) 


Proof: This lemma is a consequence of Theorem 1.14 of Section 1.3. 
Let astsb,Osssl. Let K-—((ts: agSt<b, 0<s<1} and 
put y, (t) = y (s) = T(t, s), thereby defining smooth arcs y,: t + y, (t) and 
iy: S — 7 (S). By (1.44) we have 


f(z)dz+ | f(2dz— | f(z)dz—- | f(z) dz = O. (2.56) 
Yo by n ay 

By (2.20) we have ôT (K) = C, -C,°C3°C,, where each Cj, i = 1, 2, 3, 4,isa 

smooth Jordan arc or a single point. First assume that all C; are smooth 

Jordan arcs. By (2.19) parameter representations are given by C,: t — Yo (t), 
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C2: s — ,y (s, C3: t 5 y; (b +a — t), C4: s > gy (1 — s). Substituting t for a+b 
—t in y,(b+a-—t) and s for 1—s in ,y(1—s) we obtain parameter 
representations t — y, (t) for — C4 and s — ,y (s) for — C4. So, we get from 
(2.56) | 
S(z)dz+ | f(z)dz+ | f(z)dz+ | f(2dz20 
C, C; C; C, 
and this proves (2.55). 


If one or more of the C; are points, the corresponding integrals equal O. If, 
for example, C, is a point, then yo (t) is a constant, hence | yaJ (2) dz 
=f j f (yo(t)) yo (t) dt = 0. Hence (2.55) is also valid in this case. 

Cauchy's Theorem is among the most beautiful theorems of mathematics 
and has many applications. l 


Theorem 2.3 (Strong form of Cauchy's Theorem). Iff (z)is holomorphic on 
D and continuous on [D], then 


| fi)dz-20, C-0([D] 
C 


Proof. Since equality (2.54) is valid for any continuous function on [D], it 
suffices to show that fr f(z) dz = 0. 


Lemma 2.3. Let E be the interior of the rectangle K and let f(z) be 
continuous on the cell I (K) and holomorphic on T(E). Then 


. f(z)dz 2 0. 
ôr (K) 
Proof: If we put K = {(t,s: a<t<b, OSs1}, then E= {(t,s): 
a<t<b,0< s< 1}andT(E)is the interior of T(K) by Definition 2.4. For 
a sufficiently small e, put 


K'-—-((t s: ateStSb—é,e <s < 1-6}. 
Since l'(K*) c T(E) and f(z) is holomorphic on T(E), Theorem 1.14 is true 
for the rectangle K* and the map: T: (t, s) — T (t, s). Hence, defining smooth 
arcs by | 

yo: t — T'(t, £), atestsb—g, 

yiit>l(t,1-8, ateStsb-e, 

ay 1 5S (ate, s), eSssl-e, 

py: s > T(b—e, s), e Ss l-e, 
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Fig. 2.33 


we have 


f(24dz | f (z)dz -| f(z)dz — | f (z)dz = 0. 
Yo ov pnt ay 


Letting £ tend to + O in this equality, we obtain (2.56). Consider, for example 
b—t 


f(z)dz = f (T (t, &)) T, (t, e) dt. 


Yo ate 
Since f(z) is continuous on T (K) by assumption, f (I'(t, s)) '; (t, s) is a 
continuous function of t and s on K. Hence 


ce~ +0 


lim | f(z)dz = | i f(T'(t, O)T, (t, 0)dt = | f (z) dz. 
yo 4 Yo 


We have already seen in the proof of Lemma 2.2, that 


| f(z)dz 20 
ôT (K) 
follows from equality (2.56). 


b. Cauchy's integral formula 
Theorem 2.4  (Cauchy's integral formula). If f(z) is holomorphic on D 
and continuous on [D], then the value of f(z) at a point we D is given by 


f(w) = 2. | JO y = C -O0[D]. (2.57) 


2ni cz-Ww 


Proof. Let U,(w) = {z:|z—w| < e) be a disk with center w and radius 
€> 0, contained in D and let C, = y, (I) with y; 0 — y, (0) = w + ce”, 
0€1 = (0, 27], represent the circle with center w and radius £. The boundary 


2.3 Cauchy's Theorem 105 


Fig. 2.34 


of the closed region [D] — U, (w) is given by 
0([D] — U,(w)) = C - C.. 
The function f (z)/(z — w) of z is holomorphic on D — {w} and continuous 


on [D] — {w}; therefore we can apply Cauchy's Theorem (Theorem 2.3) to 
this function and the closed region [D] — U, (w), 


| Je dz = 0, 
c-c.z7—W 
hence 
Je dz — fe dz. 
cz-Ww c.z-W 


Since y, (0) — w = ee” and y; (0) = ise’, we get 


l Je) dz = A (77 £08) y, (0)40 = x (Sweed 
0 


a À— € 


ni Jo z—-w —— 2mijo y,(0)—w 
hence 


lim L- f (z) 
20 QT c Z7W 


proving (2.57). 


Formula (2.57) is called Cauchy’s integral formula. Formula (1.34) is a 
special case of this result. 
Replacing w by z and z by 6 we get 


1 | f@ _ 


Corollary. If f(z) is holomorphic on D and continuous on [D], then the 
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mth derivative f(z), m = 1, 2, . . . , of f(z) on D is given by 


m fO) B 
f (z) — xl EM C = [D]. (2.59) 


Proof: The result follows immediately from (2.58) and Theorem 1.17. 

In Section 1.4d we deduced the existence of the Laurent expansion 
of f (z) at an isolated singularity from (1.58), which is nothing but Cauchy's 
integral formula for the closed region [D] = (z e € |z| € r). (Indeed, 
ô [D] = C, — C, where C, and C, are circles with center 0 and radius r and e, 
respectively. According to (2.58) we have 


1| f) 1 | J) 
-if Mad [ fo 


2ni c 57z 


di 


and this is nothing but (1.58).) 


c. Residues 

If the point c is an isolated singularity of f(z), i.e., if f(z) is 
holomorphic on a neighborhood of c from which the point c has been 
removed, then f(z) can be expanded in a Laurent series (Theorem 1.22) 


oO 


f= X a,(z—c)". 


The coefficient a_, of (z — c)! is called the residue of f(z) at c and denoted 
by Res, =. [J (z)]: 

Res, ..[ f (z)] = a- i. (2.60) 
If C, is a circle with center c and radius e, where e is a sufficiently small 
positive number, we have by (1.56) 


| f(z) dz = 2ni Res, -. [ f(z)]. (2.61) 
C, 
If c is a pole of the mth order of f(z) we have 


(z — c)" f(z) = A_m+4—m41(Z—C)+ +++ ta-16-0" 14+ --- 


hence 
d"! 
dmi ((z — c)" f(z) = (m—I)!a_, +m ao (z—c)+--- 
Therefore Res, -. [ f (z)] = a_, is given by 
m-—1 
Res, [A] = — tim 1; (of) (2.62 
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In particular, if c is a pole of the first order, we have 


Res, .. [f(2)] = lim (z — c)f (2). (2.63) 


Theorem 2.5 (Residue Theorem). If f(z) is holomorphic on D with the 
exception of a finite number of isolated singularities c,,€2, . . .,cj, . . . , C, 
and continuous on [D] — (c,,05, . . . ,c,,], then 


J. f(z) dz = 2ni È Res, . =c; [f (z)], C = 0[D]. (2.64) 


Proof: Let U,(c;) be disks with center c; and sufficiently small radius c and 
put C, (cj) = OU, (c)]. [D] — (y=, U«(cj is a closed region and 


of (DI Ü U, e) |- c- 3 È C, (c). 


Furthermore, f(z) is holomorphic on D — U: [U, (cj)] and continuous 
on [D] — U;- ; U. (cj). By Cauchy's Theorem (Theorem 2.3) we get 


| f(z)dz 20 
C-Y;C.(c) 


|. f(z)dz = È f(z)dz. 


C, (cj) 


hence 


Therefore, by (2.61) 


| re = 2ni y Res, = e [S (2)]. 
C j=1 


Now, let f(z) be holomorphic on [D] and f(z) #0 for zeC = ô[D]. 
Under these circumstances, f (z) has at most a finite number of zeros in D. 


Proof: Suppose f(z) has an infinite number of zeros in D. Then the 
collection of zeros of f (z) has an accumulation point c e [D]. Since f(z) is 
continuous on [D], we conclude f(c) = 0, hence ceD. Since f(z) is 
holomorphic on D, there exists by (1.60) an € > 0 such that f(z) # 0 for 
0 < |z — c| < e. This contradicts the fact that c is an accumulation point of 
the collection of zeros of f(z). 


Theorem 2.6. Let c,,c5,.. .,c, be the zeros of f(z) in D and let m; be the 


order of c;,j = 1,2, .. . , k. If ġ (z) is an arbitrary holomorphic function of z 
on [D], we have 
f (2) k 


TO $ (z)dz = 2 m; (cj). (2.65) 
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Proof: Each c; has a neighborhood on which 

f (2) = (z— c) "ig; (2), | (2.66) 
where g; (z) is holomorphic and g; (z) # 0 on that neighborhood. From 

f'(z) = m;(z—cjymi-!g;(z)--(z— C;) 4g (z), 
we have 

f (2) mj? (2) | g;(z) 

(z) = x $(z 

fo 407 75 Fay? 
and gj (z): ó (z)/g; (z) is holomorphic on the selected neighborhood of Cj. 
Hence c; is a pole of first order of f" (z)* (z)/f(z) (if (cj) =0 then 
f'(z): $(z)/f(z) is holomorphic on a neighborhood ofc j) and the residue at c; 
equals mjP(c;) by (2.63). Since f" (z)- $ (z)/f(z) is holomorphic on [D] 
— {C1,C2,...,¢,}, we have by the residue theorem: 


f'(z) _ 
f 904 = ani Y m; (Cc). 


Corollary 1. The number of zeros of f(z) in D is given by 
- 1 | f'(z) 
m, = — dz. 2.67 
jT mi eTO een 


Corollary 2. The sum of the nth powers of the zeros of f (z) in D (where 
n is a natural n is given by 


: f' (2) | 
mci = — | ——z'dz. (2.68) 
LL 13 x cf 
The above is also valid if some of the m; are negative integers. If m; = — |m,| 


is a negative integer, (2.66) tells us that c; is a pole of f (z) of the order |m;jJ. 
Therefore we have 


Corollary 3. If f(z) is holomorphic and not equal to zero on [D] 
— {Cy,C2,...,C,}, where cjED is either a zero of order m; or a pole of order 
Im;| = — m; of f(z), then (2.65) is valid without change. 


In particular, if N denotes the number of zeros of f (z) on D and P the 
number of poles of f(z) on D, then N— P = Y i-i m; and hence 
f (2) 


NP 7 Ini Je TO) 


dz. (2.69) 


2.3 Cauchy's Theorem 109 


d. Evaluation of definite integrals 
Cauchy's Theorem can be used to evaluate certain definite integrals 
of analytic functions of a real variable.* We give a few examples. 


Example 2.6 
tœ sin x n 
—— dx = ~. 
| x x 2 


0 


This is a standard example treated in most books on complex analysis. 
Since (sin x)/x = (e'* — e *)/2ix we are led to consider the function e'/z. 


Choosing 0 < c < R we put 
D = (ret: e£ «r « R0«0«m). 


Fig. 2.35 


Let C, be the semicircle with parameter representation 0 — Re", 
^ € 0 € m; then the boundary of the closed region [D] is given by 
oLD] = [s, RJ C, * [- R, e] - C. i 
Since e"/z is holomorphic on € — {0}, we have by Cauchy's Theorem 
(Theorem 2.2) 


R e* e" -E e* e" 
| aee | aes | Ta] —dz = Q. 
e X Cg Z —R X C, Z 


Replacing x by — x we obtain 


—t „ix E „ix R pix 
e e e 
| — dx -| dx = -f dx 
-R x R X e xX 


* [t seems that Cauchy first studied integrals of complex functions with the purpose 
of finding a uniform method of evaluating a greater number of real definite integrals 
known at that time. 
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R „ix —£ ix R «a 
e e sin x 
| Zax | Tasaf —— dx. 
E x -R x £ x 


Therefore, it suffices to evaluate the limits 


hence 


lim | * dz lim | —dz 
Cp 7 


Z 
R> +œ £> +0 C, 


Since z = Re'? = R (cos 0 + i sin 0) and dz = iRe'? d0, we have 
| e" dz = |. eiRcos@— Rsin 40 
Cr 7 0 
< [ e" Rsin@ d0. 


iz 
e 
| — dz 
Cr 7 0 


We will show that the right-hand side of this inequality tends to O if 
R — + œ. By replacing the variable 0 by x — 0 on the interval [1/2, n] we 
get 


hence 


n n/2 
| eg" Rsin@ d0 =?2 | e- Rsiné dé. 


0 0 
Since sin 0/0 is continuous and positive on [0, 2/2], its minimum value is 
also positive. Let u denote this minimum value, then sin 0 = 40, p > 0, and 


0 0 


n/2 n/2 
| ema s | e Rub dð = = (1 —e- Rm2) +0, as R> +o. 
u 


Hence l 
e"? 
lim — dz =Q. 
Since z = ee" on C, we have 
el? pi 
| — dz = || ele (cos + isin0) d0. 
c, 4 0 


Since 
2*3 t ee 


ei*(cos iin) converges to 1 uniformly in 0 if € > 0. Hence 


le —1| < Iz| 4 «el 150, as|z| 50 
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Example 2.7 


+ o t o T 
| cos (x?) dx = sin(x?^)dx =4 J=. 
0 0 2 


These integrals are called Fresnel’s integrals. Since cos(x?) — i sin(x?) = 
e-'* we are led to consider the function e^. 


Fig. 2.36 


[D= jr osr sR ososi) 


represents the fan-shaped closed region shown in Fig. 2.36. The boundary 
of [D] is given by 


é[D] = [0, R] +C, — L, 


where C, is given by the parameter representation 0 > Re'^, 0 < 0 < n/4, 
and L by the parameter representation r — re^, 0 € r € R. 


Since e~*’ is holomorphic on C, we have by Cauchy's Theorem 


R 
| e* dx + | e? dz— | e^" dz = 0. 
0 Cp L 


Since z = re'*/^, z? = ir? and dz = e'*/* dr on L, we have 


| e^" dz = e^ |. ei dr = g^ | ' (cos r? — i sin r?) dr. 

L 0 0 

Since z = Re", z? = R? cos 20 + iR? sin 20 and dz = iRe'? d0, we have 
| e^" dz i 
CR 


« e— R’cos26 Rd0 = af e— R° cos? gag 
~~ 2 


0 
R("? ,. R 1 1 
-$l e t “n? dO «y Rz T 3g, 70 as Ro +00. 
0 
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Since, as is known from real analysis, fo e^ dx = Jn /2, we have 
me ~inj4 tœ 2 1 — 1 
| (cosr? — isinr?)dr = e ™ | e-* dx = (=) n 
- o 2 J2 
and therefore 
0 


+o +o 
cos (x?) dx = | sin(x?)dx =} |=. 
0 0 2 


Example 2.8 


to cosx dx = 
oo Q1? 7 


Let R > 1 and [D] (re^: Or R'Ox 0x aj. 


Sia 


Fig. 2.37 


Now, the boundary of [D] is given by 

0[D] = [-R, R] C, 
where C, is given by the parameter representation 0 + Re'?, 0 < 0 < n. The 
function of z 


e* H e" 
(2-17 (z-i? (z+ i)? 
is holomorphic on [D] — (i) and hasa pole of order two at i. The residue at i 
is by (2.62) 


lim 2. ie" ud e =f 
zi dz} (z?+1} | 24;dz| (z+i? | 2i- 


Hence by the residue theorem (Theorem 2.5) 


R ex ix+ e" d n 
aO (+1) SGT e 
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Since z = Re" on C, we have 
e" 
(z? + 1)? 

Therefore 


e” a 1 nR 
—_—__.. dz| < | —.——_~ Rd0 = — ——;. > 0,as R> +o, 
c, @ + 1) | = | (R? -1y (R2 -1y 


o0 e* , I 
— dx = — 
2e (x? +1)? e 


from which the desired result follows. 


eiRcosé — RsinO 


e- R5in0 1 


< — < 
= (R? — 1)? = (R? — 1) 


SO 


2.4 Differentiability and homology 
As we remarked in connection with Definition 1.3 of a holomor- 
phic function, usually, in complex analysis, a function f(z) of a complex 
variable z is called holomorphic on a region D if it is differentiable at each 
point of D. In this section we will prove that both definitions are equivalent, 
i.e., that the derivative f' (z) of a function f (z) differentiable at each point of a 
region D is continuous on D. 
Let f(z) be differentiable at each point of the region D, and let 
K=({ttisastSx,bstSy}, a«x,b«y, 
be a rectangle such that K c D, then we have 


f(z)dz — 0. (2.70) 
OK 
To see this, put S(K) = fax f(z)dz. We have 


S(K) = | (t + ib) dt + | (x + is)ids (2.71) 


— [ferma [fe cias 
a b 


We will prove that S(K) = 0 by subdividing K into smaller rectangles. First 
divide K into four congruent rectangles K', K”, K”, and K'"", as shown in 
Fig. 2.38. By writing S(K'), S(K"), S(K""), and S(K"") in the form of (2.71) it 
is clear that 

S(K) = S(K’) + S(K") + S(K”) + S(K""). 


Hence |S(K)| s |S(K’)| + |S(K")| + |S(K’’)| + |S(K"")|. Therefore there is at 
least one rectangle, say, K”, among the rectangles K’, K”, K”, and K”” 
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Fig. 2.38 


satisfying 
IS(K)] _ 


We write K, = K"' and next we subdivide K, into four congruent 


rectangles K,, K1, Kj, and K1”. Again, among the rectangles K1, K 7, KY, 
and K4" there is at least one rectangle, say, KY such that 


S(K 
ISK c SK) 
We write x. = Kį and K3, K4, . . . , Km ... are defined similarly. So we 
obtain a sequence of rectangles satisfying 
K2K,25K;25...5K,25.- 
and |S(Km-1)|/4 < |S(K,,)|. Therefore 
BEN e ISK IL (2.72) 
The eneth of the side of K,, parallel with the real axis is (x — a)/2", that of 
the side parallel with the imaginary axis is (y — b)/2™ and its diameter ô (K,,) 
is given by 6(K,,) = V [(x — a)? + (y — by ]/2", hence 6(K,,) > Oif m > oo. 
Therefore, there exists exactly one point c which belongs to all K,; 
(c) =(\"_, Km Since, by assumption, f(z) is differentiable at c, we 
have, by (1.9), 


f (z) 2 f(c) +f" (c) (z - c) + O(z — o). 
A direct computation based on (2.71) yields Jak. (f (c) +f" (c)) (z — c) dz 
= 0. So we have 


S(K,,) = | f(2dz = | O(z — c)dz. 
Km 


ÔK m 


2.4 Differentiability and homology 115 


For each e > 0, there exists a ô (£) > 0 such that 
|O(z—c)| S elz—c| if |z — c| < ô (e). 
Choosing m such that ó (K,,) < ô (c) we have for z e K,, 
Iz —c| £ ô (K,) < ô (s), 
hence 
|O(z—c)| = S elz — e| S £ô (K m). 
Observing that Km consists of two segments of length (x — a)/2" and of 
two segments of length (y — b)/2", we have 
| O (z -odz sz cò Em) = e. 
OK, 
where | = 2 (x — a) - 2 (y — b). 
Combining this inequality with (2.72) we get 
IS(K)| £ eô (K)I 
and since e is an arbitrary positive number, we conclude |S (K)| =Q. 


IS(K,)] = 


Define a function F(x +iy) of z = x+ iy by 
x y 
F (x + iy) = | ferias | f (a 4- is) ds. 
a b 
F(x +iy) is partially differentiable with respect to x and 
0 
— F (x+iy) = f(x + iy). 
Ox 
By (2.70) we have S(K) = 0, hence by (2.71) 


Fitis) = [ster ibyar+i [ roceimas 
a b 


Therefore F(x + iy) is also partially differentiable with respect to y and 
5, Feet) = if (x -- iy). 
Writing F(x +iy) = U(x, y) - iV(x, y, f(x- iy) = u(x, y)+iv(x, y, we 
have 
U, (x, y) = V, (x, y) =u (x, y), 
V(x, y) = —U, (x, y) = v(x, y). 
Therefore, U(x, y) and V(x, y) are continuously differentiable functions 


with respect to x and y satisfying the Cauchy-Riemann equations. So F(z) is 
a holomorphic function in the sense of Definition 1.3 by Theorem 1.4, and 


f(2 = F'() 
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by (1.11). Therefore, f (z) is also holomorphic in the sense of Definition (1.3) 
by the corollary to Theorem 1.16. 


Remark: The above ingenious proof by repeated subdivision was first 
given by Goursat. In modern treatments of complex analysis it is customary 
to prove Cauchy's Theorem by Goursat's method. We proved Cauchy's 
Theorem (Theorems 2.2 and 2.3), by first reducing it by cellular de- 
composition to the case of cells, and by next deducing Cauchy's Theorem 
for a cell l'(K) (Lemmas 2.2 and 2.3) from equality (1.44) in Theorem 1.14: 


f(z)dz | sede | f(z) dz— | re: - o. 


Writing the left-hand side of this equality in explicit form we get 


| f (V (t, 0)) T, (t, O) dt + | f(E (b, S) T, (b, s) ds 
a 0 


- | “fC D)T, (t, at | AT (a, ST, (a, s)ds 
a 0 


and representing this expression by S(I'(K)), (1.44) can be written as 
$ (T (K)) = 0. (2.73) 


We proved (1.44) under the assumption that f(z) is holomorphic in the 
sense of Definition 1.3, i.e., that the derivative f” (z) exists and is continuous. 

If we assume only that f" (z) exists, but is not necessarily continuous, we 
first reduce Cauchy's Theorem to (2.73) and proceed from there by 
subdividing the rectangle K into four congruent rectangles K’, K”, K"", and 
K"" and observing that 

S (E(K)) = S (T(K) + S (F(R) + S (T(K) + S (ECR) 

It is possible to prove (2.73) by repeated subdivision of rectangles, just as we 
proved S (K) = 0 above. The reason that we did not adopt this approach in 
this book is, as already stated earlier, that it is more natural to assume not 
only existence but also continuity of the derivative f' (z) and that we really 
wanted to use the continuity of f" (z) in the proof. 


3 


Conformal mappings 


3.1 Conformal mappings 

Let w = f(z) bea holomorphic function defined on a region D c C. 
Let uscall the complex plane, the points of which are denoted by the letter z, 
the z-plane and the complex plane, the points of which are denoted by the 
letter w, the w-plane. The function f then becomes a mapping, assigning to 
each point z belonging to the region D of the z-plane a point w = f(z) of the 
w-plane. The complex function fis of course the same thing as the mapping 
f, but it is customary to call f a mapping if one wants to emphasize the 
geometric aspects of f. 

If S is an arbitrary subset of D, then f (S) = { f(z): z e S} is called the image 
of S under f. If W is an arbitrary subset of the w-plane, the set of all points 
z€D such that f (z) e W is called the inverse image of W and denoted by 
f QWxf ^! (W) = {ze D:f (ze WY.1ff(D) ^ W = Qf, thenf ^! (W)isalso 
the empty set. If W is an open set, so is its inverse image. 

To prove this, select an arbitrary point c € f ! (W). Since a holomorphic 
function is continuous, there exists for each € > 0 a ó(e) > 0 satisfying 


If (z) —f(c)) <e if [|z — c| < d(e). 
Since f (c) e Wand W is open, we can find a (sufficiently small) e such that 
f(z)e W if |z —c| < ó(&) i.e., Use) (c) c f. ! (W). Hencef ^! (W) is open. 


Theorem 3.1. Letf(z)bea holomorphic function on the region D, which is 
not identically equal to zero, then the set of zeros of f(z) has no 
accumulation point in D. 


Proof: Let Do be the set of all points z e D such that f(z) = f" (z) = f" (2) 
=... = f™ (z) =---=0Oand let D, be the set of all points z e D such that 
at least one of f(z), f' (z), ..., f(z), . . . is not equal to 0, then 
D = Dy U D,, Do D, = Ø. 
Since f (z), f' (z), . . . , f(z), . . . are all holomorphic functions of z (by 
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the corollary to Theorem 1.16), we have that if f™ (c) # 0 for some ce D, 
then f™ (z) # 0 for all z in a sufficiently small e-neighborhood U, (c) c D of 
c. Hence, if ce D, then U, (c) c D,, i.e., D, is open. 

D, is also open. To prove this, we consider the power series expansion 


oo 


f(z) = Y a,(Z m c) 


around ce D, which is valid on a certain neighborhood U, (c) c D of c 
(Theorem 1.16). Since a, = f™ (c)/n! by (1.23) we conclude from c € D, that © 
f(z) is identically equal to zero on U, (c), hence that U, (c) c Do. 

Since D is a region (a connected open set), we have either D = Do or 
D = D,. If D = Dg, the function f(z) is identically equal to 0 on D. Since we 
excluded this possibility, we conclude D = D,. Therefore, if ce Dis a zero of 
f(z), then there exists a natural number m such that a,, = f™ (c)/m! # 0. 
Hence, by (1.60) we have 


f(z) #90 if 0 «|z—c| «e 
for some sufficiently small £ > 0, i.e., f(z) has no other zeros on U, (c) than c. 


Now if c is an accumulation point of the set of zeros of f(z) in D, then c is 
also a zero of f(z), contradicting the above. 


Corollary. Let f(z) and g(z) be holomorphic functions on the region D. 

(1) If f(z) = g (z) for all z from some nonempty open subset U of D, 
then f(z) = g(z) for all zeD. 

(2) If f(z) 2 g(z) for all z on some curve C c D (we exclude the 

possibility that C is the constant curve), then f(z) = g(z) for all 

ze D. ` 


Proof. If f(z) is not identically equal to g(z) on D, the set {ze D: f(z) 
= g(z)} has no accumulation points in D. Therefore, {ze D: f(z) = g(z)} 
cannot contain an open set U or a curve C. 


Let f (z) be a holomorphic, nonconstant function on a region D c C, then 
f(z) is nonconstant on all subregions U of D. (Suppose f (z) = a for all z in 
some subregion U of D, then f(z) = a for all z e D by the above corollary.) 
Further, for all ce D at least one of the coefficients a,, a2, ..., ans... 
appearing in the power series expansion of f(z) around c 


f(2) =a 4 Y a, (z — cy 


is not equal toO. (Ifa, = a, =---=a, =---=0,then/(z) = aọ for all z in 
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some £-neighborhood U, (c) c D of c.) Just as we called a point c such that 
f (c) = 0a zero of f (z), we will call a point c such that f (c) = a an a-point of 
f(z). The a-points of f (z) are just the zeros of f(z) = a. Therefore, we have by 
Theorem 3.1 that if f (z) is not identically equal to a on the region D, then the 
set of a-points of f (z) has no accumulation points in D. If c is a zero of the 
mth order of f (z) — a, c is called an a-point of f (z) of the mth order. In this 
case, the power series expansion of f (z) around c takes the form 


f(2-a-a,(z-c)-a,.1(z—c"*!--.., a, £0. 
Theorem 3.2. Let f(z) be a holomorphic function on the region D. If ce D 
is such that f” (c) # 0, then there is a neighborhood U c D of c, such that 
W = f (U)isa neighborhood of a = f (c) and fis a one-to-one mapping from 
U onto W. The inverse mapping fy ': w —f(z) z = f; !(w) of the 
restriction f,, of f to U is holomorphic on D and 


| | 
a eem z= w (3.1) 


Proof. Expanding f (z) — a around c in a power series, we get 
f(z)—a =a, (z-c)+a,(z—c)’ +--+, a, =f'(c) 0. 
Therefore z = c is a zero of the first order of f(z) — a, hence, by (1.59), 
f(z)-—a = (z—c)g(z), 
with g(z) # 0 on a sufficiently small neighborhood of c. Therefore 
f(z)—a #0 ifO0<|z—c|Se (3.2) 
for some sufficiently small ¢>0. The continuous function |f(z)—a| 


assumes a minimum on the circle C = O[U, (c)] with center c and radius c. 
Denoting this minimum by yp, we have, by (3.2), 


lf(z)-—al=>p>o for zeC. 


f @) 


w-plane 


Fig. 3.1 
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Putting W = (w:|w— a| < u}, we have 
If(z) —w| > 0 if zeC and we W. 


Put 
1 f' (2) 


~ 2ni cfD-w ' 


m(w) weW. 

By Corollary 1 of Theorem 2.6, m(w) equals the number of zeros of 
f (z) ^ w, i.e., the number of w-points of f(z) on U,(c). Since W c € —f (c), we 
know by Theorem 1.17 that m(w) is a holomorphic function of w on W. 
Since a holomorphic function which only assumes integer values is 
obviously a constant, we conclude that m(w) is constant on W. The point c is 
an a-point of the first order of f (z) and f(z) has no other a-points than c on 
U, (c) by (3.2). Therefore, m(a) = 1 and hence 

m(w) = m(a) = 1. 

Therefore, there exists exactly one point zeU, (c) such that f(z) = w. 

Putting 

U —f ! (W)^U,(o) = {zEU, (c): f(2eW] 
U is a neighborhood of c and the point ze U, (c) such that f(z) = w can be 
represented by z = fọ ! (w). Since m(w) = 1 we have by Corollary 2 of 
Theorem 2.6 

- l f' (2) 
1 Lll. 

ju =F) f-w 
Therefore, f; ! (w) is a holomorphic function of w on W by Theorem 1.17 
and it is clear that f maps U one-to-one onto W. Differentiating both 
sides of the equality f; ! (f(z)) = z, we get, by the chain rule (1.15), 


zdz, we W. 


ERIWO w=f@, zeU, 


from which (3.1) follows at once. 


Theorem 3.3. Letf(z) bea holomorphic function on D and c € D such that 
f'o =f") =---=f™ PO =90,  f??(c)x0,mz2 
Let £ be a positive real number, then there exists a neighborhood U c U, (c) 


of c such that W = f (U ) is a neighborhood of a = f (c) and the mapping 
f: zw = f(z) is an m-to-1 mapping of U — {c} onto W — {a}. 


Proof: Let 


f()—-a-a,(z—c)'ta,.1(z—-cr"*! + MEE an = 


Ogo 


m 


3.1 Conformal mappings 121 


be the power series expansion of f(z) — a around c. We have by (1.59) 
f(z)- a = (z — c)"g(z) 

and g(z) # 0 on a sufficiently small neighborhood of c. Hence 
f(z)-a#0 if0«|z—c| xe 

for a sufficiently small é. Just as in the proof of Theorem 3.2, the minimum 

u of |f(z) —a| on the circle C = 6[U, (c)] is positive and putting 

W = iw:Iw—a| < ul, for we W the number of w-points of f(z) in U, (c) is 

given by 


1 f'(z) 
m(w) = jx . Tw Z, 
hence is independent of w. 

The point c is an a-point of the mth order of f (z) and by (3.2) there are no 
other a-points of f(z) in U, (c). Therefore, m(a) = m hence 

m(w) = m(a) = m, we W. 

So, for we W there are m w-points in U, (c). Assuming that £ has been 
chosen sufficiently small and w ¥ a, these m w-points are all w-points of the 
first order, hence there are m different w-points of f(z) in U, (c). For, since 
f' (c) 2 0 we have by (1.60). 

f'(z) #9 if 0 < |z—c| <e, , 
hence if ze U, (c) and f(z) = w # a, then f(z) 0. Therefore, putting 
U =f (W)o U(o) = {z€U, (0): fe W) 
we see that U c U,(c) is a neighborhood of c such that f (U) = Wand for 


each we W — {a}, f y ! (w) consists of m points. Hence fis an m-to-1 mapping 
between U — {c} and W — {a}. 


Corollary. If f(z) is holomorphic on D and the map f: z > w = f (z) is one- 
to-one on a neighborhood of ce D, then f'(c) ¥ 0. 


If f(z) is a holomorphic function of zona region D, then, by Theorems 3.2 
and 3.3, there exists for each point ce D a neighborhood U c D of c such 
that W = f (U ) is a neighborhood of the point a = f (c). Therefore, if V c D 
is open, f(V) c f(D) is open too. A mapping which maps open sets onto 
open sets is called an open mapping. 

We conclude: Holomorphic mappings are open mappings. 

Furthermore, f (D) is a region in the w-plane. To see this, let W, and W, be 
two disjoint open subsets of f(D) such that f(D) = W,oW,. Then 
D-f (W) Of (W), f-! (W)nf-! (W,) =, and f^! (W,) and 
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f !(W,)are both nonempty open subsets of D, contradicting the con- 
nectedness of D. 

Let f (z) be a holomorphic function on the region D such that f’ (z) # 0 for 
z e D and consider the mapping f: z — w = f (z). Let y:t ^ (0,0 € t S 1, be 
a smooth curve in D and put A (t) = f (y (t)). By the chain rule (Theorem 1.12), 
A(t) is a continuously differentiable function of t and since f'(y(t)) # 0 by 
assumption, we have 

A(t) = f'(y (0) -y (t) € 0. (3.3) 

Therefore, 4: t — w = A(t) is a smooth curve in the w-plane. Since 
A(t) = f (y (t)), the curve 4 is the image of the curve y: 4 = f (y). 

Let y,: t — y; (t), Y2: t2 y(t), O € t € 1, be smooth curves such that 
c = y, (0) = y, (0). We defined the angle 0 between y, and y; at c as the 
argument of y^ (0)/ y (0), i.e., 


y,0) — |720 
5,0) | 7, 0) 
The mapping f:z ^w = f(z) maps the curves y, and y, onto smooth curves 
À, —f(y1) t9 å, (t) and A, = f (y2): t > å, (t), O <t < 1, with common 
initial point a = f (c). By (3.3) 
©) _ 720 
A, (0) y1(0) 


ie 


» 


^ 


Cc 


z-plane 


Fig. 3.2 


therefore the angle between the curves 4, and A, at a = å, (0) = 4; (0) equals 
the angle 0 between the curves y, and y2 at c. We conclude that if f(z) is 
holomorphic and f' (z) # Oeverywhere, then the angle between two curves at 
a point of intersection is invariant under the mapping f: z > w = f (2). 

A mapping preserving angles of intersection at points of intersection of 
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two curves is called a conformal mapping. Next we want to show that the 
definition of conformal mapping also makes sense in a somewhat more 
general situation. 
Let f(z) be a continuous function of z defined ori the region D in the z- 

plane. Splitting f(z) into its real and imaginary part yields 

f(z) = f(x +iy) = u(x, y) + iv(x, y), z= x +iy. 
We assume that u(x, y) and v(x, y) are continuously differentiable functions 
of x and y. Consider the mapping f: z > w = f(z). The mapping f maps the 
smooth curve y: t +z = y(t), 0 St S 1, in D with initial point y(0) = ce D 
onto the smooth curve f(y): t —^w = f(y(t)), 0 < t € 1, in the w-plane with 
initial point a = f (c). Writing y(t) = p (t) + ic(t), we get 

S(y() = u (p(t), o (t)) + iv (p(t), o(t)) 


and remembering that f (y(t)) is continuously differentiable 


a f (v(t)) = u,p' (t) + uo" (t) + i(v,p (t) + vo" (t)). (3.4) 
Assuming that at c 


O(u v) — ux, y) uy(x, y) 

(x, y) | Ux (x, y) vy (x, y) 
we have df (y(t))/ dt # Oat t = Osince p'(t) + io’ (t) = y'(t) # 0, i.e, the curve 
f(y) is smooth in a neighborhood of its initial point a = f (y (0)). Therefore, 
if y, and y; are smooth curves with common initial point c, the angle 
between f (y, ) and f (y2) at a = f (c) is well-defined. 

The mapping f is called conformal at c if 0(u, v)/ 0(x, y) # Oat c and if for 
an arbitrary pair of smooth curves y, and y, in D with common initial point 
c the angle between f(y, ) and f (y2) at a = f (c) equals the angle between y, 
and y; at c. If fis conformal at each point of its domain, fis called conformal. 

If f (z) is a holomorphic function of z, we deduce from equation (1.11), 


f'() = u, (x, y)+ iv, (x, y) = v, (x, y)— iu, (x, y), 


that 


O(u, v) _ u, (x, y) uy (x, y) ifp 2 
ay) S3) o1 P O o 
Therefore, if f (z) is holomorphic on the region D in the z-plane and f' (z) + 0 
for zeD, then the mapping z —^w —f(z) is a conformal mapping. 
Conversely, if f: z ^ w = f(z) is a conformal mapping defined on the region 
D, then f(z) is holomorphic on D and f' (z) # 0 for zeD. 
To see this, let z be an arbitrary point from D. Choose e > 0 such that 
[U,.(2] c D and put y(t) 2z:e?, OS te, for arbitrary real 0. 
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Obviously yg is a smooth curve with initial point z and the angle between y, 
and yg at z equals 0. Put A9(t) = f (Yẹ (t)). Then 4,:t > A,(t), OS t Se, isa 
smooth curve in the w-plane with initial point w = f(z) and 2o = f (yo) and 
Ag =f (yg). Since f is conformal, the angle between A, and 4,4, i.e., the 
argument of A, (0)/A$ (0), is equal to 0. Writing the argument of 2% (0) as a 
we have 

e 16 +a) 1° (0) = |A5(0)| > 0. (3.6) 
By (3.4) we have 

Ag (0) = u, cos + u, sin 0 + i(v, cos 0 + v, sin 0) 

= (u, +iv,)cos 0 + (u, + iv,)sin 0 = f. cos 0 +f, sin 0, 

hence 


245 (0) = (f, — if) + (f. - if,)e ®. 
Therefore, by (3.6) 
(f, —if)e + (Jfa + if)e ?* ^ = 2144(0)]. 


Differentiating both sides with respect of 0 we get 
e 2 — 2i0 — ia 2d , 
-2i(f + if)e ?*^* = ^5 [As 


Since Ó is a real variable in this equality and since the right-hand side only 
takes real values, we conclude 


fif, = 0, 
. hence 


Ux — V, +i(v, + uy) = 0. 


Since z = x +iy is an arbitrary point of D, we see that u(x, y) and v(x, y) 
satisfy the Cauchy-Riemann equations on D. Hence (z) = u(x, y) + iv(x, y) 
is a holomorphic function of z = x + iy on D by Theorem 1.4 and f” (z) = 0 
by (3.5). 


Example 3.1. Consider the function w = f(z) = z" (m a natural number 
such that m = 2), holomorphic on the z-plane. Obviously, f(0) = f" (0) 
= -.. =f™-D0)=0, f""(0) 2 m! x0, f(z) £0 if z 0 and f'(z) 
= mz" 1 + Oifz Æ 0. To find all z satisfying z” = w for a certain w # Othat 
is, to find all mth roots of w, we put w = |w|e and z = re”. From r" e"? 
= |wle™ we get r” = |w| and m0 = w + 2km, k an integer. Hence 
2kn 
m + m. 


w 
r= |w|!/", 0 = — 
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Therefore 

z= p*l(witimeloim p = erim k=0,1,2,...,m—1. (3.7) 
We conclude that there are m different mth roots z of w # 0, given by (3.7). 
Since f’(z) 4 0 for z # 0, f: z + w = z" is an m-to-one conformal mapping 
from the region {z: 0 < |z| < + œ} (i.e., the z-plane minus {0}) onto the 
region (w: 0 < |w] < +œ} (ie., the w-plane minus {0}). 


The mapping f: z > w = z" maps the ray r^ z = re®, 0 € r < oo, of the 
z-plane onto the ray: t > w = te"? 0 S t =r" < +œ. Hence the angle 
between two rays with initial point 0 is multiplied by m under the mapping f, 
and f is not conformal at O. 

We now examine the case m = 2, f: z = x+iy >w =u+iv =z? in 
more detail. The mapping f maps the circle with center 0 and radius r of 
the z-plane onto the circle with center 0 and radius r? of the w-plane and the 
ray r > z = re? onto the ray t >w = te??. 


lv 


w-plane 


Fig. 3.3 


Put x =a #0. Since u = x? — y? and v = 2xy, we get y = v/2a and 
u = (a? — v*)/ya?. Therefore the line x = a, which runs parallel to the 
imaginary axis in the z-plane, is mapped onto the parabola u. Similarly, f 
maps the line y = b # 0, which runs parallel to the real axis in the z-plane, 
onto the parabola u = v?/4b? — b? of the w-plane. Since f is conformal 
except at z — 0, these two kinds of parabolas intersect each other 
orthogonally. Furthermore, f maps the imaginary axis of the z-plane onto 
the nonpositive part (u: u € 0] of the real axis of the w-plane and the real 
axis on the nonnegative part (u: u > 0) of the real axis of the w-plane. 
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iv 


z-plane w-plane 


Fig. 3.4 


Each of the equations x? — y? = « # 0 and 2xy = fi # 0, where « and fi 
are constants, defines a hyperbola in the z-plane. The mapping f maps the 
hyperbola x? — y? = a #0 onto the line u =a of the w-plane and the 
hyperbola 2xy = f onto the line v = B of the w-plane. 


Fig. 3.5 


In complex analysis an important role is played by conformal mappings 
which map a certain region one-to-one onto another region. From now on, 
a conformal mapping which maps a region D onto a region E will always be 
a conformal mapping that maps D one-to-one onto E. 
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Theorem 3.4. (1) If f: z ^ w = f(z) maps the region D of the z-plane onto 
the region E of the w-plane conformally, then the inverse mapping: f !: 
w—z —f'!(w) maps E onto D conformally. 

(2) Given such a mapping f and if g: w — ( — g(w) is a conformal 
mapping from D onto the region Q of the (-plane, then the composite 
mapping g of: z => ¢ = g(f(z)) is a conformal mapping from D onto Q. 


Proof. (1) Since f(z) is holomorphic on D and f'(z) 4 0 on D, the inverse 
mappingf ':w—z = f~ !(w)is holomorphic on E and df ^ ! (w)/dw # 0 by 
Theorem 3.2. Hence f~* is a conformal mapping between E and D. 

(2) By the chain rule for holomorphic functions (Theorem 1.6) the 
function g(f (z)) is holomorphic on D and 


d 
ZILA) - 9 UO) SO) #0. 


Therefore, the one-to-one mapping g »f: z ^ ( = g(f(z)), which maps E 
onto Q, is conformal. 


If f(z) is a holomorphic function on a region D, which maps two different 
points of D onto different points (ie, if z,, z, € D and z, x z, then 
f (21) * f(z;)), then f(z) is called univalent on D. If f:z w = f(z) isa 
conformal mapping which maps the region D onto the region E, then, of 
course, D is univalent. Conversely, we have the following result. 

I 
Theorem 3.5. If f(z) is a univalent holomorphic function on a region D, 
then f: z ^ w — f(z) maps D conformally onto the region E — f(D). 


Proof: We have already shown that E = f(D) is a region. Since fis one-to- 
one on D by assumption, f(z) # 0 at all points z € D, hence f is a conformal 
mapping which maps D onto E. 


Corollary. The inverse function of a univalent holomorphic function 
defined on some region is a univalent holomorphic function. 


If w = f(z) is a holomorphic function defined on a region, such that its 
inverse function z = f~ ' (w) exists and is holomorphic, then f(z) is called 
biholomorphic. If the function f(z), defined on the region D, is biholomor- 
phic, we conclude from the equality f ^ !(f(z)) = 1: 


f eL »-fe) 
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Therefore f’(z) Æ 0, hence f: z > w = f(z) is a conformal mapping which 
maps D onto the region E = f(D). Conversely, if f: z>w=/(z) is a 
conformal mapping which maps the region D onto the region E, then f (z) is 
biholomorphic by Theorem 3.4(1). Biholomorphic functions are obviously 
univalent and we have by the above corollary that a univalent holomorphic 
function is biholomorphic. 

The disk with center 0 and radius 1 in the complex plane is called the unit 
disk. Conformal mappings that map the unit disk onto itself are of 
fundamental importance. For «€ € such that 0 < |a| < 1 we put a* = 1/« 
= a/|x|?. The points « and «* are on the same ray with initial point 0 and 
|a*| = 1/læ| > 1. Put 


Fig. 3.6 


The function f (z) is holomorphic on the z-plane with the exception of a*. If 
iz| = 1, then |z|/Ja] = |«*|/|z| hence the triangles z«0 and «*zO are similar 
and therefore 

Ilz—«a| — lal 

lez) dup 
that is, |f(z)| = 1. Therefore, |f(z)| = 1 for all points z on the unit circle 
iz€C€: |z| = 1}. Hence by the maximum principle (corollary to Theorem 
1.21), |f (z) | < 1 if |z| < 1. This can also be verified directly: 

(z — a) (z — à) 
] — $lj-—-————————— 
Vel (1 — az) (1 — aZ) 

| d-zz-aà-àzaz  (1—|eI^) (1 — zl?) 
^ (1-za)(1i—-az) l1 — az|? 
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and as 1— |a|? >0 by assumption, |f(z)] < 1 if |z| < 1. Conversely, if 
|f (z)| < 1 then |z| < 1. In order to find the inverse function of f(z) we solve 
the equation f(z) = w for some arbitrary w. From f(z) = w we get (1 — az) w 
= z—a and, conversely, if (1 — az) w = z — a, then 1 — az + 0 and f (z) = w. 
(For if 1 —àz = 0, then z — 4 = 0, hence 0 = 1 —az = 1 — ğa and so |a]? 
= 1, contradicting our assumption.) Therefore, in order to solve the 
equation f (z) = w it suffices to solve the linear equation (1 — az) w = z — a. 
This equation is equivalent to 


(1+aw)z =wt+a. 
If 1+ àw x 0 the solution of this equation is given by 


wt+a 
1+aw 


If 1+aw = 0, then w+a = 0, hence 0 = 1+ aw = 1 — [a|?, contradicting 
our assumption. Therefore, the inverse function of w = f(z) is given by 


=f") = wa-a 
Since f ~ *(w) is holomorphic on the w-plane minus { — «*}, f: z ^w = f(z) 
is a conformal mapping which maps the region (zeC: z # a*} Onto the 
region {weC: w 4 —a*}. As seen above, [f(z)| < 1 if |z| < 1 and |z| < 1 
if |f(z)| < 1; therefore f maps the unit disk (zeC: |z| < 1} onto the unit 
disk {weC: |w] < 1}. Restricting the domain of the function f(z) to the 
former we get the conformal mapping 


fiz>w=fl)=——, lz) « 1, (3.8) 


which maps onto the unit disk (we C: |w| < 1}. The conformal mapping f 
maps a onto the unit disk (zeC:|z| < 1} 0: f(a) = 0. The inverse mapping 
of f is given by 


f'woz-f^w)- zL, Iw] « 1. (3.9) 


Theorem 3.6. All conformal mappings which map the unit disk 
izeC: |z| < 1} onto the unit disk {we C: |w| < 1} and the point a, |a| < 1, 
onto 0, can be represented as 

zu 


f:iz5wzf(z) - e. OER. (3.10) 
1-az' 


The mapping w — e'*w is a rotation through an angle 0, and therefore leaves 
the unit disk unchanged. Hence, by the above result it is clear that the 
mapping (3.10) is a conformal mapping which maps the unit disk onto itself. 
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Schwarz's Lemma. If f(z)is a holomorphic function defined on the unit disk 
{zeC: |z| < 1} satisfying: 
(1) fC) S 1 for all z with |z| < 1, 


(2) f (0) = 0, 
then 
If (2I S Iz], (3.11) 
|f (0)| s 1. (3.12) 
Unless 
f(22c'z with c a constant satisfying |c| = 1, 
we have 
Lf (z)| < |2| if 0 « |z| « 1, (3.13) 
|f" (0)| « 1. (3.14) 


Proof. By Theorem (1.16), f (z) can be expanded into a power series 

f(z) = ao +a,z +a2z2? c: +a,2"4+ +, |z| <1. 
Since ag»— f (0) = 0 we have 

f(z) =2g(z),  g(z)=a,+az+:-- +a" re, 
and g (z) is holomorphic for |z| < 1. To prove (3.11) it suffices to prove that 
Ig(z)) < 1 for |z| « 1. Let M (r) be the maximum of | g(z)| on the closed disk 
[U,(0)]] = {2:|zZ| <r}, 0 «r « 1. By the maximum principle (corollary to 
Theorem 1.21), there is a point z on the circumference of [U,(0)] such that 
Ig(z)| = M (r). By condition (1) 

fe) wel 1 
Z r r 

Hence M (r) S 1/r and 

lg) S 1r  if|z| &r«t. 
If |z| < 1, then |g(z)| S 1/r for some r satisfying |z| € r< 1, therefore 
lg(z)) < lim, -01/r = 1, hence 

lgz) S1  if|z| « 1. 
Since f(z) = zg(z), we have | f(z)| € z if |z| € 1, proving (3.11). Since f'(0) 
= g(0) we have | f’(0)| = |g(0)| < 1, proving (3.12). 

The function g(z) is holomorphic on the unit disk U (0) = (z:|z| < 1} and 
lg(z), S 1, does not assume a maximum on U , (0) unless g(z) is a constant, by 
the maximum principle. Therefore |g(z)| < 1. If g(z) = c, a constant, then 
Ic| S 1 and |g(z)| < 1 unless |c| = 1. So we have proved that |g(z)| < 1 


Ig(z)) = if |z| =r. 
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if |z| < 1 unless g(z) = c with c a constant satisfying |c| — 1, whence (3.13) 
and (3.14) follow directly. 


Corollary. All conformal mappings which map the unit disk onto itself 
and 0 onto 0 are represented by 


z =w ez, OER. 


Proof: Letf:z— w = f(z) be a conformal mapping which maps the unit 
disk onto itself and the point 0 onto 0. Since f(z) is holomorphic and satisfies 
If (2| < 1 on the unit disk, we have |f(z)| € |z| by Schwarzs Lemma. 
Similarly, |f ! (w)| € w for |w] € 1. Therefore 


zl =IS GI € If (21 x lel, 
that is, |f (z)| = |z|. Hence, by Schwarz's Lemma f (z) = c-z with ca constant 
satisfying |c| — 1. 


Proof of Theorem 3.6: Let f: z ^ w = f(z) be a conformal mapping which 
maps the unit disk onto itself. 
Putting 


g= =, a =f, 


we have proved that g: z > w = g(z) is a conformal mapping which maps 
the unit disk onto itself, the inverse of which is given by 

w+a 

1+aw 


g` :wozzeg l(w)- 


The composite mapping $ = fog’: w— $(w) = f(g !(w)) is a con- 
formal mapping that maps the unit disk onto itself by Theorem 3.4(2). 
Since g^! (0) = « and f(a) = 0 we have $(0) = 0. Hence 
f(g" *(w)) = piw) = ew, OER, 
by the above corollary. 
Substituting w = g(z) we get 
z—a 


SO = gla) = e —. 


Theorem 3.7. Allconformal mappings that map the complex plane C onto 
itself can be represented as 


f:zwzf(z) = az 4 B, a, B constants « # 0. 
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Proof: Letz —^w = f(z) be a conformal mapping which maps the z-plane 
onto the w-plane, then f(z) is an entire function of z and its inverse 
z = f~'(w) is an entire function of w. Entire functions are either poly- 
nomials or transcendental functions. Suppose f (z) is transcendental, then 
there exists a sequence {z,} such that lim, ., œ Z, = oo and lim, — œ f(z,) = 0. 
From lim,.,,f(z,)=0 we get lim,.,,z, = lim,..f~ !(fíz)) f *() 
+ oo. This is a contradiction and, hence, f(z) is a polynomial 
f(z) = ao +a,zZ +4227 + - -© cra", am Æ O. 

By assumption f'(z) x 0 for all z, but by the Fundamental Theorem of 
Algebra, the equation 


f(z22a,-42az4--- -LmaQz" !-0 
has roots if m = 2. Therefore, m = 1 and f(z) = ag + az, where a, # 0. 


3.2 The Riemann sphere 

a. The Riemann sphere 

Let S be the sphere with center 0 and radius 1 in three-dimensional 
Euclidean space R?, that is, S = {€ = (6£,,6,, 44)e R9: £2 c £2 +é} = 1). 
Let us identify the coordinate plane £4 = 0 in R? with the complex plane, 
that is, we put 

z=xtiy = (x, y, 0). 
In this way R? becomes the direct product of the complex plane C and the 
real line R: R? = C x R. The point (0, 0, 1) of S is called the north pole and is 
denoted by N, the point (0, 0, — 1) is called the south pole. For every point 
€ = (€,, £5, £4) Æ (0,0, 1) of S, the line through N and 6 intersects the 
coordinate plane £4 = 0 in exactly one point z = (x, y, 0). 
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From 
x:y: —1 = 1:62:03 —1 
we get 
yet yn 
1—63 1 — $3 
Hence 
za oi tite (3.15) 


1—¢, 
The mapping associating with each point č # N of S the point z = (x, y, 0) 
is called the stereographic projection. The stereographic projection č  z 
gives a One-to-one mapping from S— {N} onto C. Given z = x + iy it is 
possible to solve (3.15) and find £,, €,, and £,. From 


po t8 1-8 166 
(1—46)? (1-€3)? 1-6 
we get 
| dz? -14 
Further 
2z 
Ci ie = 2(1— 63) =F 
hence 
2x 2y 
— LL ol = . 3.17 
e Iz 4-1" G2 iz|7+1 ( ) 


Since by means of the stereographic projection there is a one-to-one 
mapping between the points č Æ N of the sphere S and the points z = 
(č, + i€,)/(1 — £4) of the complex plane C, the complex number z can be 
represented by its corresponding point č z N of the sphere S. There is no 
complex number corresponding with the north pole. As is clear from the 
above figure and from (3.16) and (3.17) we have č = N as |z| ^» +œ. 
Therefore, we extend the complex plane with a point oo, called the point at 
infinity, which corresponds with N. C U { oo] is called the extended complex 
plane. The sphere S, the points of which are used to represent the points of 
C, is called the complex sphere or the Riemann sphere. If we extend C to 
become the extended complex plane C ù {œ }, we also extend the lines | of C 
to become lines | v { œ } of the extended complex plane. The plane through / 
and N intersects S in a circle. Hence the lines | v {c0} are represented by 
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circles through N on the Riemann sphere S. By identifying the point c 
= (či, č2, €4) Æ N of S with the complex number z = (č, i£5)/(1 — 63) 
and N = (0, 0, 1) with the point at infinity, S is identified with the extended 
complex plane Cu (oo). Notions such as limits of point sequences, 
neighborhoods of a point and so on are defined for the extended complex 
plane CU{oo} through this identification with S. For example, an £- 
neighborhood of N on S is defined by 


(66 +03 (5-1) «eJ. 
If č # N, we have, by (3.16) and (3.17), 


i+ ¢3+(€3;-1)/ PE 
and since 4/(|z|? 4- 1) « e? is equivalent to |z]? > (4—2?)/c? we find, 
putting 
U,(o)) = {zeC:|z| > R} U {œ}, 
that 


{EeS: £2 + E3 + (£,—1? <e?) =U, (0), ple) = / (4-87). 


Therefore an e-neighborhood of oo is given by U,(4(oo). Obviously, 
p(t) ^ +œ if £ — +0. 

Now, consider a sequence {z,} in C. If lim,.,, |z,| = +00 then 
lim „>o Zn = oo. For suppose e > O be given, then there exists a natural 
number n, (£) such that |z,| > p(s)if n > ng (£),i.e., z, € Upe (o0) if n > no (c). 
Similarly, if f (z) is a function defined on a neighborhood of c e € minus (cj 
such that lim, ,, | f(z)) = + œ, then lim, f (z) = oo. Because, for every € 
> 0, there exists a ó(c) such that |f (z)| > p (e), i.e., f(z) € Up ie) (00), if 0 < |z 
— c| < 6(e). If f(z) is holomorphic for 0 < |z — c| < r and c isa pole of f(z), 
then lim,...|f/(z)) = +æ, hence lim,... f(z) = oo. We now define the 
value of f(z) at z = c by 


f (c) = lim f(z) = oo. 


Thereby z — f (z) becomes a continuous mapping from the neighborhood 
U, (c) of c into S. However, f(z) is not considered to be continuous at c asa 
function which assumes the value oo at c. If we put f(z) = a/z, aa constant, 
a # 0, then 
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b. Holomorphic functions with an isolated singularity at oo 

Let D be a region in C such that (zeC: |z| > Ro} c D for some 
Ro > 0, let f (z) bea function defined on D, and let a be a complex number. If 
for every e > 0 there exists an R(e) 2 R, such that 

|f(z—a| «e if |z| > R(e), ie, if z€ Uro (©), 
then we say that the limit of f (z) for z tending to oo equals a. This is written: 
lim ,.. œ f(z) =a or f(z) ^ a as z — oo. If f(z) is defined on Du (oo) and 
lim ,., 4 f(z) = f (oo), then f(z) is said to be continuous at oo. If f(z) is defined 
and continuous on D and if lim, f(z) = a, then f(z) can be extended to a 
continuous function on Du {oo} by putting f(oo) =a. Let f(z) be a 
nonconstant holomorphic function defined on (zeC€: |z| > R} = U,(oo) 
— {œ}, R > 0. Putting Z = 1/z, the mapping z — 2 is a biholomorphic 
mapping that maps U, (o0) — (o0) onto U,(0) — {0} = {zEC:0 < |2| <r}, 
where r = 1/R. Hence the function f (2) defined by 

f$ = f(2) =f(1/2) 
is holomorphic on U, (0) — {0}. Since 2 = O is an isolated singularity of f (ô), 
the following three cases can occur (see Section 1.4d): 


Case 1: ĉ{= Qis a removable singularity of f (2). f(2) can be expanded ina 
power series that converges absolutely for 0 < |f| <r ` 


f(2) = ag +a, f +a: +--+ +a,2"4+ -°-. 
Hence 


f(z) =f(1/2) 


can be expanded in a power series which converges absolutely for |z| > R, 
- $122 |. uu... 

f@) =a +7 tt BT (3.18) 
Since lim ,.,, f(z) = lim; , aod (2) = dy, We put 

f(o0) = lim f(z) = ag 
and we say that f(z) is holomorphic on U,(0o). In particular, taking 
f(z) = a/z, a # 0, we get 

a/oo = 0, a # 0. 


Hence, substituting oo for z in (3.18) yields f(00) = ag. If f(oo) = ag = 9, 
(3.18) takes the form 


u 1 Am+1 , 4Im+2 
fe = (a9 4 7 + 2 + ) Am Æ O. 


In this case, oo is called a zero of the mth order of f(z). 
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Case 2: ĉ= 0 is a pole of f(ĉ). Since for 0 < |2| < r we have 


a 


fü-—t€ 


i +o 
—+ > ad A_m #0, 
Z n=0 


we get for |z| > R . 
o0 
Ff (Z) = a__Z +--+ +a_-~Z+aAgt+ Y 


n=1 
where the power Series $3.5 (a, / z") converges absolutely for |z| > R. In 
this case, oo is called a pole of the mth order of f (z). Putting 


a 


n 
zn 


a_,#0, (3.19) 


a. a a 
g(z) = a-m + — = + RTL 


z” gm*l 


+ --- 


g(z) is holomorphic on U (o0) and 


f(z) =2"g(2), | g(o) =a_, +0. 
Hence lim... , f(z) = oo and we put 

f(00) = lim, f(z) = oo. 
In this case, f: z + f(z) is a continuous mapping from U,(0o) into the 
Riemann sphere S, but we do not say that f(z) is a continuous function 
which assumes the value oo at oo. Asa point of the domain of the function 
f(z), the point at infinity, oo, is treated in the same way as a point c # oo, but 
as a value assumed by the function f(z), oo is considered as a special 
“number.” By taking f(z) = az = za, a 0 or f(z) = z? we get 


a*o = O'a= oO, a #0, O00 * 00 = OD. 


Case 3: ĉ= 0 is an essential singularity of f (2). In this case 


+ o 
f@= X a£ O0< Z| <r, 


where an infinite number of the coefficients a_,,a_5,..., a-p,- . -are not 
equal to zero. Hence 
+ oo 
S (z= + +a-,z"+ +++ +a_~Z+at+ $,— (3.20) 


n=1 z" 

for |z| > R, where an infinite number of the coefficients a_,, 
A_5,...,Q_,,... are not equal to zero. In this case, oo is called an essential 
singularity of f (z). For example, if f (z) is a transcendental entire function, 
then oo is an essential singularity of f (z). If oo is an essential singularity of 
f(z) then, by Weierstrass’ Theorem (Theorem 1.23) it is possible, for each 
complex number w, to find a sequence {z,} such that lim ,., 4 Zn = oo and 
lim ,.. 4, f/(z,) = wand to find a sequence (z, } such that lim „æ z, = oo and 
lim ,.. f (z) = oo. 
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If oo is an essential singularity of f(z), lim ,., œ f(z) does not exist. Hence, if 
f(œ) = lim, f(z)EC exists, then f(z) is holomorphic at z = oo and if 
f (o0) = lim,.. 4 f(z) = oo, then f(z) has a pole at oo. 

Summarizing the above computational rules for oo we have for a # 0, 


= 00, -- , aœ = 00:400, 00*00 =O. (3.21) 


eS 


c. Local coordinates 

In the above we have seen how the points € # N of the Riemann 
sphere S represent complex numbers z = (č, +i¢2)/(1 — 63). Conversely, 
the complex numbers z can be used to represent the points ¢ of S. In this case 
the correspondence 


TI d EAN 


is called a complex coordinate defined on S — ( N} and the complex number z 
corresponding with £ is called the coordinate of the point č. This complex 
coordinate does not associate a coordinate with N. In order to define a 
complex coordinate which can be applied to N, we consider Z = 1/z. Since 
£2 + E2 4&2 = 1 we have, for —1 < £4 < 1, 


Citic, 6$1— i6) t6 u 


1-6, 1-6 1-3 ” 
hence, for z Æ 0, 


.01 1-6  & i 


z O, +i€, 1+¢, 
Therefore we define a complex coordinate on S — {(0,0, — 1)} by 
» 601—165 
d = (či Č2,%3)—> Z = FE” 
With respect to this complex coordinate, the coordinate of N = (0,0,1) 


is 2 = 0. The complex coordinate č — z can be obtained from the complex 
coordinate č — z by a rotation through the angle x about the ¢,-axis 


(6$1,62,63) > (C1, — 62 — $3). 


Since č — z is a complex coordinate defined on a subregion S — {N } of S, we 
call it a local complex coordinate on S. Of course, č — Z is also a local 
complex coordinate. Each point čes —((0,0, 1), (0,0, — 1); has two 
complex coordinates, related by 


(3.22) 


č # (0,0, — 1). 


z= ĉ = 1/z, z>z=1/Z. 


This correspondence is called a coordinate transformation between the local 
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complex coordinates č — z and č — 2. With the north pole and the south 
pole, (0, 0, — 1), only one complex coordinate is associated: 2 = 0 and z = 0, 
respectively. The range of the complex coordinates is the Z-plane, which we 
denote by C. Extending Ĉ with the point at infinity &, which corresponds 
with (0, 0, — 1)e S, we can identify S and C o {00}, just as we identified S 
and Cu (oo). With these identifications, zeC, z # 0, coincides with Z 
= 1/zeC€, 0€ € with oo, and oo with 0€ C. Hence 
S-Cuo€ 

and S is the surface obtained by “pasting together" C and € such that 
zeC, z #0, coincides with 2 = 1/ze€. The coordinate transformation 
z — 2 = 1/z determines the way the pasting should be done. 

In Section 3.2b we have considered the function f(2) = f(1/2) corres- 
ponding with a holomorphic function f(z) defined on U,(oo) — {00}. This 
function is nothing but f(z) considered as a function of the local 
coordinate Z. 


d. Homogeneous coordinates 
The Riemann sphere can also be considered as a one-dimensional 
complex projective space. Consider the direct product C? = C x C = 


02): (16€, C; € C) and put 

C = (005,462):4€€] 
for (C1,¢2) # (0, 0). Now, ¢ isa complex line in C, passing through the origin 
(0, 0). The collection of all complex lines of C? passing through (0, 0) is called 
the one-dimensional complex projective space and is denoted by P!. The 
complex lines {e P! are called the points of P! and if 


C = (C0, AeCc), (51,62) # (0,0), 
then (5,,0;) are called homogeneous coordinates of the point (. 
(61,62) # (0,0) and (€,,¢,) # (0,0) are homogeneous coordinates of the 
same point ¢ € P! if and only if (, = AC, and (5 = AC, for some complex 
number 4 #0. If (€:,¢2) are homogeneous coordinates of the point 
 (€P!, we write 


b = (01,02). 
Hence, (51,62) = (0,,02) if and only if (, = AC, and C5 = AC, for some 
complex number 4 #0. The equality sign =, used for homogeneous 


coordinates, will always have this meaning. We want to show that there is a 
natural mapping from P! onto the Riemann sphere S = CU€. For that 
purpose put 

U, = (Ce P': 0, #0}, U, = {çe P}: (C, # 0}. 
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Obviously, 
pl = U, UJ U,. 


For ¢, # 0 we have 
C = (51,02) = (61/62, 1) = (z, 1), z=Ci/C2, 


hence the mapping (->z=(,/¢, maps U, one-to-one onto C c S. 
Similarly, for &(, # 0 we have 


4 = (či ,%2) = (1,2), Z = 62/01, 


hence the mapping ( > 2 = (;/(, maps U, one-to-one onto Ĉ c S. Since 
2=(,/C, = 1/z for C, # 0 and C, # 0, the two mappings ( ^ z and ( 5 Z 
coincide on U, ^ U,. Therefore, a one-to-one mapping is obtained between 
P! and S = Cu € by combining these two mappings into one. Using this 
mapping, we can identify the points of S with the points of P! and thereby 
the Riemann sphere S becomes a one-dimensional complex projective 
space. Under this identification, the point zeC gets the homogeneous 
coordinates (z, 1) and oo gets the homogeneous coordinates (1,0), i.e., 
z= (z, 1) and oo = (1,0). Now z and oo are called the inhomogeneous 
coordinates of the points (z, 1) and (1,0) of P!, respectively. Since ¢, /0 = oo 
if (, # 0 by (3.21), the inhomogeneous coordinate of ( = (€,,¢2) is always 
given by 0/0». 


3 Linear fractional transformations 
a. Linear fractional transformations 

A function of the form 
az 4- p 
f (z) m y z+ ô , 
is called a linear fractional function or a linear function. The condition 
aô — By # 0 is included in order to exclude the case that f(z) reduces to a 
constant. If y = 0, we write a instead of a/ó and fi instead of f/ó, obtaining 


f(z) = az 4- p, a x 0. 
We distinguish two cases: 


a, B, y, ô constants, ad — By # 0, 


Case 1: y # 0. In this case f(z) is a holomorphic function on the z-plane 
excluding { — 6/y} and since 


ou a2t+B y x B/z 
f (co) = lim yz -ó = lim 6/2 


x 
y 
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f (z) is holomorphic at oo too. Writing 


py — að at 

z) = —————— +- 

70) 7 X x8] y 
it is clear that — 6/y is a pole of the first order of f (2), i.e., 


f (—9/y) = oo. 

Hence, in order to prove that f: z + w = f(z) is a one-to-one mapping from 
the extended plane C u {œ} onto itself, it suffices to show that for each 
we€C, w#a/y, the equation f(z) 2 w has exactly one solution ze€, 
z Æ —ô/y. From f(z) = w we get (yz + ó)w = az + B. Conversely, assume 
(yz - ó)w = az - B. From aó — By  O it follows that yz+6 and az +$ 
are not simultaneously equal to 0, hence yz +ô 4 0 and f(z) = w. The 
equation (yz + 0)w = az + f is equivalent to the equation 


(—yw+a)z = ów— B 
and since w # a/y we have — yw -- à # 0, hence the equation f(z) = w has 
exactly one solution 


_ ow-—B 


yw ae’ 


(3.23) 


z# —0/y. 


Therefore, f is a one-to-one mapping from C u (o0) onto € u (o0) and its 
inverse mapping is given by 

ow — p 
—yw--a 
Since f(z) is holomorphic if z x —6/y and f !(w) if w x a/ó, f(z) is 
biholomorphic on the region € — ( —6/y}. Hence the restriction of f(z) 
to C—(—ó/yj is a conformal mapping which maps C — ( —ó/y) onto 
C — {a/y}. The function f(z), considered as a function on the Riemann 
sphere S = C U {00}, gives a one-to-one continuous mapping from S onto 
itself. For by the results of Section 3.2a, f, as a mapping from S into $, 
is also continuous at z = — ĝ/y. 


f :wozzf!(w)- (3.24) 


Case 2: y=0. The function f(z) = «z+ B is of course holomorphic on the 
z-plane, oo is a pole of the first order of f(z), and f(oo) = oo. Solving the 
equation w = az + B we get z = (w — B)/a. Hence, f: z > w = f(z) is a one- 
to-one mapping from C u {œ} onto C u (oo) and its inverse is given by 


fiw z= fiw P. 


a 


This formula can also be obtained from (3.24) by putting y = O and ô = 1. 
Restricting f(z) to C we get a mapping from C into C. 
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Considering f(z) as a function defined on the Riemann sphere 
S = Cu {œ} we get a one-to-one continuous mapping from S onto itself by 
Section 3.2b, (2). 

A one-to-one mapping from the extended plane onto itself of the form 


az + p 
yz-ó' 
is called a linear fractional transformation or simply a linear transformation. 
The inverse transformation f~! of a linear fractional transformation is 
given by (3.24). Let (Ci, (5) and (@,,@,) be homogeneous coordinates of z 
and w, respectively. From z = (4/09, w = 0/0», we get 


Q9) SG) B. at + FC 
o; y(n/0)*9 0, +502 
Hence, (3.25) can be represented as 


Či EN T _ a Bic, 
f H H 5 la] | (3.26) 


Strictly, the transformation (3.26) only determines the matrix to within a 
scalar multiple but, as is clear from the following discussion, we can select 
any matrix satisfying (3.26). Since 


a pt 1[ 6 -e 7 
bs] cubo ah tm 


we get from (3.26) 
Gell elle] 
Ab -y aj[e] 


Q2. 9m Bo, _ ów—p 
(9  —yo,*-00; —ywta’ 


f:z5wzf(z)- ad — By # 0, (3.25) 


Hence 


the same formula as (3.24). If 


_ z+ iy _ z+ f 
so- gen 


are linear fractional transformations, their product f, - f, (i.e., the composite 
transformation) in homogeneous coordinates is given by 


p. | Ot _,|?1}_ 1 fi || 02 Bo || os 
^f H M b AMI 


|n A 4 _ ie + Biy, 02 “a 
73191 JL Y2 92 y1892  Ó1y2 yif 2 t 010; 
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we get the inhomogeneous formula 


fihizw =filf(2)) = (0,05 + B1y2)z - o B; + B182 
(162 + 0,3)z +7182 + 010; 

We see from this that the product of two linear fractional transform- 
ations is again a linear fractional transformation. Since the inverse of a 
linear fractional transformation is also a linear fractional transformation, 
we conclude that the collection of all linear fractional transformations 
constitutes a group. 


Theorem 3.8. There is exactly one linear fractional function f(z) such that 


f (1) 7 0, f (22) = 1, f (23) = oo, 
where z; , z;, and z; are three different points of C U {00} and f (z) is given by 
f(g = i^ | 257 


(3.27) 
Z — Z3 


Z3 — Z3 
and where the formula for f (z), if one of the z j» Say Z,, equals oo, is found by 
letting z, tend to oo in (3.27). 


Proof: Sincea function given by (3.27) clearly satisfies the requirements, it 
suffices to show that if g(z) is a linear fractional function satisfying 
g(Z,) = 0, g(z;) = 1, and g(z3) = oo, then f(z) and g(z) are identical. For this 
purpose consider the linear fractional function g (f ^! (w)). Putting 


U^ e)- T. ad — fy #0, 
we have 
Boo _ a+B iy V f- = 


that is, B = 0, y = 0, and «&/ô = 1, hence g(f ^ ! (w)) = w. Substitution of f(z) 
for w yields f(z) = g(2). 


Corollary. Given three distinct points w; , w2, w3 of C U {00} there is, for 
each triple of distinct points z,, z2, and z3, exactly one linear fractional 
function f(z) such that f(z,) = w,, f(z;) = w2, and f(z4) = w3. 


b. Cross ratio 

As explained in Section 3.2a, a line in the extended plane C u {00} is 
obtained by extending a line | of the complex plane C with (oo). Circles of C 
will also be considered to be circles of C u {00}. 
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For three distinct points z,, Z2, and z4 of Cu (oo) the expression 
((z — 2,)/(Z — z9)/ ((z2 —2,)/(Z, —23)) is called the cross ratio of the four 
points Z, Z;, Z2, and z, and is denoted by (Z, z,, Z2, Z3) 


z—Zz,|20—21  (z—z1)(22 — 73) 
(Z,Z1,22,23) = —— | ——— = —__—_—.. 
Z—Z3/ 23—23 (Z—23)(22—21) 
Considering z as a variable, the cross ratio (z,2;,22,2Z3) is a linear fractional 
function of z. Putting z = z,,z = z}, and z = z, we get the values 0, 1, and 
oo, respectively for the cross ratio (z,z1,22,23). 


Theorem 3.9. |f z,z,,z;, and z, are four distinct points of Cu {oo}, then 
2,2,,25, and z4 are on one circle or one line if and only if their cross ratio 
(z,2,,Z22,23) is a real number. 


Proof: (1) Assume that z,,2;, and z, are on a circle C. Let 0, -n < 0 € m, 
be the argument of (z—z,)/(z—z3) and let y, —n < y Sy, be the 
argument of (z3 — z,)/(z2 — Z3). Since the argument of (z,2,,22,Z3) equals 
0—y, —21 < 0 — y < 2n, (z,2,,25,z7,) is a real number if and only if 
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0 —y — O0 or 0—y = +7 and it is clear from simple geometric con- 
siderations that z is on the circle C if and only if 0 — y = 0or0 —w = +7, 
hence, if z,,z; , and z, are ona circle, the points z,z,,z; , and z, are on a circle 
if and only if (z,z,,z,,Z3) is a real number. 

(2) Assume that z,, z;, and z, are on a line l c C. Since (z, — z,)/(z; — Z3) 
Is a real number, (Z, Z4 , Z2, Z3) isa real number if and only if (z — z,)/(z — zi) 
is a real number, that is, if and only if z is on l or z = oo. 

(3) Assume that one of the points z, , z;, and z, is oo. Let us assume that 
Z, = oo (the other cases are similar). Since 


(z, 00,25, z43) is real if and only if z, z,, and z3 are ona line |, that is, if and only 
if Z, z, = 00, Z, and z, are on a line lU {œ}. 


Theorem 3.10. Letf(z) bea linear fractional function and let z, z, , z;, and 
Z3 be four distinct points in C u (oo). Then 


(f(z), f (zi ), J (z2), f (23)) = (2,21,22,23). (3.28) 


Proof: Putting f(z) = (az + B)/(yz + ô), að — By #0, we have, for v = 1,3, 


f(y—flz,) = tB _ (20 — By) (2 = 20) 


hence 
f(z) —f (21) E (yZ3 + ô) (z — zi) 
f()—-f(z3) (vn + 6)(z— 23) 
Therefore 
howtos eee _ 2741 [ace 


f (22) - f (23) i Z— Z3 | 2277 Z3 


f (22 —f (z3) 


This theorem shows that the cross ratio is invariant under linear 
fractional transformations. As an immediate consequence of this theorem 
and Theorem 3.9 we have 


Theorem 3.11. A fractional linear transformation maps circles or lines of 
Cu (o0) onto circles or lines (i.e., a circle is mapped onto a circle or a line 
and a line is mapped onto a circle or a line). 


Let C be a circle in € with center c and radius r and let 0 > z = c+re’®, 
0 € 0 € 2n be a parameter representation of C. C is a Jordan curve on 


3.3 Linear fractional transformations 145 


which an orientation is defined by this parameter representation and C 
divides the Riemann sphere S = Cu {œ} into the interior U = {zeC: 
Iz —c| < r} and the exterior V = (C — [U ])u {œ} of C: 

S-C=UvYV, UnV = Ø. 


The circle C is the boundary of the closed disk [U]. The interior U of C is on 
the left of C and the exterior of V is on the right of C (Section 2.1b). Now, let 
Z1, Z2, and z3 be three points on C, let C, be the arc with initial point z, and 
terminal point z4, and let C; be the arc with initial point z4 and terminal 
point z,; then C = C,-C,. On C, and C; a linear order < is induced by the 
given orientation (Section 2.1a). If z;, €C,, then z, < Zz, <z, and if z, €C}, 
then z4 <2, «&z,. If z, <z, <z; then z, <z, < Z, and z}, < Z; «z;, and 
if z4 < Z} <2z,, then Zz} < Z; < Z4 and z, < Z3 «z,. 


C2 C2 
23 2; 23 
Zi Zo 2| 
Ci Ci 
zi X2, X24 243 «29 X2 
Fig. 3.9 


Since the imaginary part Im oo of oo is not defined, we agree that as an 
inequality Im w > 0 will mean w ¥ oo and Im w > 0. 


Theorem 3.12. Let the interior of the circle C be denoted by U, its exterior 
by V. If z,, z;, and z, are points on C such that z, < z, < 23, then ze U if 
and only if Im (zZ, Zi, 22,23) > Oand ze V if and only if Im (z, z,,2z2,23) < 0. 


Proof: Consider the cross ratio 

(z — z1) (z2 — Z3) 

(z — 23) (22 — z1) 

as a linear fractional function of z. As h(z) is holomorphic on S — {z3}, 
Im h(z) is a continuous function on S — {z3}. Since h(z) #0 if zeC by 


h (z) = (2,2, 22,23) = 
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Fig. 3.10 


Theorem 3.9, Im h (z) does not change sign on the region U or on the region 
V. In order to determine which sign is valid in which region we consider the 
line through z, and z;. 4(0) 2 z,€C and A(e)eEU and A(—e)eV for 
sufficiently small e, so it suffices to prove that Imh(A(e))>0 and 
Im h(A ( — £)) < 0. Since Imh(A(0)) = Imh (z, ) = 0 it suffices to prove 


d 
[im^ | » 0. 


=0 
From 
(z, —23)(Z2 — 23) 
h (z) = -= (3.29) 
e (z —z3)? (zz — 21) 
we conclude 
| a^a | = h'()2 (0) = 2—5. 
dt t-0 Zi — 23 
Putting 0 = arg ( (22 — z3)/(z4 — z3)), we have 0 < 0 < r since Zi «Z2 X Z4, 
hence 
d — 
| ima o | = Im 2 = 
dt t=0 21 — 23 
Therefore, Imh(z)>0 if zeU and Imh(z)<0 if zeV. Since 
S=UUVUC,h(z3) = o andImh(z) = OifzeC,z # z4,by Theorem 3.9, 
we see that, conversely ze U if Imh(z) > 0 and ze V if Imh(z) < 0. 


22 — 23 
21 — 23 


sinô > 0. 


Let f(z) be a linear fractional function of z. Then the linear fractional 
transformation f: z — z' = f (z) transforms the circle C into a circle or a line 
of the z'-plane by Theorem 3.11. 


Case 1: C'—f(C)isa circle. C’ is a Jordan curve on which an orientation 
can be defined in the same way as on C. The parameter representation 
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0—z-—c-re'?, 0 x 0 € 2n, of C induces a parameter representation, 
0 — z' =f(c+t+re'®), 0x0zx2m, 


of f (C). The orientation on f (C), defined by the parameter representation, is 
not necessarily the same as the original orientation of C'. Neglecting 
orientations we have C' = f (C), taking them into account we have 


f(C) » €C', (3.30) 


where C' represents the circle |C'| with reversed orientation (Section 2.1a). 
In order to determine the sign of the right-hand side of (3.30), we take three 
different points z,, z;, and z4 on C such that z, <z, -«z,. Putting 
zy-f(z) z2 =f(z2) and z3 —-f(z;) we have only to determine if 
Z, «25 «Z3 or 23 <2, <z on C’: if the former, then f/(C) = +C; if the 
latter then f(C) = —C’. 

Let U and U’ denote the interiors and V and V’ the exteriors of C 
representing C’. If f(C) 2 +C’, then /(U) 2 U' and f(V)=V’, while 
if f(C) = —C', then f (U) = V' and f (V) = U'. We prove this as follows: 
If f (C) = +C’, then z} < zj < z3 on C’. Since 


Im (f (z),21,22,23) = Im (z,2,,z2,23) 


by Theorem 3.10, we have f(z) e U’ if z eU and f(z)eV' ifzeV by Theorem 
3.12. Iff (C) = — C’, then z3 < z5 «zi, hencef (z) e U’ if Im (f(z), 23, 22, 21) 
> 0 and f(z)e V’ if Im(f(2), 25, z5, zi) < 0 and since 


(f (2) 23,225.21) = (Z, Z3, 22,21) = 1/(Z, z1, 22, 23) 


by Theorem 3.10, we see that the signs of Im(f(z), 23, z5, zi) and 
Im(z, Z,, Z2, 24) are opposite. Hence, if z e U, then f (z)e V' and if ze V, then 
f(z)eU*. 


Case 2: C' = f(C) is a line. Put C' = l U {00}, where l’ is a line in the 
z’-plane. Putting z, = f ^! (oo), the point z, is on C. Let z, and z, be points 
onC with z, <z, < z4,and putz, = f(z, )and z, = f (z;), then z; and z5 are 
two different points of l’. Let < be the orientation on /', under which 
Z1 «z5. Then /' divides the z'-plane into a region U’ to the left of l’ and a 
region V’ to the right of I’ 


S-C'=C-l=U'UV  U'nYV'-f$. 
For an arbitrary z # z4 we have by Theorem 3.10 


f(2-zi 


(2,21,22,23) = (f(z2.21,22,00) = P ° 
Z2— 2; 
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f (z) U' 


Fig. 3.11 


Hence, putting 0 = arg( (f(z) — z)/(z; —zi)) 
f(z)-z 


/ 


Z5 — 2| 


-siné = Im (2,2,,25,24). 


Therefore, /(z) e U’ if zeU and f(z)e V' if ze V by Theorem 3.12, hence 
f(U) = U' and f(V) = V'. The transformation f maps the left-hand side 
region of C onto the left-hand side region of I’ and the right-hand side 
region of C on the right-hand side region of I’. 

Assume that the linear fractional transformation f. z > z' = f(z) maps the 
line | U {00} onto a circle C' = f (l U (00]), and denote the interior of C' by 
U' and its exterior by V’. Define an orientation < on l such that if z,, and z, 
are different points of l with z, <z,, then f(z,) «f (z;) «f(oo) on C'. 
Letting U be the region to the left of land V be the region to the right of I, then 
f(U) = U' and f(V ) = V’. This follows from case (2) above by considering 
the inverse transformation f ^ !. 


c. Elementary conformal mappings 
In this section we want to give a few examples of elementary 
conformal mappings. 
First consider the linear fractional transformation 


f z >w = f(z) = (z — B)/(z — P), (3.31) 
where fj = a + ib is a complex number with b > 0. Let | be the real axis R and 
denote the region {zeC: Imz » 0) by H* and the region (zeC: 
Imz <0} by H^. H* is called the upper half-plane and H^ the lower half- 
plane. a, a +b, and oo are three points on RU {oo} and 


fa)--1  f(acb--i  f(o)-1 


hence C = f (R o (o0]) is the circle passing through — 1, — i and 1, that is, 
the unit circle. Let U denote the interior of C and V its exterior. Put on R the 
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orientation < induced by the usual linear order <. Since a xac bon R 
and f (a) « f (a - b) -« f (o0) on C and H * is on the left of R and H™ on the 
right of R, we have by the above result 

f(H*')2U, Jf(H)-V. 
Obviously, f (f) = 0, f(B) = oo. Therefore, if we restrict the domain of the 
linear fractional function f(z) to H *, the transformation 


fizow=f(2=2 


Z —, Im z > 0, 
p 


Z — 
is a conformal mapping, mapping the upper half-plane H * onto the unit 
disk U and the point f/ onto 0. The following theorem is a direct 
consequence of this result and the corollary to Schwarzs Lemma. 


Theorem 3.13. All conformal mappings which map the upper half-plane 

H* onto the unit disk U = {we C: |w| < 1} and the point f € H* onto Oare 
given by 

fzowof()-ei- OER. 

z —f 


Example 3.2. Let C, and C, be two arcs in the z-plane with initial point 
B and the terminal point ô, let the angle between C, and C; at f equal 
n/m,m a natural number, m 2 2. We want to determine a conformal 
mapping which maps the area D enclosed between C, and C; onto the unit 
disk. Let L be the line segment connecting f and ô, y be the angle between 
C, and L at f and put 


fiz to fie - e — 


"Co 


Qo 


C, 


z-plane 


Fig. 3.12 


Since f(f)—0 and f(ô)= œ, f maps C,, L, and C; onto rays 
D, =f(C,), T =f(L), and T, =f(C,) with initial points 0 in the ex- 
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Fig. 3.13 


tended ¢-plane. Let u = (fi + 6)/2 be the midpoint of L. Since f(y) = e'*, the 
ray I passes through e", hence the angle between the positive real axis of the 
C-plane and T equals y. Since fis a conformal mapping on the z-plane minus 
the point ô, the angle between F, and F, at 0 equals z/m and the angle 
between I’, and T equals y. Hence I’, coincides with the nonnegative part of 
the real axis of the ¢-plane. Since D is to the left of C, and to the right of 
C5, f (D)isto the left of T, and to the right of I; by (2) of Section 3.3b, that is, 


f(D) = (C = pe*, 0 < p < +0,0 « 0 < n/m}. 
w= (" = "e" is a holomorphic function of ( = pe’, which is univalent 
on/(D) and (o: o = (", C ef (D)) is the upper half-plane H * of the w-plane. 


Therefore, by Theorem 3.5, 6 — œw = ("isa conformal mapping which maps 
f (D) onto H*. Putting 


g (z) = f(z)" = e" Fak ze D, 


Z 


the mapping z — o = g (z) is a conformal mapping which maps D onto H* 
by Theorem 3.4 (2). Therefore, the mapping h: z 9 w = h(z), given by 


h (2) = g (z) — 9 (p) 
g (z)— g (p) 
is a conformal mapping which maps the region D onto the unit disk, by 
Theorem 3.13. Obviously, h (u) = 0. Since g (u) = e'"*, we have 
(z — B)” — (ô — z)” 

(z — py" — e ^n (ô — zy" 
If D is symmetric with respect to the segment L, i.e., if 2y = n/m, then 
(z — By — (ô — z)" 
(z — B)" + (ô — 2)" 


h(z) — 


h(z) = 
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Example 3.3. Let C, be the circle with center i/2 passing through 0, let C; 
be the circle with center i/4 passing through 0, and let D be the region 
enclosed by C, and C3, that is, D is the collection of all points that are inside 
C, and outside C,. We want to find a conformal mapping which maps D 
onto the unit disk. First, let us put 


(C f() = 1/z. 


Fig. 3.14 


The points i, z, = (i — 1)/2, and 0 are points of C, and f(i) = —i,f(z;) = 
—i— 1, and f(0) = oo, hence f(C,) =1, 100], where I, is the line through — i 
and —i— 1 in the C-plane. Similarly, f (C2) = l} U {oo}, where I, is the line 
through — 2i and — 2i — 2 in the (-plane. Define orientations on l, and l, as 
indicated in Fig. 3.15. Since f maps the interior of C, onto the region to the 
left of l, and the exterior of C; onto the region to the right of l2, f(D) is the 


Fig. 3.15 
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region of the ¢-plane between |, and l4. œw = e™ isa holomorphic function of 
6, which is univalent on f(D) and (oc = e", Cef(D)} is the upper half- 
plane H* of the w-plane. Hence { > w = e" is a conformal mapping that 
maps f(D) onto H* and therefore z — œ = e*/@ = e" is a conformal 
mapping that maps D onto H *. Therefore, 


e" — i 
hzw -h(2- aa 
is a conformal mapping that maps the region D onto the unit disk; by 
Theorem 3.13, y = h^! (0) = 2i/3. 


zeD, 


4 


Analytic continuation 


4.1 Analytic continuation 

a. Analytic continuation 

Let f(z) be a holomorphic function of z, defined on the region Dy 
of the complex plane and let D, be a region such that Do ^ D, # Ø. A 
holomorphic function f(z) defined on D, which coincides with f(z) on 
D, ^ Do is called an analytic continuation of f(z) into D,. (The meaning of 
“coinciding” is, of course, that f(z) — fi(z) for ze Do^ D,.) Given a 
holomorphic function f, (z) on Do, there does not always exist an analytic 
continuation of f(z) into D,, but if one does, then it is unique by the 
corollary to Theorem 3.1. In this case, fo(z) is said to be analytically 
continuable into D,. Then, putting f(z) = f(z) if z e Do and f(z) = fi(z) if 
zéD,, we obtain a holomorphic function f(z) defined on the region 
D, o D,, called the analytic continuation of f(z) into D. 

If the analytic continuation f, (z) of f(z) into D, exists and if the analytic 

continuation f, (z) of f, (z) into the region D, exists, then f(z) is called the 
analytic continuation of f(z) into D,. Generally, if a sequence of regions, 


Do, Dy, Dj, ..., Da—1, Dn D, ^ D,-, * Ø, k —1,2,...,n, 


is given and if the analytic continuation f, (z) of p(z) into D,, the analytic 
continuation f(z) of f,(z) into D5, .. ., the analytic continuation f(z) of 
Jn-1(Z) into D, exist, then f(z) is said to be analytically continuable along 
the sequence D,, D;,..., D, and the functions f,(z), (2) ..., f. (z) are 
called analytic continuations of fj(z) The analytic continuations f(z), 
f(z), ...,f,(z) are uniquely determined by fo(z), Do, Di, .. ., D,. If the 
analytic continuations f(z), f(z), . . . , A(z) of fo(z) exist then a holomor- 
phic function f(z) is defined on the region 


D-zDgyoD,uoD;o-.-- U D, 


by putting f(z) = (z) if ze D,. However, if, as in Fig. 4.1, Da ^ D, # Ø, 
then it is not necessarily true that f, (z) and f,(z) coincide on D, ^ D,. If, fora 
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Fig. 4.1 


point a € D, ^ Dn, h(a) # f(a), then the function f assumes two different 
values at z = a. Moreover, if analytic continuations f,,.,(z) into D,.,, 
f,+2(z)into D,42,...,,(z)into Dm exist and if we put again f(z) = f(z) for 
zeD,,k =n+1,n+2,...,m, we arrive at a holomorphic function f (z) 
defined on a region 


D=D),UD,UD,0-:-U D,U Dnr Uee O Dm 


If Do D, © Dm # @ then f(z) could assume three different values fo (a), 
f(a), and f, (a) at « € Dg ^ D, ^ Dm. In this way a multivalued holomorphic 
function f(z) is defined. The analytic continuations fi(z) f(z), fs(z)... 
are uniquely determined by f(z), hence f(z) is also uniquely determined 


by fo(z). . 


A possibly multivalued holomorphic function is called an analytic 
function, while a holomorphic function will always be understood to 
be one-valued. 


The function f, (z), in contradistinction to f, (z), fs(z), . . .iscalled a direct 
analytic continuation. Hence, each f,(z) is a direct analytic continuation of 
Á-1(z) and f(z) is obtained by a repeated process of direct analytic 
continuation starting from f(z). The function f(z), obtained by repeating 
the process of direct analytic continuation starting from f(z), as many times 
as possible, is called a complete analytic function (see L. Ahlfors, 1966, 
Chapter 8, Section 1.1). 

*Analytic relations" between holomorphic functions are preserved by 
analytic continuation. For example, if fi(z), f(z), fa(z), ... are analytic 
continuations of f(z), then fi(z) f5(z) £3(z), ... are analytic continu- 
ations of f(z). Further, if $(w) is a holomorphic function defined on a 
region Q of the w-plane and if the ranges of f(z) and its analytic 
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continuations fi(z), f(z), f(z), ... are all included in Q, then Q( f (z)), 
$(f2(z)), 6 (fs (z)), . . . are analytic continuations of $ (fo (z)). Therefore, if 
fo(z) and go (z) are holomorphic functions defined on the region D,, if f, (z), 
fh)... f(z)... and g,(z), g2(z),...,9,(z),... are analytic continu- 
ations along D,, D2, . . . , D,, . . .of fo(z) and go(z) respectively, and if Jo(z) 
= fo(z), then g,(z) = f;,(2); if go(z) = fo(z), then g,(z) = f(z); . . .; and if 
go(z) = $(fo(z)), then g,(z) = $(f,.(z). Up to now, we have considered 
holomorphic functions fo(z) fi(z) f;(z)... defined on regions of the 
complex plane but it is also possible to consider analytic continuations for 
holomorphic functions defined on regions of the Riemann sphere $. 

As a simple example of analytic continuation let us consider the 
logarithmic function. The exponential function e" is a holomorphic 
function of w on the whole w-plane (Example 1.2 of Section 1.2b). Writing w 
= u + iv we get e" = e"e", hence the range of e" is the region C* = C — {0}. 
For z € C* a solution w of the equation e" — z is denoted by w — logz and 
log z is called the logarithmic function of z. Putting z = [z e'?, 0 = arg z, we 
conclude from e" = e"e'" = z that e" = |z| and e" = e", ie, u = log|z | and 
v = 0--2nn, nan integer. Therefore, log z is a multivalued function taking 
an infinite number of values: 

w = logz = log|z| + i0 + 2nzi, n=0,+1,+2,... (4.1) 
at each z = |z e^, |z| > 0. The logarithmic function w = log z is the “inverse 
function" of the exponential function z = e", but since e" is not univalent, 
we cannot use the corollary to Theorem 3.5 to infer immediately that 
w — logz is a holomorphic function. However, if we restrict the domain of 
e" to a region W on which e" is univalent, the inverse function of the 
restriction is holomorphic. For each integer k define W, by 


3 2 3 2 


and let e,(w) denote the restriction of e" to W,, that is, e, (w) = e", we W,, 
then e,(w) is a univalent holomorphic function on W,. Putting 


| 2kn (m 2kn =l 
W, = 4u +iv: — œ < u < +œ, — -= <v < +> 


k = 3n v, n an integer and v = 0, 1, or 2, 
and v = 0 + 2nn, the range of e,(w) is given by 
2vn rn 2vm n 


p [sortir o EE co MEE 


Hence, the inverse w = f,(z) of z = e,(w) is holomorphic on D, by the 
corollary to Theorem 3.5 and given by 
2yr xn 2yn m 


= 1 i = id ——— — — —— — 
f(z) = log|z|+i0+2nni, z = |z|e'*, 3 7 <9< 3 t3 (4.2) 
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Fig. 4.2 


Obviously, 
C* = Do UD, U D,. 

fo(z), fi (z), and f(z) are holomorphic functions defined on the regions Do, 
D,, and D,, respectively, and f(z) and f, (z) coincide on D, n D,, and f, (z) 
and f,(z) coincide on D, ^ D, by (4.2), that is, fı (z) is the direct analytic 
continuation of p(z) and f(z) is the direct analytic continuation of f, (z). 
The function f(z), which is holomorphic on Do, coincides with f(z) on 
Do ^ D2. For, writing an arbitrary point z e Do ^ D, as 


z = |zļe = |z|e'*, -1«96«-. T y. Hr 


we have 
f(z) = log|z| - i8 + 2zi = log|z|-F iv = f(z) 


by (4.2). Hence f;(z) is the direct analytic continuation of f; (z). Similarly, 
it is proved that the functions fi (z), f2 (2), f3 (2), - -© - s fx-1 (2), fO... 
are analytic continuations of f(z) along the sequence of regions 

D,, D2, Do, D1, D2, Do, D, D,,... 
and that the functions f. ,(z), f(z), f-3(z), . . . are analytic continuations 
of p(z) along the sequence of domains 

D,,D,, Do, D2, Di, Do, D, .... 
Hence f(z) is the analytic continuation of f(z) for all integers k. By 
comparing (4.1) and (4.2) it is obvious that log z coincides with one of the 


f(z), k = 3n + v, on each region D,. Hence the logarithmic function log z isa 
holomorphic function obtained from f(z) by analytic continuation. Since 
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Do o D, UD, = C* logz is holomorphic on C*, 0 is called a logarithmic 
singularity of log z. From the definition of log z we have 
elo8z = z, z#0. (4.3) 
Since de"/du = e" for the real variable u, we have, by the corollary to 
Theorem 3.1, 
de" 
w 
Therefore, differentiating both sides of (4.3) yields 
dlogz 1 


i M (4.4) 


w 


e. 


For an arbitrary fixed complex number a the power function z* is defined 
for z #0 by 


z* = e* log z. (4.5) 
In general, z^ is a multivalued holomorphic function on C*. Since 
de" lo£7/dz = e*'o£7 ad log z/dz = z*a/z by (4.4), we have 

dz” 

dz 
If x = m is an integer, then z^ = e™ 1087 = (e!087m — 7" is the usual mth 
power of z. If « = 1/m, m a natural number such that m = 2, then we have 

(z!/"y" = [exp(1/m)log z ]” = ele£z = z, 
that is, z!/" is an mth root of z. Since 0" = 0, we define 0!/" = 0. Putting 
z = |z|e", |z| > 0, we have, by (4.1), 

z!/" = exp[ (1/m) log |z| + i/m + 2nni/m], 
that is, 

zim = gn|z |V/meió/m. p = erm n=0,1,2,...,m—1. 
(Compare (3.7).) The function z'/" is an m-valued holomorphic function. 
Since lim,.9 |z'/"| = lim,.9 |z|!/" = 0, z!/" is continuous at z = 0, but 
z'/™ is of course not holomorphic at z = 0. The point 0 is called a branch 
point of the power function z!/", 


az% |. (4.6) 


b. Analytic continuation by expansion in power series 
Let ro, 0 < ro < + œ, be the radius of convergence of the power 
series 


oo 


fo(z) = Y ao, (Z — Co)". 
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Then f(z) is a holomorphic function on the interior Uo = U, (co) 
of the circle of convergence. In order to find the analytic continuation 
of fo(z), we pick a point c, € Uo, c; # cg, and we expand fo(z) into a power 
series about c, 


oo 


l 
fo(z) = ` aiın(z— c1)", ain = pp Jo." (1). (4.7) 


=0 


Fig. 4.3 


The power series in the right-hand side of (4.7) converges on the interior 
of a circle with center c, and radius p = rg — |c; — co | by Theorem 1.16. 
Therefore, if r, represents the radius of convergence of the power series, 
we have 


ry Z rg— Ici — col (4.8) 


and the function f;(z) defined by 


oo 


fi(z) = » ai,(z — ci), 2-641 < rn, 


is a holomorphic function on the disk U, = U, (cı) with center c, and 
radius r,. Since fi (z) = fo(z) ona p-neighborhood U,(c;) of c,, fi(z) = fo(z) 
on U,nU, by the corollary to Theorem 3.1. Therefore, if U, € Uo, 
ie, if r} > p = rg —|c, — col, f(z) is the direct analytic continuation of 
f(z) into U,. 

We have 


Sp |] 


fd"2- > «CÓ 0 —cg)" " 


men M= N): 


by Theorem 1.11, hence the coefficients a,, of the power series for f, (z) are 
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given by 
Ain = Y (T ate — Co)” *. (4.9) 


m=n 
Repeating the above procedure, we pick a point c; € U,, c; z c,, and we 
expand the holomorphic function into a power series about c, 


oo 


hi (z) = » An (z = c2)", dj, = L go (c2 ). 


Putting 


h= Y. Az, (z — C2)", |z—c2| € r2, 


n= 
where r, denotes the radius of convergence of the power series under 
consideration, and assuming r, > r, — |c2—C,], J (z) is the direct analytic 
continuation of f, (z) into U; = U, (c2) & U,. Continuing in this way, we 
arrive at the direct analytic continuation f(z) of f(z), ..., the direct 
analytic continuation f(z) of f£,-,(z),.... Here we know that 


ry Z ry, — Cy — Ck-1 l, 
where c, denotes the center of each power expansion f, (z) and r, its radius of 
convergence. If for each choice of c, € Up, the equality r; = rg — |c; — col 


holds, p(z) cannot be continued analytically outside its circle of 
convergence. 


Example 4.1. Consider 


oo 
p= Y z™*=1+z+z2?+z%+2z2+.... 


m=0 
If |z| « 1, then Droles} olz « +00 and if |z| 2» 1, then 
exo |z|"! = + oo, hence the radius of convergence of this power series 
is 1 and its circle of convergence the unit circle. For z = re?, 0 « r « 1, 
with 0 = 2nk/n, k,n natural numbers, we have (e'^)"' = 1 if m 2 n, hence 


n-i oo 
fo(re?) = Y. (re) .- Y m. 
m=O m=n 
Therefore 
lim |f(re®)| = +o. (4.10) 
r^1—0 


Suppose that for some c, € Uo we have r, > rg —|C; — col, i.e., U, £ Ug: 
then for a 0 = 2nk/n such that e? € U, we would have 


lim fo (re^) — lim f (re) =f, (e^) 
r?^1-0 r~1-0 
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contradicting (4.10). Hence, for all c, € Uo the equality r} = ro — |c, — col 
must hold and the function f, (z) cannot be continued analytically across the 
circle of convergence. In general, if a holomorphic function f(z) defined on 
some region D cannot be continued analytically across the boundary of D, 
then the boundary of D is called the natural boundary of f(z). In the above 
example, the unit circle is the natural boundary of f, (z). 


4.2 Analytic continuation along curves 
Let y: t— y(t), a St € b, be a curve in the complex plane. As 

explained in Section 2.1a for the case of Jordan arcs, the curve 4: t — A(t) 
= y($(1)) obtained from y by a change of variables t = $(1), « St S B, 
where $ (1) is a continuous nondecreasing function of t with $ (x) = a and 
Q (B) = b, is considered to be the same curve as y, i.e., y and A are considered 
as two different parameter representations of the same curve. A Jordan arc 
was defined to be the point set C together with an orientation < 
(Definition 2.1), but this definition cannot be used in the general case. If y is 
a smooth curve, then we assume that $ (1) is a continuously differentiable 
function with $'(1) » O for all t. For example, if (1) = a+ (b —a)t, 
0 <z S1, then y is the same curve as A: t > A(t) = y(a-- (b — a)t) hence 
each curve can be written in the form: y: t— y(t),O St $1. 

If y, isa curve connecting c, and c, and if y; is a curve connecting c, and 
C2, then the curve obtained by piecing together y, and y; is denoted by 


Y = Yı * Y2- 
Cy 


Y, 
vA 2 
Co C2 


Fig. 44 


Putting y,:t —> 7; (t), y3:t y2 (t), 0 < t S 1, with y, (0) = co, y, (1) = y2 (0) 
= C,,andy,(1) = c;,theny = y; -y2 1s given by y: t — y(t),0 < t S 2, where 
y(t) = yı (t) for O St < 1 and y(t) = y2 (t— 1) for 1 St $2. 
In case of three or more curves y,: t > y,(t),0 < t S 1, with y, (0) = c,., 
and y,(1) =c,, k =1,2,...,n, we put 
y (t) = y,(t —k+1) ifk—-1sStsk, k=1,2,...,n 
and y: t —5 y(t, OS tn, is the curve obtained by piecing together 
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Fig. 4.5 


yi» Y2» - - - , y, in that order 


y= yatyr Merrett Yn. 
Given a curve y: t ^ y(t), a € t < b, the oppositely oriented curve is denoted 
by y`’ 
yt: t—>y!(t)=y(b+a-t) astsb. 
Ify = yyt y, then y ! = ypt ses yi!"yi - 
The radius of convergence of the power series D o 4n (Z — C)" is given by 
the Cauchy-Hadamard formula (1.19) 


1 
r= c. 
lim sup |a, |!/" 


n => oo 

If r = 0, f(z) = Y... a(z — c) is reduced to a function defined at only one 
point. Since this is an uninteresting case, from now on we will always 
assume that our power series have a radius of convergence r such that 
0 <r S + œ, unless the contrary is explicitly stated. The sum of a power 
series >... «o 4n(z — c)" is a holomorphic function of z on the interior U, (c) of 
the circle of convergence. 

Let y: t—y(t) OStSb, be a curve with initial point cọ and 
let us consider the analytic continuation by power series expansion along 
the curve y of 


oo 


P= X aG- c". 


n=0 


Definition 4.1. If forall tin the closed interval [0, b], the power series with 
center y (t) 


fat= Y aO E-O 


n=0 
exists such that the following conditions are satisfied: 
(1) f (z, 0) = fo (2), 
(2) for each s e [0, b] there is a positive e (s) such that f (z, t) is the direct 
analytic continuation of f(z, s) if |t — s| < e(s), 
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then f(z) is said to be analytically continuable along y and the family of 
power series 

F={f(z,:0stsb} 
is called the analytic continuation of fo (z) along y. Let r(t) denote the radius 
of convergence for each power series f (z, t) belonging to this family F. Then 
r(t)> 0 by the above assumption and f(z, t) is a holomorphic function 
defined on the disk U, = Un» (y (t)) with center y(t) and radius r(t). By 
condition (2) we have if |t —s| < e(s), then U, ^ U, # Ø and 

f(z, t) =f (z, s) if zeU,n U,. (4.11) 


Theorem 4.1. If the power series f(z) with center co is analytically 
continuable along a curve y: t > y(t), 0 < t < b, with initial point co, then 
the analytic continuation of f (z) along y 


F-í(f(zty0ostsbj 


is uniquely determined. 


Proof. Let F = (f(z t; O < t < b} and G = (g(z t): 0 St < bj be two 
analytic continuations of f (z) along y, and let r (t) denote the smallest of the 
radii of convergence of the power series f(z, t) and g (z, t) with center t. If 
s > 0 is sufficiently small, then U, ^ Uo # Ø if O<tss and f(z,t)= 
fo(z) and g(z, t) = go(z) on U, ^ Uo by (4.11), hence f(z, t) = g(z, t) by the 
corollary to Theorem 3.1. Let u denote the supremum of all s such that 
f(z, t)=g(z,t) if OS t<s. Suppose that u< b, then f(z, t) = g(z t) 
if 0 € t € u, and for a sufficiently small € > 0 we have U,QU, # Ø if 
u—e<t<ute, while f(z, t) = f (z, u) and g(z, t) = g(z, u) on U, ^ U, by 
(4.11). Hence we conclude that f(z, t) 2 g(z, t) for O < t < u +e, contra- 
dicting the definition of u. Therefore u = b, that is, f(z, t) = g(z, t) 
for 0<t<b. The same argument now shows that f(z, t) = g(z, t) 
forO<t<b. 


Corollary. If f(z) is a holomorphic function defined on a region D, 
if f(z) is the power series expansion of f(z) about a point cy € D, and if 
F = { f(z, t):0 < t < b} is the analytic continuation of f; (z) along the curve 
y: t>y7(t), OSt Sb, with y(0) 2 c; and y(t)eD for all t, then all 
f(z, t) are power series expansions of f(z) about y(t). 


Let F = f(z, t):0 < t < b} be the analytic continuation of fo (z) along y, 
let r (t) denote the circle of convergence of f(z, t) and put U, = U, (y (t)). If 
r(s) = + oo for some s, then f(z, s)is holomorphic on the whole z-plane and 
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since by the above corollary f(z, t) — f(z,s) for all t, O < t € b, we are 
reduced to a trivial case. Therefore, we assume 


r(t) « +o, O0stzb. 
The radius of convergence r(t) of f(z, t) is a continuous function of t, 
0x t € b. For, since y(t) is a continuous function of t, there exists for 
arbitrary s,0 < s < b,a ô > 0 such that y (t) e U, if |t — s| < 6. Hence, f(z, t) 
is the power series expansion of the holomorphic function f(z, s) about z 
= y (t) by the corollary to Theorem 4.1. Therefore, by (4.8) 

r(t) 2 r(s)— |y (t)— » (s)|. 
If r(t) > r(s) then y(s)e U, and 

r(s) & r(t)— |y(s)— y(t)l. 


Fig. 4.6 


Hence, if |t — s| < ô, then 
Ir(t)—r(s)| € 1»(0 —»(s)l. (4.12) 
and therefore lim , .,, r(t) = r(s). 


The continuous function r(t) assumes a minimum value p on [0, b]: 


r(t) z p » 0. (4.13) 
Since y(t) is uniformly continuous on (0,5 ], there exists a ô > O such that 
ly(t)—y(s)| « p if |t —s| < ô. (4.14) 


r(s) > p, hence, if |t —s| < ó, f(z,t) is the power series expansion of the 
holomorphic function f(z, s) about y (t) by the corollary to Theorem 4.1: 


o0 


1 
fz, t) 2 Y a.(0(z—y(0)", a, (t) = — f^ (0, s). 


n-0 
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Therefore, by (4.9), 


oo 


at) = Y, (Paoro -rors -s|«à, — (415 


and if |t — s| < 6, then f(z, t) is the direct analytic continuation of f (z, s) by 
power series expansion. Let y: t > y(t), O St € b, be a curve connecting 
Co = y(0) and c, = y(b), fo(z) be a power series with center co and 
{ f(z, t: 0€ t € b) be the analytic continuation of f, (z) along the curve y 
and put f, (z) = f (z, b). We say that the power series f, (z) with center c, has 
been obtained from f, (z) by analytic continuation along y, and f, (z) is called 
the result of the analytic continuation of f (z) along the curve y. 

Let y;: t— yı (t), OS t S a; be a curve connecting co = y, (0) and c, 
= y, (a)and let y;:t > y; (t, a < t < b, be a curve connecting c, = y; (a) and 
C, = y; (b). Let F, = (f(z, t):0 < t € a} be the analytic continuation of the 
power series fo (Z) with center co along y, and let F, = {f(z,t);:ast <b} 
be the analytic continuation of the power series f(z, a) with center c, = 
Yı (a) = y2 (a) along y2. Then 

F =F, UF, = {f(z,t):0 <t <b} 
is the analytic continuation of f (z) along y = y, *y2. Hence, if f, (z) is the 
result of the analytic continuation of f(z) along y,, and f, (z) the result 
of the analytic continuation of f, (z) along y2, then f, (z) is the result of the 
analytic continuation of p(z) along y = y, *y2. A similar result holds if 
three or more curves y,, Y2, ys....,)y, are pieced together to form 
y—7Jyi'?72'73/:.- "Pme 

Next we want to study the connection between analytic continuation 
along a curve and analytic continuation along a sequence of regions, as 
discussed in Section 4.1a. Let go (z) be a holomorphic function defined on a 
region D, and let g, (zZ), g2 (Z), . . . , g,(z) be the analytic continuation of 
go(z) along the sequence of regions 

D,,D;,D,,...,D,, D,^vD,-, * Ø, k=1,2,...,n. 
Let fo (z) be the power series expansion of go (z) about the point cg € Do and 
let f, (z) be the power series expansion of g,(z) about the point c, € D,. In 
order to obtain f, (z) as the result of analytic continuation of f (z) along a 
curve, we select for each k = 1,2, ..., na point c,eD, ^ D,. , and we put 
Ca+1 = C,. Next, let 

Yk: t > Yı (t)e Dy, 0 S t< 1, (0) = cy, (1) = Cees, 
be the curves connecting c, with c, , , in D,, and let y be the curve obtained 
by piecing together yo, Yis- -- Yi...» Vn: 


Y=YVo°V1°V2°° °° "Ys. 
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Fig. 4.7 


Hence y is given by 
y: t > y(t) = y,(t — k), kztzk-rLk-2909,12,..,n. 
Since g,(z) is a holomorphic function on D,, F, = (f,(z th 0 < t € 1}, where 
f(z, t) is the power series expansion of g, (z) with center y(t), 0 € t € 1, is 
the analytic continuation of f,(z, 0) along y,. Since g,(z) = g,-,(z) on 
D, ^ D, .,, we have f,(z, 0) = f,-,(z, 1). Hence, defining f(z, t) by 
f(z, t) =f, (z, t — k) fkK<t<sk+1,k=0,1,2,...,n, 
f(z, t) is a power series with center y (t) and 
F-F,oF,o:--uF,-íf(zty0stzn-«lj 
is the analytic continuation of f(z) along y. Obviously f(z, n + 1) = f, (z). 
We have proved. 


Theorem 4.2. Let g;(z), g5(2), - . - , g,(z) be the analytic continuation of 
the holomorphic function go (z) defined on the region D, along the sequence 
of regions D,,D5,..., D, with D; OD, , # @, k =1,2,..., n, let fo(z) 
be the power expansion of go(z) with center co € Do and let f, (z) be the 
power series expansion of g,(z) with center c, € D,. If a curve y: t > y(t), 
0 < t <b, connecting cg and c, is selected such that for suitably chosen 
points to, tists- -as t... tu 6.4; t9 S0 xt xt xo Sa 

«t,«t,,4—b,y(t)eD,if£ t, St S tk+1, k =0,1,2,...,n, then f, (z) is 
the result of the analytic continuation of f, (z) along y. 


Let Q be a region in the complex plane and let 


oo 


fol(z)= i a(z- co)" 


n=0 
be a power series with center c, € Q. If f; (z) is analytically continuable along 
all curves in Q with initial point co, then f (z) is said to be freely analytically 
continuable in €). 
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Let fo(z) be freely analytically continuable in Q. Let c, be an arbitrary 
point of Qand let y: t > y(0,a € t < b, connect c; and c,,i.e., y (a) = cg and 
7? (b) = c,. Let the power series f, (z) with center c, be the result of the 
analytic continuation of f; (z) along y. In general, f, (z) depends on the choice 
of y, but f, (z) does not change if the curve y is transformed continuously in 
Q. Before proving this important fact, we have to give an exact definition of 
the phrase “is transformed continuously in Q.” 


Definition 4.2. Let yg:t > yo(t)and yı: t — yı (t), a < t < b, be two curves 
in Q connecting co and c,. The curves y, and y, are called homotopic in Q 
(denoted y, = yo) if there exists a continuous function I (t, s) from the 
rectangle K = {(t,s);aSt<b,0Ss<1} into the complex plane 
satisfying 

(i) l'(t,))eOQ for all t, s, 

(ii) L'(5,0) = yo(t) T, 1)=y, (t) aStxb, 

(iii) F(a, s)= co,  T(bs)-c,;, 0sssl. 


If a continuous function T (t, s) satisfying these three conditions exists, then 
for each s € [0, 1], the curve y,: t ^ y,(t) = T(t,s)aS t < b,connects c; and 
c, in Q and y, varies continuously with the variable s. Hence we can say that 
yı is obtained by varying yg continuously in Q. The initial point cg = y,(a) 
and the terminal point c, = y,(b) of y, remain fixed by condition (iii). We 
have already considered the case that TI, (t, s), T, (t, s), and T, (t, s) exist and 
are continuous in Section 1.3c, without, however, assuming that condition 
(ii) is satisfied. Since “y, and yọ are homotopic in Q” means “yo can be 
transformed continuously into y, in Q,” it is obvious that yo = y, if y, = yg 
and that y2 = yo if y, = Yo and y; = yı. It is easy to derive these facts 
formally from Definition 4.2. In order to prove that y, ^ yg implies yo = y, 
it suffices to consider the function T (t, 1 — s). If y, = yg and y; > y, in Q 


Fig. 4.8 
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then there exist continuous functions I’, (t, s) and T, (t, s) such that 


r(t, 0) = yo(t, T,(5,1) » T2(t,0) = y,(t) U2(t 1) = y2 (t). 
Hence, the function T (t, s) defined by 


r(t s) = Ire 2s), 0<ss 1/2, 

D; (t, 2s — 1), l2s8ss8s1l, 
is a continuous function satisfying the conditions (i) and (iii), while 
T(t, 0) = yo (t) and I (t, 1) = y; (t), that is, y; = yo in Q. Finally, we note 
that yg = yo in Q. We have proved that the homotopy relation ~ in Q isan 
equivalence relation on the set of all curves connecting two fixed points 
Co, € €O. 


Definition 4.3. Let Q bea region and let cg, c, € Q. The equivalence classes 
under ~ of curves connecting cy and c, are called homotopy classes. The 
homotopy class to which y belongs is denoted by [y]. 


If yo and y, are two curves connecting c, and c,, then [yo] = [y, ] if and 
only if y, = yg in Q. 

We have given a definition of homotopy for two curves yo: t > yo (t) and 
yı: t — yı (t) connecting cy and c, with the same domain [a, b] for the 
variable t. If the two curves have different domains, for example, yo: 
t => yo(t) a S t <b, and y, : T — y(t), a S t S B, with yo(a) = y1(2) = co 
and yo (b) = y, (P) = c,, we first apply a linear transformation 

= I(t) = P-t (r-a)a (4.16) 
before applying the definition of homotopy. That is, we say that y, and y, 
are homotopic in Q (written as y, = yo) if y, (I) = yo in Q in the sense of 
Definition 4.2, where y, (1 t > y,(l(t)), a € t € b. Rather than transforming 
t into t through t = l(t), we could have transformed t into t through 
t = |~'(t) with the same result. 

We have considered the curve 4: t — A(t) = y($(1), a St € P, obtained 
from y:t > y(t, a € t € b, by the change of variables t = ¢ (t) to be the same 
curve as y. Therefore we have to prove À ~y in Q. By, if necessary, 
transforming the variable t into the variable t by the linear transformation 
(4.16), we may assume that / is given by 


A t= At) =y)  v()—-6Q() astsd. 
Since y(t) is a continuous, monotone increasing function of t such that 
V (a) = a and y (b) = b, the function 


y.) = sý(t)+ (1 —s)t, | aStSb, 
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is also a monotone increasing function of t such that y,(a) =a and 
V, (b) = b for each se[O0, 1]. Putting 


T (t, s) = y (sy (t) + (1 — s)t) 
I (t,s) is a continuous function defined on the rectangle K = ((t, s); 
ast<b, 0€ss1) such that: T'(t,s)eQ, T'(t,0) = y(t), T(t, 1) = A, 
I (a, s) = y(a), and F (b, s) = y(b). Therefore, à œ y in Q. 


Theorem 4.3 (Monodromy Theorem). Let Q be a region in the complex 
plane, fo (z) a power series with center c, € Q, and c, EQ. Further, let f, (z) be 
freely analytically continuable in Q and let the power series f, (z) with center 
c, be the result of the analytic continuation of f(z) along a curve yọ 
connecting c, and c, in Q. If y, is another curve connecting c, and c, in Q 
and if y, = yo, the result of the analytic continuation of f, (z) along y, equals 
D (2). 

In other words, the result of the analytic continuation of f(z) along a 
curve y connecting c, and c, in Q is uniquely determined by the homotopy 
class [y] of y. 


Proof: Putting yo: t —^ yo(t) and y,: t — y, (t), a < t € b, there exists a 
function T (t, s) defined on the rectangle K = {(t,s);:astsb,0<s<1} 
such that I(t,s)eQ, T(t,0)= yo(t), T(t, 1) 2 y(t) T(a,s)= co, and 
I (b,s) 2 c,. Putting y,(t 2 I'(t,s) y,: t5y,(0, a<t< b, is a curve 
connecting cy and c, in Q, hence there exists an analytic continuation 

F, = {f(z,0:astsb} 
of f(z) along y,. In order to prove that the result f, (z, b) of the analytic 
continuation of f (z) along y, coincides with the result f, (z) = f, (z, b) of the 
analytic continuation of p(z) along yo it suffices to prove that f(z, b) is 
independent of s, i.e., 

S(z,b)=f,(2), Osssl. 
In order to prove this, it suffices to prove that for each s e [0, 1] there exists 
an (s) > 0 such that 

fu, b) = f(z, b) if |u —s| < e. (4.17) 
(Because, if f,(z, b) is independent of u on a neighborhood of each point 
s € [0, 1], then f, (z, b) is independent of u on [0, 1].) In order to prove (4.17) 
we will use Theorem 4. 

Fix s and consider F,, defined above. Let r(t) denote the radius of 

convergence of the power series f, (z, t) with center y, (t) and let U, denote the 
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interior of its circle of convergence. By (4.13) 
r()zp»0 
and for ó from (4.14) 
In ()—-v»,(0] «p if |t'-t]<6d 
hence f, (z, t’) is the direct analytic continuation by power series expansion of 


f(z, t). Since T(t, s) is uniformly continuous on K, there exists an e with 
0 < € < ô such that 


|r(t,w-r(5s|«p — if |t—t|<eand |u—s| «e. (4.18) 
Pick tj =a<t,;<---<t,<--- «tuu such that 

ltk+1— 6| «6, k=0,1,2,...,n. 
We have f(z, to) =fo(z). Putting f(z) =£(2,%), fi (2), fo(2..... 4.2) 
is an analytic continuation of f(z) along the sequence of regions 
U,,, Ur... , U, and f(z, b) is the power series expansion with center 
€, = y,(b) of f(z). Let yu: t > y,(0, O < t € b, bea curve connecting c, and 
Cı, where u satisfies |u — s| < and let us apply Theorem 4.2 to this curve. If 
te[t,, t, ], then |t —t,| < £, hence by (4.18): 


ly, (t) — Ys (ta) < p. 
Since U, is the disk with center y,(t,) and radius r(t,) z p we have 


y,(0)eU, = if te Lt, tiui]. 
By Theorem 4.2, f, (z, b) equals the result f, (z, b) of the analytic continuation 
of p(z) along y,. Hence (4.17) is valid. 


If y: t5 y(t), a St € b, is a closed curve, that is, if co = y(a) = y(b), 
then c, is called the base point of y. If the curve yo: t > yo(t), a S t € b, 
occurring in Theorem 4.3 is a closed curve with base point co, that is, 
if yo (b) = yo (a) = Co, then the result f, (z) of the analytic continuation of 
fo(z) along yo is a power series with center co, which in general will be 
different from f, (z). 

If ó(t) maps each t e[a, b] onto the same point co, the curve ó: t > ó(t) 
= Cy is a closed curve. If y is a closed curve with base point co, then y is said 
to be homotopic to 0 in Q. (written as y œ O) if y ~ óin Q. If y  O, the curve y 
can be contracted onto cg while the point co remains fixed. 

Since the result of the analytic continuation of f, (z) along ô is of course 
f(z), we have 


Corollary. If y is a closed curve with base point c, in Q and if y ~ O in Q, 
then the result of the analytic continuation of f(z) along y is fo (z). 
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Fig. 4.9 


Let C be the unit circle in the C-plane, and let z = y(¢) be a continuous 
function defined on C. Then t > z = y(e"), —n St € n, is a closed curve 
with base point co = y(— 1) in the z-plane. It is clear that each closed curve 
can be written in the form t > y(e"), — n € t € n, for some continuous 
function y (C) defined on C. Hence, we can define closed curves in the z-plane 
as continuous mappings y: | —> z = y(C), which map the unit circle C into the 
z-plane. Let A be the closed unit disk {¢: |¢| < 1} in theC-plane, then C is the 
boundary of A. Let y: ( > y (0)eO, CeC, bea closed curve with base point 
Co = y(— 1) in Q. 


Theorem 4.4. y =~ Oin Q if and only if the continuous mapping y: C ^ Q 
can be extended to a continuous mapping I': A >Q. 


Proof: Consider the continuous mapping 
®: (ts) —( = (ts) = se*+s—1 
which maps the rectangle K = {(t,s): -nStSn,OSsS1} onto A. 
(That ®(K) =A follows from the fact that for each s, O < s S 1, the 
mapping t > M(t, s) maps [—2z, 2] onto the circle with center —1+s 
passing through — 1.) We have ®(t, 1) = e"eC and M(t, 0) = $(— m, s) 
= (z, s) = — 1 and conversely, if (t, s) = —1, then s = O or t = +n. If 
C # —1, the inverse mapping 
@~!: 0 = se"*+s—1- (t,s) 
is continuous. Since y ~ 0, there exists a continuous function T (t, s) defined 
on K satisfying: 
(i) T(t, s)eQ, 
(i) T'(t,0)=co, V(t, 1) = y(e"), 
(iii) I'(— x, s) = T (x, s) = Co. 
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Let T: ¢ >T (¢) be a continuous mapping from A into Q extending the 
continuous mapping y: ¢ — y (C) from C into Q. Putting I (t, s) = r (®(t, s)), 
T (t, s) is clearly a continuous function defined on K satisfying conditions (i), 
(ii), and (iii). Conversely, if there exists a continuous function I (t, s) defined 
on K satisfying the conditions (i), (ii), and (iii) we put 

FP (i) =T(t,s) if € = @(t,s). 


If M(t, s) = — 1, then s = Oort = +7, hence (—1) = c, by conditions (ii) 
and (iii). Since (t, 1) = e", T (e") = T (t, 1) = y(e") by (ii). Furthermore, 
I (0)eQ by (i). Hence, I: ( —^ l'(£)eQ is an extension of y: ( > y(C). If 
C# — 1, F({) — l'(t, s) and (t, s) = $^! (C) are continuous functions of C. 
To show that I'(Z) is also continuous at ( = — 1, let us assume that there 
exists a sequence of points C, € A withlim,., o 6, = —land|I'(¢,)—co| Z € 
for some £ > 0. Put £, = O(t,, Sn). The point sequence { (t,, s,) ) of points in 
K possesses a subsequence which converges to a point (t,, 5,) e K. Hence, 
we may just as well assume that limp œ (t,, s,) = (t,, Sẹ). Since 


F (tx, S) = lim T (ta, S) = lim T (C,) Æ co 


we have s, #0, t, A +7, hence O(t,,5,) z —1. This contradicts 
(ty, Sy) = lim, O(t,, Sa) = lim, ¢, = —1. Therefore, T (C) is also 
continuous at ¢ = — I. 


If the continuous mapping y: ( > y(() from C = OA into Q is extended to 
a continuous mapping I: ¢ + T (C) from A into Q, for each r e [0, 1] a closed 
curve in Q is given by y,: € > y, (C) = T (r¢), CeC. If r decreases from 1 to 0, 
the curve y, = y shrinks continuously via the curves y, to become the point 
C = yo (C) = T (0). Therefore, we say that the closed curve y is contractible 
onto a point. The closed curve y is contractible onto a point if and only 
if y = 0 by Theorem 4.4. 


Fig. 4.10 


172 Analytic continuation 


Theorem 4.5. Let yo and y, be curves connecting cy and c, in Q, then 
Yı = yo in Q if and only if yoyr! ~ 0 in Q. 


Proof: Put yo: t ^ yo (t) and y,: t yı (t), OS t € x, with yọ (0) = y, (0) 
= Co and yo (1) = y, (n) = cı. Then y = yo-y; * is given by the mapping 
ou cuti fot 0, —nStSo, 

nece) OMA 0Etzm, 
from the unit circle C into Q. Consider the mapping 

Y: (t, s)—> C = V(t, s) = (1—s)ei* ? + se't” 
which maps the rectangle K = { (t, s):0 < t < n,0 < s € 1} onto the closed 
unit disk A. If y ~ 0, then the continuous function y (C) defined on C = 0A, 
can be extended to a continuous function from A into Q, by Theorem 4.4. 
Putting I (t, s) = T (V (t, s)), T (t, s) is a continuous function on K which is 
easily verified to satisfy the conditions (i), (ii), and (iii) of Definition 4.2. 
Hence, y, ~ Yo in Q. Conversely, if y», = yo in Q, then there exists a 
continuous function I (t, s) on K satisfying conditions (i), (ii), and (iii). 
Putting 

D()-I(5s if C= Y(t, s) 
it can be shown just as in the proof of Theorem 4.4 that I (C) isa continuous 


function on A, which extends y (C£). Since obviously I'(()eQ, we conclude 
y z0in Q. 


Definition 4.4. A region Q is called simply connected if all closed curves in 
Q are contractible onto one point. If Q is simply connected, then all closed 
curves are homotopic to 0 in Q. Hence, if c; and c, are two points in Q, and 
yo and y two curves in Q connecting c; and c,, then yo -y + œ 0, i.e., Yo = y, 
in Q by Theorem 4.5. 


Example 4.2. A region Q is called convex if any pair of points can be 
connected by a line segment in Q. Disks and the interior of rectangles are 
examples of convex domains. Convex domains are simply connected. Let A 
be the closed unit disk and let the mapping y: e — z = y(e*), 0 € 0 < 2m, 
from C = 0A into Q define a closed curve in Q. Let zo be an arbitrary point 
of Q. Since Q is convex, ry (e?) + (1 — r)z;€Q for 0 € r € 1, hence y can be 
extended to a continuous mapping 
D: re? +z = T (re®) 2ry(e?)--(1—r)zog, — re?^eA, 


from A into Q. 


Example 4.3. Let Q be the region obtained by deleting from (Q) = 
{z:z=x-+iy, 0<x<1, 0<y<1} an infinite number of segments 
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L, = {z:z=27*+iy, $€y«1, k=1,2,3,...}. Then Q is simply 
connected. To prove this, it suffices to show that a continuous mapping 
y: e? +z = y(e®), 0 € 0 < 2n, from the unit circle C = 0A into Q can be 
extended to a continuous mapping from the closed unit disk A into Q. 
Writing 

y (e^) = p (e") + ia (e^) 
we define a function T (re^) by 

am ((0-ri 
. p(e") + (2r = 1)ic (e?) T———, i S r S l, 
T (re®) = 2 
l—2r i 


id ee ad « <i 
2rp (e^) + 5 t4 Osrsz, 


which is a continuous mapping from A into Q such that T (e) = y (e'^). 


Fig. 4.11 


Theorem 4.6. Let Q be a region in the complex plane. 

(1) If B, and y, are curves in Q connecting c, and c, and if $, and y, are 
curves in Q connecting c, and c;, such that 8, ~ y, and f; > y; in 
Q then f,:f; = 71 °y2 in Q. 

(2) If Band y arecurves in Q, such that B > yinQ, then B™! = y 'inQ. 

(3) Lety bea curve connecting cg and c, in Q, xa closed curve in Q with 
Co aS base point, and fi a closed curve in Q with c, as base point. 
If a ~ 0, then «*y ~ y and if f ~ 0, then y: B ~ y. 


Proof: Parts (1) and (2) follow directly from Definition 4.2. For part (3), let 
0:t—ó(t) = co, O St S 1, be the curve consisting only of the point cj. 
If « ~ 0 then a ~ ô, hence a'y ~ ó*y by (1). Therefore, in order to prove 
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& *y = y it suffices to prove dy = y. Let y be given by: t > y(t), OS t S 1, 
y(0) = co and y(1) = c,, and define a continuous function T (t, s) on the 
rectangle K = {(t,s):0S$t32,0Ss 1} by 


Co, 0 < t < S, 
I (t, s) = H 
y 


(1) Obviously, T (t, s)eQ for all (t, s) e K. 
(ii) Put yo(t)=T(t,0) and y,()) 2 I'(,1) Osts2. Since y(t) 
= y(t/2) the curve yg: t> y(t), O<t<2 is identical with 
Y: yo = y. Since y, (t) = co = ó(t) if O St S 1 and y, (t) = y(t— 1) 
if 1 < t < 2, we have y; = 0°y. 
(in) T (0, s) = cg and T (2, s) = y(1) = c,. Hence ó*y ~ y. 
The second half of part (3) is proved similarly. 


Corollary. If B = Bi Bate Bm and y=y,°y2° °° "y, are curves in Q 
such that f, = y,, B2 = Y2 - - - , Pm y, in Q, then f ~ y in Q. 


Next, we want to discuss briefly the so-called fundamental group of a 
region Q. Let c, be a fixed point in Q and let us consider the homotopy 
classes [y] of closed curves y with base point cy in Q. If y, and y; are closed 
curves with base point cg in Q, then y, * y; is also a closed curve with base 
point co in Q, and by Theorem 4.6 (1), the homotopy class [7 °y2] is 
uniquely determined by [y, ] and {y2 ]. Therefore, we define the product of 


[yı ] and [y2] by 

[]D2] = Dri 21. 
The homotopy class of the curveó: t —^ ô (t) = co,0 S t € l,isdenoted by 1: 
[ô] = 1. By Theorem 4.6(3) we have 

10] = [»]1 = [7). 
By Theorem 4.6(2) we have that the homotopy class [y !] of y^! is 
uniquely determined by [y]. Since y:y ! ~ 0 by Theorem 4.5, we have 


(yf ! ] 2 1. 
Since (y!) ! = y we also have by replacing y by y! 
ly Jb] = 1. 


Since both [»,](Dy2] : Dr3]) and ([y:]:[y2]) [v3] equal [y; *y2 *y3], the 
associative law is satisfied. Therefore, the collection of homotopy classes of 


closed curves with base point cg in Q forms a group. This group is called the 
fundamental group of €) and is denoted by z,(Q, co). The identity of the 
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fundamental group n; (Q, c9) is given by [6] = 1; the inverse of the element 
[y] is given by [y~']:[y]~' = [y ! ]. If y = 0, then y ~ ô, that is, [y] = I. 

As an abstract group, the fundamental group 7, (Q, co) does not depend 
on the choice of the point Co, i.e., if c EQ is an arbitrary point, then 7, (Q, c) 
and z(Q, co) are isomorphic: 7, (Q, c) = 1, (Q, co). We prove this now. 

Let f be a curve connecting cg and c in Q. If y is an arbitrary closed curve 
with base point co in Q, then f^ ! -y:Bisaclosed curve with base point cin Q 
and [f^ ! y: BJ] is uniquely determined by [y] (by the corollary to Theorem 
4.6). Conversely, [y] is uniquely determined by [f ^! - y: f]. This is because 
B-67! is a closed curve with base point co and fjff^ ! ~ 0 in Q by Theorem 
4.5, hence [y] = [B-B ! -y-B-B ^! ] by Theorem 4.6(3). We will prove that 
the one-to-one mapping [y] > [B ! -y:f] from x, (Q, co) onto x, (Q, c) isan 
isomorphism. Since [y,] [y2] ! = [yiy2! ] we have 

[8 ! s. 810867 !v48] ! = E87 v 8871 v2! B1 L8 0 v2! P] 

proving that the mapping [y] ^ [B ! -y-8] isa homomorphism. Finally, let 
[A] €, (Q, c) be an arbitrary element; then 4 is a closed curve with base 
point c in Q. Putting y = f-A:B^ +, Ais a closed curve with base point cy and 
since f ! -fj ~ 0 we have 


[B '»81- LB? BAB ^ B] = [4]. 


Theorem 4.7. Let Q bea simply connected region and let fo (z) be a power 
series with center c, EQ. If f, (z) is freely analytically continuable in Q, then 
the collection of analytic continuations of fọ (z) along curves with initial 
point cy in Q defines a holomorphic, one-valued function. 


Proof: Letcbeanarbitrary point in Q, let y bea curve connecting co and c 
in Q, and let f (z) denote the power series with center c which results from the 
analytic continuation of f, (z) along y. Since Q is simply connected, any pair 
of curves connecting cy and c in Q is homotopic, hence f, (z) is uniquely 
determined by c by Theorem 4.3 and is independent of the choice of the 
curve y. 

Let r(c) denote the radius of convergence of the power series f. (z), select 
(c), 0 < e(c) S r(c), such that U,(4(c) € Q and put U(c) = Usio (c). Of 
course f(z) is a holomorphic function on U(c). Since Q = |J... U(c), in 
order to prove that the collection of all analytic continuations f(z), c e Q, of 
fo (z) forms a holomorphic, one-valued function on Q it suffices to prove that 
if U (c4) ^ U (c2)  @ for two points c, and c; in Q, then f,, (z) = fe, (Z) on 
U (c) ^U (c2). Letc eU (c,) ^ U (c2). If we expand f., (z) into a power series 
with center c, we obtain the analytic continuation f, (z) of fo (z). Similarly, the 
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power series expansion of f,, (z) with center c is also f. (z). Hence fa, (z) and 
fe, (z) coincide on a neighborhood of c, and so they coincide on 
U (cy) ^ U (c2) by Theorem 3.1. 


Let fo (z) be a power series with center co € Q which is freely continuable in 
the region Q. Let c be an arbitrary point in Q, y a curve connecting c, and c in 
Q, and let f,(z) be the power series with center c that is the result of the 
analytic continuation of f(z) along y. If Q is not simply connected, in 
general f. (z) will be dependent not only on c, but also on the choice of y: 


f.2) = fp 2) (4.19) 


Theorem 4.8. Let co and c be two fixed points of the region Q. The 
collection of homotopy classes of curves connecting cg and c is finite or 
denumerable. 


Proof: It suffices to show that there is a denumerable collection 
Urn = 1,2,3, . . . } of curves connecting co and c in Q, such that for each 
curve y connecting co and c in Q we have y ~ y, for some y,. The set Q of 
rational numbers is denumerable. Therefore, the set Q (i) consisting of all 
complex numbers r + is with r, s € Q is also denumerable. Obviously, Q (i) is 
everywhere dense in C. If o = (c,,c5,...,0,,..., Cm} is a finite sequence 
of points in Q(i) let L(c) denote the polygonal line consisting of the 
segments connecting the points co, C1, 02, ..., Cys Ck+1, ..., Cm, C in that 
order. Since Q (i) is denumerable, the set of all finite sequences o of points of 
Q (i) is also denumerable, that is, the collection of all polygonal lines L (ø) is 
denumerable. List all polygonal lines L(c) c Q as follows: 


L(c1) L(o3) L(o3) ..., L(o,) ... 
and put y, = L(o,) By definition, all polygonal lines y, are curves 
connecting cy and c in Q. It is easy to verify that an arbitrary curve y 
connecting co and c in Q is homotopic with a polygonal line y, which is 
"sufficiently close to y". Let t > y(t), 0 € t € b, be a parameter representa- 


Ck+1 


Cm 


Fig. 4.12 
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tion of y. Since {y (t): 0 € t € b) is a compact subset of Q the distance p 
between it and C — Q is positive. Hence we have for all t . 


iflz-y()| <p, then zeQ. 
Put ¢ = p/5, then for some 6 > 0 we have 
ly(t)—y(u)| < € if|t—u| < ð. 
Select £4, t2,..., tm, such that O = tọ «t, «t; < +++ «t, «tu =D 
and |tk+1 — t,| « 6. Next, choose points c,, c2,..., Cm EQ (i) such that 
lc — y (t)] < € 
and put o = (0,,02,..., € Cp» Cm]- 


Y(t) 


Fig. 4.13 


Since |y (tk+1)— y (&)| < & lCk+1 — C| < 3e and the segment connecting 
c, and c, , , is within the circle with center y (tą) and radius 4e. Since p = Se, 
we conclude Z (c) c Q, that is, L(c) = L(a,) = y, for some n. A parameter 
representation of y, = L(o) is given by t > y, (t), O € t < b, with 


— the, + (t — tk)Ck+1 


t 
y (t) = ČH tk StS t, 4,,k-0,1,2,...,m. 


tk+1 — Uk 
If t, StSt4,, then |ly(0—y(t)| «s and |y,(t) —c,| « 3e, hence 
I» (t) — v. (t)| < Se, i.e., 
Iy) — y(t) «552p,  Ostszb. 

Hence the points sy (t) + (1 — s)y, (t), 0 < s < 1, on the segment connecting 
y,(t) and y(t) are in Q. Therefore T(t, s) = sy(t) + (1 — s)y,(t) is a continuous 
function defined on the rectangle K = {(t, s): 0 £ t S b, 0 < s < 1}. Since 
(i) l(t,s)eQ for all (t, s)eK, (ii) T(t,0)= y,(0, T(t, 1)= y(t), and 
(iii) T'(0, s) = co, T (b, s) = c we conclude y = y,,. 


Putting c = co we get the following corollary. 
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Corollary. The fundamental group 7, (Q, co) of a region Qis a finite group 
or a group with a denumerable number of elements. 


According to Theorem 4.3, the power series, with center c f, ,, 1s uniquely 
determined by the homotopy class [y] of y in Q. Hence, by Theorem 4.8, 
there are among the f.,(z), only a finite or a denumerable number of 
different power series. Let f. , (z), k = 1,2,3, . . . , denote the different Se, (2), 
that is 


K(z) = fc. (2), k=1,2,3,... 

Let r(c,k) denote the radius of convergence of the power series f, , (2), 
choose e(c,k) such that 0 < e(c, k) € r(c,k) and U, y(c) c Q, and define 
f(z) by f(z) =f, (Z), ZEU xe, (c) CEQ. The function f(z) is an analytic 
function which is, in general, multivalued. Each power series f. ,(z) is called a 
branch of the analytic function at c. Each branch f, , (z) is freely analytically 
continuable in Q. Under these circumstances, we say that the analytic 
function f(z) is freely analytically continuable in Q. A power series obtained 
by the analytic continuation of an arbitrary branch of f (z) along a curve in Q 
is also a branch of f(z). This fact is expressed by saying that the analytic 
function f(z) is complete on Q. 

If D c Qis a simply connected subregion of Q and if f, . (z) is a branch of 
f(z) at c, then f. , (z) is freely analytically continuable in Q and the collection 
of all analytic continuations of f. , (z) along curves in D starting from c is a 
holomorphic univalent function on D. This holomorphic function is 
denoted by f, , (z) and is called the branch of the analytic function f(z) over D. 
Obviously, f. , (Z) is the power series expansion of the holomorphic function 
fp (z) about c. The restriction f, (z) of the analytic function f(z) to the simply 
connected region D consists of a (finite or denumerable) number of 
branches f, , (z), k = 1,2,3, . . . . In particular, if D is taken to be the largest 
disk U, o (c) (Section 1.3d) with center c contained in Q, then, since fp. (2) is 
holomorphic on D = U, (c), its power series expansion, f, , (z), about c is 
absolutely convergent on U,,, (c). Hence, its radius of convergence r (c, k) 
satisfies 

r(c,k) 2 r(c). (4.20) 

Next we need to consider the composition of a holomorphic and an 
analytic function. Let f(z) be a freely analytically continuable, complete 
function on a region Q and let g (¢) be a holomorphic function defined on a 
region D of the ¢-plane, such that g (D) c Q. We consider the composite 
function f (g (¢)). Let « be an arbitrary point in D and put c = g(a). Let fa) 
denote a branch of f(z) at c. Select e > 0 such that g(U,(«)) c U „e (c), then 
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fc. (Z) is a holomorphic function on U,, (c) by (4.20), hence f. x(g (5)) is a 
holomorphic function of ¢ on U,(x) which can be expanded in a power 
series about a. For the sake of simplicity, we denote this power series as 
fc. (g (¢)) also. 
Let 0€ t € b and y:t —( = y(t) be a curve in D with initial point 
= y(0)e D, then the holomorphic mapping g maps y onto a curve 
g (y): t — z = g (y (t)) in Q with initial point c = g(a). Under these circum- 
stances, the following theorem is valid. 


Theorem 4.9. Let f. ,(z) bea branch of f(z) at c = g(a), and let f = {f (z, t): 
0 <t <b} be the analytic continuation of f. ,(z) along g(y), then the 
analytic continuation along y of the power series f. , (g (D)) with center a is 
given by {f(g (¢), t);0 < t < bj. 


Proof: Let 4, be the interior of the circle of convergence of the power 
series f (z, t) with center g (y (t)) for all considered t and let U, = U (y(t)) bea 
disk with center y(t) in the £-plane such that g (U,) c W,. Now expand 
f(g(C), t), which is a holomorphic function of ¢ on U,, in a power series about 
y (t). In order to prove that the collection { f(g (5), t): 0 € t € b} is the analytic 
continuation of the power series f. «(g (¢)) = f (g (C), 0) along y it suffices to 
show that if for each se[O0, b], we have picked an «(s) > 0 such that 


y (t) e U, if |t —s| < &(s), 


then f (g(C), t) = f (g(C), s) on U, AU, if |t — s| < &(s). Since y(t) e U, implies 
g(y(t)) c 44, |t —s| < e(s) implies g(y(t))e &,, hence f(z, t) is the power 
series expansion of f(z, s) about g(y(t)) by the corollary to Theorem 4.1. 
Therefore, f(z, t) — f(z, s) on &,n 4, if |t —s| < e(s), hence f (g(C), t) 
= f (g (¢), s) on U, ^ U,. 


We call the power series f. ,(g(¢)) with center «eD, where c = g(«), a 
branch of the composite function f(g(¢)) at «, and can say by the above 
theorem that all branches f.,(g(0)) of f(g(C)) are freely analytically 
continuable in D. Putting y(b) = B in the above proof, g(y) is a curve 
connecting c = g(a) and g(f), and the power series f (z, b), with center g(B), 
which is the result of the analytic continuation of f. ,(z) = f (z, 0) along the 
curve g(y) in Q, is one of the branches f, ;(z) at g(B) of the complete 
analytic function f(z). Hence the power series f (g(C), b) = fap, ;(g(5)) with 
center B obtained by analytic continuation of the branch f. , (g(¢)) of f (g(5)) 
at œ along the curve in D, is one of the branches of f (g(z)) at B. Hence the 
power series that is obtained by the analytic continuation of an arbitrary 
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branch of f(g(z)) along a curve in D is again a branch of f(g(z)). Thus, we 
can say that the composite function f (g(C)) is freely analytically continuable 
and complete on the region D. 

If D is simply connected, then by Theorem 4.7 the collection of analytic 
continuations of a branch f. ,(g(¢)) off (g(0)) at a, c = g(a), along a curve in 
© with initial point « constitutes a regular univalent function on D. This 
function is denoted by f (g(C)), and is called a branch of the composite 
function f(g(¢)). Since f.,(g(C)) is the power series expansion of the 
holomorphic function f(g(¢)), about a, f (g(/)), and f (g(¢)); are different 
holomorphic functions if j x k. We have proved 


Theorem 4.10. If the region D is simply connected, then the composite 
function f(g(¢)) breaks into different branches f (g(D),, k = 1,2,3,.... 
Each branch is a holomorphic function defined on D. 


If f (z) is a freely analytically continuable and complete analytic function 
on a region Q, then f(z) is considered as the collection of all power series 
obtained by analytic continuation of a power series with center cy for some 
Co € Nalonga curve in Q. Hence, if f. , (z) and fa, j(z) are arbitrary branches of 
f (z) then, ;(z) can be obtained by the analytic continuation of f. x (z)alonga 
suitable curve in Q connecting c and d. In this sense, f(z) is one analytic 
function. The composite function f (g(/)), as considered above, is freely 
analytically continuable and complete, but does not necessarily constitute 
an analytic function in the above sense. In particular, if D is simply 
connected, the collection of all analytic continuations of a branch f. , (g(()) 
of f(g(¢)) at xeD, when c = g(a), along curves in D constitutes a 
holomorphic function f (g(¢)), defined on D; hence it is impossible to obtain 
by analytic continuation of f. ,(g(/)) along a curve in D, another branch 
Jc, j(g(¢)) at a. Also, if D is not simply connected, the composite function 
f (g(5)) generally breaks into a number of freely analytically continuable and 
complete analytic functions on D. 


4.3 Analytic continuation by integrals 

Let Q be a region in the complex plane, let f (z) be a continuous 
function on Q and let y: t > y(t), a € t € b, be a smooth curve in Q. The 
integral of f (z) along y is given by Theorem 1.6. 


b 
n (z)dz = E (y (0)y' (t) dt. 


As explained in the previous section, the curve 4: t — A(t) = y(¢(1)), 
obtained from y via the coordinate transformation t = ó(), a S t S p. 
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where ¢ (t) is a continuously differentiable function such that $'(x) > 0 for 
all x and ¢(a) = a and $ (f) = b, is the same curve as y. Therefore we have to 
verify 


f(z24dz = [reus 
Since A'(x)dx = y'(t)'(x)dt, we have 


p b 
| f Q())4' (1) dt = | f (t) (tdt, 


proving our statement. 
If y !:x5 y !(t) = p(a+b—1),a St < b, is the curve obtained from y 
by reversing the orientation, we have dy ‘(t)/dt = — y'(b -- a — x), hence 


b 
| f(z)dz = - | r&a- owe a- oa 
Y! a 


Putting t = b--a— x, we have 


| fed = | ford = - | fo) 4t, 
y a 
that is, 

| f(z)dz = — [reu 

Y' y 


The curve y = y,*y2:-::: * y, obtained by piecing together smooth curves 
Yi» Y2» - - -> Ym is Called piecewise smooth and f,f (z) dz is defined by 


[rec - | roe | rac e. +| f (z) dz. 
y Yı Y2 Ym 


Putting y: t > y,(t), ay, St S ap, where a = day <a, <a,<-:: «a, 
= b then y is given by y: t > y(t), a € t < b, with y(t) = y(t), tk- StS th. 
Therefore 


m a 


|s (z)dz = 2 - fo) (at. 


=1 Ja- 
y(t) is continuous on [a,b]—{a,,a2,...,@,-,} and y'(t) = y,(t) if 
a; «t < a,. Hence 


b 
| f (z)dz — | f ((0))y (t) dt. 


Now let f (z) be a holomorphic function defined on the region Q. Let cy EQ 
be a fixed point and consider for arbitrary z EQ, 


F(z) = | res 
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where y is a piecewise smooth curve in Q connecting cg and z. For this 
purpose we write 


F(z) = | f (5) dt, (4.21) 


Fig. 4.14 


Where z represents the terminal point of the path of integration y. 

Let c bean arbitrary point in Q and let U(c) = U „e (c) be the largest disk 
with center c contained in Q. By Theorem 1.16, f(z) can be expanded in a 
power series which absolutely converges in U(c) 


Qo 


f= X a-oy. 


n=0 
Putting 


o0 a, 
F(z) B à n+1 


the power series F,(z) is also absolutely convergent on U(c) and 


d 
TESSE,  Fo-0 
Z 


(z EN c)"* 1 


that is, F,(z) is a primitive function of f (z) on U (c). Hence, if z € U (c) and if f 
Is a piecewise smooth curve in U(c) connecting c and z, then by (1.30), 


j f(z)dz = F,(z). l 
B 


Since the integral in the left-hand side of this equality does not depend on £, 
we can write 


F(z) = f f(z4z zeU(o). | (4.22) 
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We put 
Fo(z) = F., (2) = | f(zdz  zeU(eg). 


Next, for a piecewise smooth curve y: t > y(t), O € t € b, starting from co 
= y(0) in Q we put 


F (z, t) = | SOW) (dt + Fy (z) | zeU((0). (4.23) 
iU 


F (z, t) is a power series with center y(t) and absolutely convergent on the 
disk U(y(t)). Since the radius r(y(t)) of U(y(t)) equals the distance between 
the point y(t) and C —Q, we have 

r(y(t)) 2 p > 0, (4.24) 
where p denotes the distance between {y(t):0 € t € b} and C - O. (F(z,t): 
0 < t < b} is the analytic continuation of F, (z) along the curve y. To prove 
this it suffices to show that for sufficiently small € > 0, |t — s| < € implies 
that F (z, t) is the direct analytic continuation of F (z, s). Pick € > Osuch that 


IY(u-»(] «p  iflu-s|<e 
and s and t such that |s — t| < e. For an arbitrary ze U(y(t)) ^ U (y(s)), we 
have, by (4.23) and (4.22), 


Z 


F (z, t) = | J (y(u))y (u) du + | f Q(u))y (u) du + | f (2) dz. 


y(t) 
Since |y(u—»y(s) «p if sSust, y(u)gU(y(s) by (4.24). Hence, 
letting | I (z) dz be the integral along the segment connecting y(t) and z, 
f f (y(u))y'(u) du + f re f (z) dz equals the integral of f (z) along the segment 
in U(y(s)) connecting y(s) and z. Therefore, by (4.22), 


| fou)y(wducr| f(z)dz= | f(z)dz = Fis (2). 


y(t) y(s) 


U(y (s) 


Fig. 4.15 
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Hence we have on U(y(t)) ^ U (y(s)) 
F(z, t) — | f ((1))y (u) du + F ys (z) = F (z, s), 
0 


proving that F(z, t) is the direct analytic continuation of F(z, s). 


Let y: t > p(t), OS t St, be a piecewise smooth curve in Q connect- 
ing Co = y(O) and z = y(t). Select b, O < b < x, such that y(t)e U(y(b)) if 
b St St. The curve y is divided by b into two curves; a: t > y(t), 0 € t € b, 
and f: t —^ y(t), b E t S x. That is, y = «- f. Under these circumstances 


| reac = [roc | rac 


Y (b) 
U(y(b)) 


Fig. 4.16 


hence, by (4.22), 


p (Dd6 = Fiw (2). 
Therefore 


| f (046 = | J (y(t))y (t) dt + Fy (2). (4.25) 


Now we consider z as a variable varying over U (y(b)) and allow f to vary 
with z in U (y(b)) while « remains fixed. Then, by (4.23), 


| Sde = F(zb) | zeU(y(b)), 


L.e., i f (D) d£ is the holomorphic function F (z, b) which is the result of the 
analytic continuation of the power series F(z) along the curve a: t > y(t), 
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0 < t < b. Replacing z = y(t) by w = y(t) and representing the variable by z, 
F (z, t) is the direct analytic continuation of F (z, b), hence F(z, t) is the 
power series expansion of F(z, b) about y(t). Hence f; f (Odi = F (w, b) 
equals the value F (w, t) of the power series F (z, t) at its center w = y(t). We 
have proved. 


Theorem 4.11. Let f(z) be a holomorphic function on Q and put 
Fo(z) = f; f(z)dz, zEU (co) c Q. If zeQ and y: t> y(t), OS tS v, is a 
piecewise smooth curve connecting cy = y(0) and z = y(t) in Q, then 


Fa | fed 


equals the value of the power series obtained by analytic continuation of 
Fo(z) along y at its center z = y(t). We express this fact by saying that F (z) is 
the analytic continuation of F(z) along y. 

F (z) is a freely analytically continuable and complete analytic function 
on Q. To prove this, we first show that F(z) is analytically continuable 
along each curve 4: t > A(t),0 < t € b, in Q with initial point cy = 4(0). This 
is clear, if 4 is piecewise smooth, from Theorem 4.11. In order to reduce the 
case in which 4 is not piecewise smooth to the case in which å is piecewise 
smooth, let us denote for each se[0, b] the curve å: t > A(t),O St Ss, by 45, 
that is, A*: t > A*(t) = A(t). In the proof of Theorem 4.8 it was shown that 
there exists a polygonal line y, such that y, = 4*. Since y, is a piecewise 
smooth curve in 2 connecting cy and 4*(s) = A(s), Fo(z) is analytically 
continuable along y, and the result of the analytic continuation is given by 


F(z, s) = | f (z) dz + Fs, (2) 
Ys 


by (4.23). By Theorem 4.3, F (z, s) is uniquely determined by the homotopy 
class [y, ] = [45] of y, in Q. Hence, for a given curve å, F(z, s) is uniquely 
determined by s and independent of the choice of the polygonal line y,. 
Obviously, F(z, 0) = F(z). In order to prove that { F(z, s):0 € s € bj is the 
analytic continuation of F(z) along / we pick an e > 0 such that 
|A(t) — A(s)| « p if |t —s| <€, 
where p was defined following (4.24). Let u be the segment connecting A(s) 
and A(u) for ue(s, s-- ce) and put y, = y,*p. Since y, = A? in Q and the 
segment u and the curve A¥: t > A(t), s St S u, are both in U(A(s)) c Q, 
we have 
TP in Q, 
hence y, ~ A" by Theorem 4.6(1). Therefore, the power series F(z, u) 
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Fig. 4.17 


obtained by analytic continuation of F,(z) along y, = y,* u can be obtained 
by analytic continuation of F(z,s) along the segment pu. Since F(z,s) is 
holomorphic on the disk U (A(s)), F(z, u) is the power series expansion of 
F(z, s) about A(u) Therefore F(z, u) = F(z, s) on U(A(u)) ^ U(A(s)) and 
{F(z, s): O < s < b} is the analytic continuation of Fo(z) along y. The result 
of the analytic continuation can be represented as 


F(z, b) = | f (z)dz f f (z) dz, zeU (A(b)), 
y» A(b) 


where y, = A is a piecewise smooth curve (actually a polygonal line). Since 
the terminal point of y, is A(b) we can piece together y, and the segment 
joining A(b) with z. Calling this curve y we have 


F (z, b) = f f(z)dz. 


Hence F (2) = f f (z) dz is freely analytically continuable and complete in Q. 
By (4.25) 


- | f(z)dz = f(z). (4.26) 
Z y 


In general, F (z) is a multivalued function and its value at z depends on z and 
on the curve y connecting co and z. However, if y, is another curve 
connecting cy and z in Q such that y, > y in Q, then, by Theorem 4.3, 


f f(z)dz = j f (z) dz. (4.27) 
Yı y 


Since for each curve y there exists a smooth curve y, such that y ~ y,, we 
may assume from the start that the path of integration y is smooth. By 
(4.25), the branch F;, (z) of the analytic function F (z) = f? f (z)dz at ceQ is 
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given by 
F..x (2) - | feds Foo k= 1,2,3,..., (4.28) 
Yk 


where y, is a piecewise smooth curve in Q connecting cy and c and F.(z)isa 
power series with center c such that F,(c) = 0. Putting f = y, yj, B is a 
closed curve with base point c and we have 


| eae = [roa | f (z) dz. 
B | Yj Yk 

Hence . 
Fe (2) — Fea (2) = | f (z) dz, | (4.29) 


that is, the difference between two different branches of F (z) at a point ceQ 
is constant. | 

If Q is simply connected, then F(z) is a single-valued holomorphic 
function on Q by Theorem 4.7. In this case we write F (z) = Sc, f (z) dz. If Q 
is not simply connected, then the branch of F (z) over a simply connected 
subregion D of Q is given by 


F p (z) = [ro^ | f (z) dz, : (4.30) 
c Yk 


where c is a point in D and y, a curve in Q connecting co and c. 
As an example of analytic continuation by integrals we want to consider 
me logarithmic function, as discussed in Section 4.1a. Let Q = 
= C — {0}, f(z) = 1/z, co = 1, and Q bea smooth curve in C* connecting 
i and z. We define the logarithmic function by 


loge = | Z. (4.31) 
y Z 


We first prove that this definition is equivalent to the definition given in 
Section 4.la. Putting y: t > y(t), 0 < t € q, with y(0) = 1 and y(t) = =Z we 


have 
dz i y(,, 
\¢ d: y ^ 
Writing y(t) = p(t)e"? with p(t) = |y(t)| » 0 and @(t) a continuously 
differentiable, real function of t with p(0) = 1 and 0(0) 2 0, we have 
y (t) = p'(t)e'*? + p(r)e'? i0 (t), 
hence 


AGM PEL! “ar 
D = ot” (t) = di log p(t) + i6’(t) 
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and therefore 


y (t) . 
E 304 7 log p(t) + i0(1). 


Putting z = |z|e?, we conclude from p(t)e® = y(t) = |zle'? that p(t) = [zl 
and 6(t) = 0 + 2nm, n an integer. Hence | 


7d 
logz = | : = log |z| + i0 + 2nzi, n an integer, 
y 


which is just (4.1). 
Defining logz by (4.31) we get at once from (4.26) 
d logz — 
dz 5^7. 
Since d (ze ~'°8?)/dz = 0 we have ze- 987 = 1 -e-le8! = 1, that is, w = logz 
is the inverse function of z — e". 
For an arbitrary z = |z|e'?^ #0, —1 «0 € n, log|z| 4 i is called the 
principal value of log z and denoted by Log z. The power series expansion of 
1/z about 1 is 


1 
m ee 1 n — 1 n 
z 14 = È CDE- 1) 
and the radius of convergence of this power series equals 1. Hence 
zd o (—1 n-1 
SAT y CU gy, lz—-1i|«t. 
1 Z n=1 n 
Therefore, the branches of a at ‘the point 1 are given by 
logz = 2kzi- Y C — n CD e-i, k = 0, +1, +2, +3,.... 
n=1 
If D = {z: z = |z|e® #0, —n < 0 « n] is the region obtained from C* by 
deleting the negative real axis, D is a simply connected subregion of C * and 
the branches of log over D are given by 


logz = Logz + 2kzi, k=0, +1, +2, +3,.... 


Example 4.4. We want to determine 


+o ya 1 
| dx, 0<a<l, 
o x+1 


using a (multivalued) analytic function. 
Put D = {z: z = |z|e®, € < |z| < R, 0 < 6 < 2n}, where0O ce«1 « R. 
Consider, over the simply connected region D, the branch log|z|+ i6, 
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Fig. 4.18 


0 « 0 < 2n, of logz. Then 
a-1 


Z a-i _ o 
fe-- Z exp[ (a — 1)logz], 


is a single-valued holomorphic function on D — ( — 1). The boundary of D is 
given by [e R] UC, UC, where C, and C, are circles with center 0 and 
radius e and R, respectively. The function f (z) can be extended continuously 
to this boundary, but assumes two different values f(x + i0) and f(x — iO) at 
. each x e[e, RT: 


a-1 
f(x+i0) = lim f(x +id) =~—, 
ô> +0 x+1 
x°! exp[ (a — 1)2zi] 


f(x—i0)= lim f(x — iô) = xl 


By dividing the closed region [D] suitably into a number of cells, we see that 
the residue theorem (Theorem 2.5) takes the following form: 


J're + i0) dx +| f (z)dz -['re — i0) dx -| f (z) dz 
€ Cg € C, 
= 2ni Res, - _, [f (z)]. 
By (2.63) 
Res, - -1[/(2)] = exp[ (a — 1)ni] = —e™, 
further 


R R ya-1 
| [f (x + i0) — f (x —i0)] dx = (1 -e | dx. 
€ Xl 


From 
RU 2nR* 
{TR RI 


1 


0, R> +0, 


« 


[you 
Cg 


[roa 
C, 


g^" 


NE? 
< 2ne = 77 7 0,e > +0, 


l—é 
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we conclude 


2axi * o x* ^! Eu 
(1 — e“) dx = —2nie™. 
0 


x41 
Hence 
+o .a-1 
| x dx = —, O<a<l. 
o xtil sin ax : 
4.4 Cauchy's Theorem (continued) 


Let f (2) be a holomorphic function of z defined on the region Q, let 
U (co) be a disk with center co contained in Q and put Fo(z) = fe, f (z) dz for 
zeU (co). If, for arbitrary zeQ, y is a piecewise smooth curve in Q 
connecting co and z, then F (z) = f , f (z) dz can be considered as the analytic 
continuation of F,(z) along y by Theorem 4.11. We want to consider 
Cauchy's Theorem against this background. 
Let y be a closed curve with base point cy in Q. The result F(z) of the 
analytic continuation of Fo(z) along y is a power series with center co and 


[rev = F, (co). 


If y ~ O in Q, then F,(z)and Fo(z) coincide by the corollary to Theorem 4.3, 
hence F,(co) = Fo(Co) = 0. Therefore we have 


Theorem 4.12. Let f(z) be a holomorphic function on Q and let y be a 
piecewise smooth closed curve in Q. If y.~ 0 in Q, then 


[roaz = 0. 


This theorem is called the homotopy variant of Cauchy’s Theorem. If Q is 
simply connected, then each closed curve is homotopic with 0 in Q, hence 
f ,J (z)dz = 0 for each piecewise smooth closed curve. This is also clear from 
Theorem 4.7. 

Next we want to introduce the concept. of homology. If y 
—1'y2'^7^c* y, is the curve obtained by piecing together the piecewise 
smooth curves y1, y5, ... , Ym in the given order, then we have, for each 
continuous function f(z) defined on Q, 


| fea - fed | roa ett «| f (z) dz. 
y Yı Y2 Ym 


The right-hand side of this equality is independent of the order of the curves 
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Yis 72; ---, Yms hence y = yit yos Ym, as a path of integration, can be 
written as 
y-—YtYart +++ + Ym: (4.32) 
(Compare Section 2.1a). 
Extending this a bit further, let us consider linear combinations 


y = Y Ry yy = NY, T Ü5yo + ccc FNmYms n, an integer, (4.33) 
k=1 | 


of a finite number of curves y,, Y2, . - - , Ym with integer coefficients. Such 
a linear combination y is called a one-dimensional chain or a 1-chain for | 
short. Since (4.33) is a generalization of (4.32), we identify the curve 


Yayat y, With the 1-chain y, +y +... y: 

Y1772 "c^ Ym — Ys t Yat ccc oe (4.34) 
Further, we define for an arbitrary curve y | 

y=- | (4.35) 
and finally we denote the curve 6: t — ó(t) = c, where c is a fixed point by 0: 

5=0. (4.36) 


It is easily verified that the collection of 1-chains in Q can be made into a 
group, the one-dimensional chain group of Q, denoted by C, (Q). 

Similarly, a linear combination of points c4, C2, .. . , c, EQ with integer 
coefficients 


m 
Y HC, = 4C, T n5c5-4- oe T Uu Ca 
k=1 


is called a 0-chain in Q. The collection of all 0-chains can be made into a 
group, called the zero-dimensional chain group and denoted by Co(Q). 
If y isa curve with initial point cg and terminal point c, , then the 0-chain 
c, — cg is called the boundary of y. The boundary of y is denoted by Oy: 
Oy = €, — Co. 


If y = Y. x= 1 "xY iS an arbitrary 1-chain, its boundary is defined by 


Oy = Y n, Óy,. (4.37) 

k=1 
We have to prove that this definition i is consistent with (4.34), (4.35) and 
(4.36). For y = y,*y2°-- °° Ym let co be the initial point of y, (and y), let c, be 


the terminal point of y, (and the initial point of y,, ,) and let c,, be the 
terminal point of Ym (and y). Then 


» Oy, = » (ck — €,-1) = Cm — Co = OY. 
k=1 
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If y is an arbitrary curve with initial point co and terminal point c, , then y ^! 
has cg as its terminal point and c, as its initial point, hence 


0y —cg9—c, = —Óy. 
For the curve ó of (4.36) we obviously have 0ó — 0. The map 

0: y > Oy | 
from the chain group C,(Q) into the chain group C,(Q) is a homo- 
morphism. | 

A 1-chain y € C, (Q) satisfying oy = Oiscalled a /-cyclein Q. If y isa curve, 

we have Oy = c, — co, where c, is the initial point and c, the terminal point 
of y, hence dy = 0 if and only if cy = c,, that is, if and only if y is a closed 
curve. 


Theorem 4.13. An arbitrary i-cycle in Q can be written as a linear 
combination of a finite number of closed curves y, in Q with integer 
coefficients: 


= » Nek: 
k=1 
Proof: If, for some k, ny = 0, then ney, = 0; if n, < 0, then hy, = — nyyk i 
= |n,|y, !, hence we may assume that 
y = Y "yy, n, > 0. (4.38) 
k=1 


We will prove the theorem by induction on the sum of coefficients n 
= Dr 21". 

(1) If n = 1, then y = y, and dy = 0, hence y is a closed curve. 

(2) Let us assume that the theorem holds for all n with n € v — 1. We 
will prove the truth of the theorem for n = v. If ôy, = 0, then y, is a closed 
curve and 


»y-ny- Y Li 34 
k=2 


isa 1-cycle. Since È; _ ,n, = v—n, S v—1,y—n,y, isa linear combination 
of a finite number of closed curves in Q. Therefore, y is a linear combination 
of a finite number of closed curves in Q by the induction hypothesis. 

If dy, = c, — co # 0, we conclude from Y. , n,Oy, = O that for at least 
one of the curves Y2, Y3, ... , Ym, SAY Y2, we have Oy, = Co — C2, C2 Æ Co. 
Putting yo = y;*y, we have 


Y = Yo + (my — 1)y, + (n2 — 1)y2 +N3Y3 + +--+ t ny 
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Co 
Fig. 4.19 


and the sum of the coefficients on the right equals v — 1. Hence y is a linear 
combination of a finite number of closed curves in Q with integer 
coefficients by the induction hypothesis. 


The above representation of a 1-cycle in Q as a linear combination of 
closed curves in 2 is not unique. 


Definition 4.5. If the l-cycle y in Q can be represented as a linear 
combination 


y= Y nye yy = 0, n, integers, | (4.39) 
k-1 


of closed curves y,, homotopic to 0, then y is said to be homologous to 0 in Q, 
written y ^ 0. Two 1-cycles B and y in Q are called homologous in Q 
if B —y ~ O0 in Q, written f ~ y. 


.Ify- ».- ; % Y, is a 1-chain such that all curves y, are piecewise smooth, 
then y is called piecewise smooth. Now let y — $r- , 7; be a piecewise 
smooth 1-chain and define the integral of the function f (z) (continuous on 
Q) along y by 


[reus = = ) n | res y= Y ny. (4.40) 
y k=1 
This definition is consistent with (4.34), (4.35), and (4.36), that is, if 
y = yi ytte Ym» Where all y, are piecewise smooth curves, then 
| f()dz- Y | f(z)dz | |. (441) 
y k - 1 Jy, 


and if y is a piecewise smooth curve, then 


| f(z)dz = — | f (z) dz (4.42) 
| y! od? | 
while obviously ,f (z) dz = 0. 
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Theorem 4.14 (Cauchy's Theorem). Let f(z) be a holomorphic function 
defined on the region Q and let y be a piecewise smooth 1-cycle in Q. 
If y ~ 0 in Q, then 


[re = 0. 


Proof. Since y ~ 0, y can be written as y = 1. , n,y,, Where y, is a closed 
curve such that y, = 0inQ,k = 1,..., q. Since y is piecewise smooth, y can 
also be represented as y — Y, .,m,A,, where A, is a smooth curve, 
h=1,..., p. Omitting one-point curves from the outset the meaning of 
the equality 


p q 
Y. m,A, = Y Toy 


h=1 k=1 


is that Y; ., m,4, and Y; . , my, can be transformed into the same 1-cycle 
È; - 1 LB; by using (4.34) and (4.35). To prove this in detail, first write y, and 
A, suitably as: y, = Yk, Yk, Yk, and 4, = Åh, Aht Àn» © = ofk) 
and t = t(h), and let B,, 82, . . . , B; represent all different curves among the 
curves Yk, An 3 Y = 1,2,..., o0(k) w=1,2,..., 1(h, k = 1, 2,...,qand 
h=1,2,..., p. If there is a pair fj, f; such that f; = f; +, then we omit 
either f; or B; from the sequence £4, ß2, . . . , Bj, .... We write the resulting 
sequence as fi, B2,..., Bjs - - - » By. Each curve y,, A, equals either B; or 
B; * for some j, hence y, and 4, are linear combinations with integer 
coefficients of B,, B2,..-., Ba- Hence, 9, .,m,4, and Y, .,n,y, can be 
written as linear combinations with integer coefficients of f,, B2,..., Bo 
and both expressions are identical. 
If all closed curves y, are piecewise smooth then 


| rey - y m | fd: 
y k=1 Ve 


by (4.41) and (4.42) and the theorem is a direct consequence of 
Theorem 4.12. 

If not all y, are piecewise smooth, it suffices to show that there exist 
piecewise smooth, closed curves y, such that ),~y, in Q and y 
= ). = 474.4. Since not all y, are piecewise smooth, there are curves among 
the $, which are not piecewise smooth. As in the proof of Theorem 4.8, for 
each curve £$ in Q, there exists a polygonal line which is homotopic to B in Q. 
Let B j denote a polygonal line such that f; ~ Bin Q if pj is not piecewise 
smooth and put ĝ j = B; if f; is piecewise smooth. We put 7, = B Püüfy. 
= BF" and i, = fk, 3,7: Ya,» and similarly An, = Bg if 4, = p? 
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Since A, is a smooth curve, the Àn, are smooth too, hence Ân, = Àn, and 
Àn = A,. Therefore 


p q . 
Y= Y m,À, = Y Nk Yk- 


h=1 k=1 
Since y, = Yk Yk Yk, is a closed curve in Q and }, = y, in Q, 
Me = Îr Pk fk, is a closed curve in Q, and },~y,~0 
by Theorem 4.6(1). 


Cauchy’s Theorem as stated in Theorem 2.2 can be considered as a specia! 
case of Theorem 4.14. This can be seen by rewriting the proof of Theorem 
2.2 using homotopy. Remember that [D], occurring in Theorem 2.2, was a 
bounded closed region, the boundary, C, of which consisted of a finite 
number of mutually disjoint piecewise smooth Jordan curves and that f (z) 
was a holomorphic function defined on a region Q > [D]. Denoting the 
cellular decomposition of [D], as obtained in the proof of Theorem 2.1, by 
UK) 4-1, 2,..., u}, we have 0L ,(K) 2 Y,C,, or ôr, (K) C, 
*-$.C5. C;, = —C,, and 


A=1 A 


(cf. Section 2.3a). 

The boundary ôT, (K) of each cell is a piecewise smooth Jordan curve and 
OL; (K) ~ 0 in Q. Hence the 1-cycle C is homologous to 0 in Q and so 
fcf (z)dz = 0 by Theorem 4.14. 

If f (z) is a holomorphic function defined on the region Q, c, a fixed point 
in Q and y a curve in Q connecting co and an arbitrary point z EQ, then 
F (z) = |" f (z)dz is the analytic continuation along y of the power series 
F(z) = į A f (z) dz about co, z € U (co), by Theorem 4.11. This result can be 
extended to multivalued functions f(z) as discussed below. 

Let f (z) be a freely continuable, complete analytic function on the region 
Qand let f. , (z) represent the branches off (z)atc eQ, k = 1, 2, 3, .. . . Each 
branch f. ,(z) is holomorphic on the greatest disk U(c) with center c and 
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contained in ©. In order to define the integral 
b 
|/ (z)dz — | SQM) dt, 
y a 


where y: t > y(t), a St € b, is a piecewise smooth curve in Q, we have to 
determine which of the values f, x (y(t)), k = 1, 2, 3, . . . , assumed by f (z) 
at y(t) we want to consider. For this purpose, select a branch f,,, , (z) at the 
initial point y(a) of y and let f= (f(z, t; a St <b} be the analytic 
continuation along y of f,,, , (z). All f (z, t) are branches of f(z) at y(t) and 
holomorphic on the disks U(y(t)). Pick € > 0 such that 


y (t) e U (y(s)) if |t —s| < c. (4.43) 


Then, if |t —s| < e we have f(z, t) —- f(z, s) on U(y(t)) ^ U (y(s)), hence 
f (y(t), t) = f (t), s) and f (y(t), t) is a continuous function of t. Therefore, we 
define 


b 
fs (z)dz = | f Ot), 0) (0) dt. 


The value of this integral of course depends on the choice of the branch 
f (z, a) = fxa,k (Z) at the initial point y(a) of y. 

Now let y: t— y(t), OS t t, be a piecewise smooth curve in Q 
connecting cg with an arbitrary point ze Q and consider. the integral | 


F()- | fdz = | for (y (dt 


where { f(z, t):0 < t € 1] is the analytic continuation along y of the branch 
f(z, 0) = fe,,k (z) of f (z) at co. Put 


F(z) = j fe, k (Z) dz, z EU (co). (4.44) 


Theorem 4.15. F(z) = f, f (z)dz is the analytic continuation along y of 
F(z). 


Proof: We put, just as in the proof of Theorem 4.11, 


F (z, t) = | f Qt), y (t) dt + | j J (z, t)dz, zeU(y(t)). 
0 y(t 


It suffices to show that {F (z, t): 0 < t < t} is the analytic continuation 
along y of Fo(z). To do this, it is sufficient to show that F(z, t) = F (z, s) 
on U(y(t)) ^ U (y(s)) if OS t—s < e, where e is determined as in (4.43). 


4.4 Cauchy’s Theorem (continued) 197 


If 0S t—s-«e, then zeU(y(t)) ^ U(y(s)) implies f(z, t) 2 f(z, s) and 
S Su St implies f(y(u) u) = f (y(u), s. Hence we have for an arbitrary 
zeU(y(t)) ^ U(y(s)) 


F (z, t) = [sf (y(u), u)y'(u) du + fs (y(u), u)y"(u)du + l f (z, t)dz 


y(t) 


= | fo u)y (u) du + | fou), syG)du-- | f(z, s)dz 


y(t) 


- | Soa u)y'(u)du + | f(G.sdz = F(z, s) 


The fact that F (z) is a freely continuable, complete analytic function on Q 
is proved in the same way as when f(z) is a single-valued holomorphic 
function. Since the homotopy variant of Cauchy’s Theorem (Theorem 4.12) 
is a direct consequence of the fact that F(z) is the analytic continuation 
along y of Fo (2), it is also valid if f (z) is a multivalued function. That is, if f (z) 
is a freely continuable, complete analytic function on Q and if y is a 
piecewise smooth curve in Q connecting c, and c,, then f, f (z) dz equals the 
value of the power series F , (z) obtained by analytic continuation along y of 
F(z) at its center c,: 


| rea: = Fi(c), 


by Theorem 4.15. 

If B is a piecewise smooth curve homotopic with y in Q, then the result 
of the analytic continuation of Fo(z) along f is the same power series 
F(z), hence 


| f(z)dz = | f (z) dz, Bm y. (4.45) 


Of course, F, (c) depends in general on the choice of the branch Sea k (2) 
appearing in Fo(z) (4.44). Equality (4.45) holds under the assumption that 
both integrands are analytic continuations along the path of integration of 
the same branch f- ,(z) at the initial point co. If c, = co, that is, if y isa 
closed curve with base point co and if y > 0 in Q, then y œ ô (ô is the one- 
point curve cg). Hence 


[reu = [soa = 0. 
y ô 


Therefore we have 
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Theorem 4.16. Letf(z) bea freely continuable, complete analytic function 
on the region Q and let y be a piecewise closed curve in Q. If y ~ 0 then 


| f (z) dz = 0. (4.46) 


However, if y is homologous to O, then (4.46) is not necessarily true. 


Example 4.5.. The function f(z) = J z/(z—2) is a holomorphic, two- 
valued function on the region Q = C — {0, 2}. Let a and f) be circles with 
base point 1 and center 2, respectively 0, then y —a:f-:a !:f lisa 
piecewise smooth closed curve with base point 1 in Q. Let us evaluate 
f, f (z) dz. Fixing a branch for ./z by /z = el9872, we have 


f (z) =f, (2). fet = E f-(22 -y: 


z—2’ z—2 


g a 


Fig. 4.20 


Writing z = |z|e?, —n < 0 € n, we have J/z = J/(Iz|)e*?"?. Let D be the 
region obtained by deleting the negative real axis R^ from C. D is simply 
connected and the branches of f(z) over D are f, (z) and f_ (z). Since f, (z) is 
holomorphic on D with the exception of the point 2, which is a pole of the 
first order, we have by the residue theorem (Theorem 2.5) 


| fea = | foto: = 2ni Res, =- ,[ f.(z)] = 2ni/2. 


For sufficiently small e, let 4 = [e, 1] be the segment connecting e and 1 and 
let C, be the circle with center 0 and radius e, then B x 47! -C,: A in Q. By 
analytic continuation along the circle C, with initial point e, f, (z) becomes 
f- (z), hence, by (4.45) 


[ro [rena | fed | fax 
B 1 C, E 
-2f v* ax+| f (z) dz. 

€ C, 


x—2 
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B 
© ' 


Fig. 4.21 


Letting £ tend to 0 from the right, we have 


fn i8/2 
| f(z)dz = vee cie? d0 — 0, € — +0, 
C, 0 — | 


2 
hence 


[reus -2[ V ay 
p 0 


x—2 


Since by analytic continuation along a B, f, (z) becomes f. (z), we have 
| fled: = - [r- o = |. (z)dz = 2ni 2. 

Since at the initial point of B ,, f 2 = f_(z) also, we have 
| Jod: = f axs | feds | f. 9d, 


hence — 


| f (z)dz -2f Vx dx. 
p 0 


x—2 


Therefore 


jro« - (L| | «| ) fleas = ni 2 
y a B a^! p 


Since y 2a:f-a !-B ^! a4 f—a—f-—0 by (434) and (4.35), ob- 
viously y ~ Oin Q. Since ff (z) dz # 0, we conclude from Theorem 4.16 that 
y is not homotopic with 0. 


In general, if y is a closed curve in a region Q, then y ~ 0 in Q implies 
y ~ 0, but the converse is not necessarily true, as shown by the above 
example. 
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Riemann’s Mapping Theorem 


5.1 Riemann's Mapping Theorem 

We gave in Section 3.3c some examples of conformal mappings 
f:z ^w = f(z) mapping a region D “of simple shape" in the z-plane into 
the unit disk in the w-plane. Given an arbitrary region D, in general it will be 
impossible to find a conformal mapping f which maps D onto the unit disk 
U by the composition of suitably chosen known functions. However, we 
have the following theorem concerning the existence of conformal map- 
pings which map D onto U. 


Riemann's Mapping Theorem. Let D bea region in the complex plane C, Zo 
a point in D, and U = {w:|w| « 1} the unit disk in the w-plane. If D is simply 
connected and D # C, then there exists exactly one conformal mapping 
f:z ^w = f(z) from D onto U that satisfies f(z.) = 0 and f’ (zo) > 0. 


Obviously for a conformal mapping f between D and U to exist, it is 
necessary that D be simply connected and D # C. Since, by Liouville's 
Theorem (Theorem 1.24), a function that is holomorphic and bounded on 
C isa constant, there cannot exist a conformal mapping from C onto U. Ifa 
conformal mapping f from D onto U exists, then f is a one-to-one 
continuous mapping from D onto U and its inverse mapping f ^! is 
continuous. Therefore, D has to be simply connected by the simple 
connectedness of U and the definition of simple connectedness (Definition 
4.4). This section is devoted to proving Riemann's Theorem. We first give an 
outline of the proof. 

(a) We first show that there exists at least one conformal mapping 
f: z —^wuw — f(z) from D onto a subregion of U such that f (zo) = 0 and 
f (zog) > 0. By Theorem 3.5, this is equivalent to saying that there exists 
at least one univalent, holomorphic function defined on D satisfying 
|f (z)| < 1 for all zeD. 

(b) Let F denote the collection of all univalent, holomorphic functions 
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f(z) defined on D and satisfying |f (z)| < 1 for all zeD, f(zo9) — 0 and 
f (zo) > 0. By (a), F is nonempty. 

If a conformal mapping f:z — w = f(z) from D onto U that satisfies 
f (zo) = 0 and f'(zg) > 0 exists, then of course f(z) belongs to F. Now, 
picking an arbitrary g(z)e F, we put 

$—g9«f !':woó(w)-g(f '(w). 

By Theorem 34, $ is a conformal mapping from U = f (D) onto g(D) c U, 
that is, $(w) is holomorphic for |w| < 1 and satisfies |@(w)| < 1, and 
obviously $(0) = 0. By Schwarz's Lemma, we have | $(0)| € 1 and the case 
|9'(0)) = 1 occurs only if $(z) 2 cz for some c with |c|= 1. Since 


$ (z)) = g(z), we have 
$' (0) (zo) = 9'(zo). 


and, by our assumption, f '(zo) > Oand g'(zo) > 0. Therefore, g'(zo) S f (zo) 
and g'(zo) =f’ (Zo) if and only if g(z) = f (z) identically. Let s be defined by 
s= sup g'(zo). 
g(z)e.* 

If a conformal mapping f: z > w = f (z) from D onto U exists, then f (z) e F 
and f'(z9) S s. We prove that there exists a function f(z)e 7 satisfying 
f'(zo) = s. To this end, we show that if ( f,(z)} is an arbitrary sequence of 
functions f,(z) e F with lim, .. f, (zo) = s, then there exists a subsequence 
( fa, C) n,«n,«--: «n,«---: that is uniformly convergent on all 
compact subsets of D. By Theorem 1.19, the limit function f(z) 
= lim, o In, (Z) is holomorphic on D and f'(z) = lim; f n,(Z). Hence, 
f (zo) = 0 and f"(z)) = s > 0. 

(c) We show that this limit function f(z) is univalent on D and hence a 
holomorphic function belonging to F. 

(d) Finally, we prove that the range of this function f(z) is U, that is, 
f:z ^w = f(z) is a conformal mapping, from D onto U. 


(a) Since D $C by assumption, there is a point c in C such that o¢D. 
Putting Q = C — (ej, h(z) = J (z — e) is a freely analytically continuable 
and complete two-valued analytic function on Q. Hence, as explained in 
Section 4.2, h(z) has two branches hp ,(z) and hp (z) on the simply 
connected subregion D of Q. Putting h(z)=hp,(z) we have 
hp »(z) = —h(z), where h(z) is a holomorphic function defined on D, 
satisfying 
h(zy = z =o. 


The function A(z) is univalent on D: if h(z,) = h(z2), then z, = o + h(z,) 
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= ø + h(z;j = z2. The ranges h(D) and — h(D) = {—h(z): ze D} of h(z), 
respectively — h(z) have no common points. (If h(z,) = —h(z2), then 
Zz, = 0 h(z, =a+h(z,)? = z,, hence 2h(z,) = h(z,) — h(z,) = 0, that 
IS, Z, = 6, contradicting the assumption o ¢ D.) 

Since 


h'(z9) = IV (zo —0)*0 
we conclude from Theorem 3.2 that — h(D) contains a sufficiently small 
neighborhood U,(—h(zg)) &» 0. Therefore, h(D) ^ U,(—h(z9)) = Ø. 
Hence, if ze D, then |h(z) + h(zo)| > £. Therefore, putting 

g(z) = &/(h(z) + h(zo)). 
the function g(z) is also a univalent, holomorphic function defined on D 
satisfying |g(z)| < 1 for all z, that is, g: z + w = g(z)isaconformal mapping 
from D onto a subregion of U, but g(zo) # 0. Putting « = g(zg), we consider 
the mapping 
$: w> p(w) = el 41—, 
] — 4w 
from the unit disk U onto itself (Theorem 3.6), and the composition, 
f = $»g,ofgand o. Clearly, f: z + w = f(z) isa conformal mapping from 
D onto a subregion of U satisfying 


f (zo) = ó(g(zo)) = O(a) = 0, 
and, since $'(w) = e? (1 — |x|?)/(1 — aw)?, 

f'(z9) = e" — |a?) ^! g'(zo). 
Since g is conformal, we have g'(zo) # 0. Taking for 0 the opposite of the 
argument of g' (zg), we arrive at f'(zg9) > 0. So we have established the 


existence of a conformal mapping f: z > w = f (z) from D onto a subregion 
of U satisfying f (zo) = 0 and f'(z;) > 0. 


0 a real number, 


(b) A sequence of functions { f,(z)} defined on D is called uniformly bounded 
on D if there exists a constant M such that | f,(z)| < M for all zeD. 


Theorem 5.1 (Montel's Theorem). If the sequence { f,(z)} of holomorphic 
functions defined on the region D is uniformly bounded on D, then there 
exists a subsequence | f, (z)} that converges uniformly on each compact 
subset of D. 


Proof. (1) Let Q(i) denote the set of all complex numbers of the form r + is, 
where r and s are rational numbers and let the countable set D ^ Q(i) be 


5.1 Riemann's Mapping Theorem 203 


represented by 


DoQ(i) = (61,023,035, ..., C5 -..]- 
D ^ Q(i) is everywhere dense in D. We first prove that it is possible to select a 
subsequence {fn (z)) of { f,(z)} such that { f,,(c,)} converges for all points 
c,. For this purpose, we let 


(ng) « = {njis Nj2s < < -s ss -3 < 
represent monotonic increasing sequences of natural numbers, that is, 
n; < Nj < +++ <Mjm< +++. The sequence {nj,}< is a subsequence 


of {nım} < if and only if the set of natural numbers {n;m} is a subset of {nym }, 
so we denote the fact that {n;m} < is a subsequence of {nim} < by (maj < 
D {Nim} <. 

Obviously, 


{Nim} < > {Njm} < implies nj, S Njm- (5.1) 


For the sake of legibility, we put f (z, n) = f,(z). Substituting z = c, in the 
function sequence (/(z, n)), we obtain the bounded number sequence 
(f (c, n)), which has a convergent subsequence ( f (c1, Nnim)}, (ni; < i2 
«...«nga«...) Substituting z = c3 in {f (Z, n,)] we obtain the 
bounded sequence { f(c2, n,,)], which has a convergent subsequence 
Uf (c2, n24)), where {nim} « > (12,4) <. Continuing this way, we arrive at a 
sequence of subsequences of a sequence of natural numbers 


inis] « > {Nam} < > in) 2: D {Nim} < 2 


such that for each k, the number sequence (/f(c,,n,,)) converges. 
Now we put 


n; = nj. 
Then we have by (5.1) 

Nk = Ngek < Mgj A Nj = Nj if k <j, 
hence (n;) = (n,, N2, N3, . . . , Nj, . . . } isa monotone increasing sequence 
of natural numbers. Since k <j implies n; = n;jE {njim} > {nım}, the 
sequence (n,, 1,44, Nk+2, -+> hj, ... } is a subsequence of {n,,,} <. Since 


the sequence (f(c,, Mm)} converges, so does the sequence (/f(c, n;)j. 
Therefore, the function sequence ( In, (z)} = {f(z, n;)} converges at all 
points cą, k = 1, 2,3,..... 

(2) By assumption, the f,(z) are holomorphic on the region D and for all 
zeD we have 


lA (2) <M, Maconstant. 
For ce D, let p > 0 be such that U;, (c) c D, where U ;,(c) is the disk with 
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center c and radius 3p. Then 
M 
lalz) — fc) <7 lz-el if |z—c| < p. (5.2) 
For, if C is a circle with center c and radius 2p, we have by Cauchy's Theorem 
1 1 
Saz) —f,(c) = xil (— — ~~) 00 dt. 


For ¢eC we have 


z | 1 Iz—c| Iz —c| 
=z bé-e| |f—z]|C—c| ~ p:2 


while | f,(0)| < M, hence 


1 1 lz— c 
TO 


(3) We prove that the subsequence { "n of { f,(z)}, which converges at 
all points c, of D ^ Q(i), converges uniformly on all compact subsets K c D. 
Let r denote the distance between K and C — D. Since K is compact we have 
r 7 0. We have to prove that for arbitrary e > 0 there exists a natural 
number jo (e) such that if ze K, 


| Sng (Z) — fa (2)] < € if h > j > j,(e). 
Put p = r/4 and select 6 > Osuch that Mô < ep/3 and 6 < p. Since for each 
z € K there exists a point c, € D ^ Q(i) such that |c, — z| < ô, K is covered by 


the disks U;(c,), k = 1,2, 3, .. . . Since K is compact, K is already covered 
by a finite number of the disks U,(c,). Hence we have 


K c U U5(c,), Us(c,) ^ K 4 @ 


for some m (possibly after rearranging the point sequence {c,}). 
Since the number sequence {f,,(c,)} converges for all points c,, 

k —1,2,...,m, we have for a sufficiently large jo (c): 

if h >j > jo(é) then [Sn (Cx) — fas (ci)] « &/3, k= l, 2, 0, M. 
An arbitrary ze K belongs to at least one of the U;(c,), k —1,2,...,m. 
Suppose z € U,(c,), then |c, —z| < ô < p, hence 

Us, (cy) € Us,(z) = U,(z) c D. 
Therefore, by (5.2), 

Mó 


IAE) —SalCe)| « — izza de: E 


5.1 Riemann's Mapping Theorem 205 


and hence 


2 
M.) f « + alex) — fiel. 


We conclude that 


2 
Kj fan?) < + sca) San) < E 


for h > j > jo(é). 


Let F be the collection of all univalent, holomorphic functions on D, 
such that |f (z)| < 1 for all ze D, f (2o) = 0 and f'(z,.) > 0 for some fixed 
zo € D. By (a), F is nonempty. The set of all /'(zo) for f(z) e F is bounded. To 
see this, select p > 0 such that U,(zo) c D and put h(z) = f (zo + pz). Since 
h(z) is holomorphic for |z| « 1, |h(z)| $1 and ^(0) 2 0, we have, by 
Schwarz’s Lemma, |h’(0)| < 1 hence |f '(zo)| = |^'(0)|/p S 1/p. 

Put 


s= sup /'(zo) (5.3) 
SEF 


and select a function sequence { f,(z)}, fa(z)E F, such that lim, 4f n(Zo) 
= s. By Theorem 5.1, there exists a subsequence { f,;(z)) of {f,(z)} which 
converges uniformly on each compact subset of D. 

Defining f (z) by 


f(z) = lim Jnj(Z) 


we know, by Theorem 1.19, that f(z) is holomorphic on D, while 
f '(z) = lim; & fnj(Z). Since f,;(zo) = 0, we have f (zo) = 0 and 


f’ (Zo) = Jim f nj(Z0) = s. 


(c) We prove that this function f(z) = lim;.. o f,;(z) is univalent on D. 
Let us assume the contrary, that is, there are two points z,, z; € D such 
that z; # z, and f (z,) = f (z2). Since f'(zo) = s > 0, f (z) is not a constant. 
Hence, putting a = f (z,), we know by Theorem 3.1 and (1.60), that there 
exists an £ > O such that 
if O < |z—z,| < e then f(z) — a £0. 
Now, for sufficiently large j, f,;(z) has at least one a-point on the 
neighborhood U,(z,) of z,. We prove this now. 
Let u be the minimal value assumed by the continuous function | f(z) — a| 
on the circle C = ô [U,(2,) ] with center z, and radius e. Then 
|f(—-a|Zn20,  ifzeC, 
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hence, since the function sequence { f,,(z)} converges uniformly on the 
compact subset C of D, we have for sufficiently large j 


|f) - al 25 >0, if zeC. (5.4) 


Now, assume that f,,(z) does not possess any a-points in U,(z,), then 
1/(f,i(z) — a) is a holomorphic function of z on [U,(z,)]. Hence, by the 
maximum principle (corollary to Theorem 1.21), 1/(| f, j(Z) — a|) assumes its 
maximum on C. Therefore, by (5.4) 


1 


—— <-, if ze U,(z,), 
If) -al ~ u d 


that 1s, 
KuD-al22»20  ifzeUG). 


This contradicts lim; ~ &f,;(21) = f (21) = a. 

In a similar way it may be proved that f,;(z) has at least one a-point in 
U,(z;). We may assume that U,(z,) and U,(z;) are disjoint, hence it follows 
that f,;(z) has at least two a-points in D contradicting the fact that f(z) is 
univalent on D. Since | f (z)| = lim; ~ |f, ;(z)) S 1 for all ze D, we conclude 
from the maximum principle that | f (z)| « 1. Since, as observed above, 
f (zo) = 0 and f'(zo) = s > 0, we conclude f(z)e F. 


(d) In order to prove that the range f (D) of f (z) coincides with the unit disk 
U, we assume f (D) $ U. From this assumption we will derive the existence 
of a function g(z) e F with g'(zo) > s, which contradicts the definition, (5.3), 
of s. If f(D) & U, there is a point t e U such that t ¢f (D). Since f (zo) = 0, we 
have 0 < |t| < 1. The mapping w — (w — 1t)/(1 — tw) is a conformal map- 
ping from U onto itself mapping t onto 0; hence 

f(z)-: 

y(z) = 1-ifü (5.5) 
is a univalent holomorphic function of z defined on D and satisfying 
0 < |y (z)| < 1 for all z. J w iS a freely analytically continuable, complete, 
two-valued analytic function defined on the region C* = C — {0}. Hence, 
since D is simply connected, we have by Theorem 4.10, that J [v (z)] breaks 
into two branches h(z) and — h(z). The function h(z) is a holomorphic 
function defined on D such that 


h(z?-w(z), O<Jh(2)] <1. (5.6) 
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Therefore, since y/(z) is univalent on D, so is h(z). Observing that h(zo) # 0, 
we put 
id, h(z) m p 


———, = h(zg9) 0 = . 
1— Bh) p (Zo) arg B 


g(z) =e 


Since w — e" (w — B)/(1 — Bw) is a conformal mapping which maps U onto 
U and f onto 0, g(z) is a univalent, holomorphic function defined on D such 

that |g(z)| < 1 for all ze D and g(zo) = 0. Since h(zo) = f, we have 
h'(zo) 

1—|p\? 

Since f (Zo) = 0, we have from (5.6) and (5.5) 


2h(zo)h'(zo) = V'(zo) = (1— ITI?) f (zo) 


g'(zo) =e”: 


hence 


2181e?h'(zo) = (1—1BI*) f (zo) 
since h(zo) = B = |f|e? and —t = (zo) = h(zo? = f?. Therefore 


1+(Bl ,, 
216] f (Zo). 


Since 0 < |B| < 1, we have 1+|f|? > 2|f|, hence 


g'(zo) = 


g' (Zo) > f '(zo) = s. 
We have proved the existence of a conformal mapping f: z > w = f(z) 
mapping D onto U and satisfying f (zo) = 0 and f'(zo) > O. 
To prove the uniqueness, let g: z ^w = g(z) be another conformal 
mapping from D onto U satisfying g(zo) = 0 and g'(zo) > 0. 
The mapping 


d= gf :w-d(w)-g(f '(w) 
is a conformal mapping from U onto itself, such that $(/(z)) = g(z). 
Since g(zo) = 0, we have by the corollary to Schwarzs Lemma that 
p(w) = e*w, OER. Therefore e'f(z) = g(z). Since g'(z;o) » 0, we have 
e? f' (z9) = g'(zo) > 0, i.e., e = 1 and g(z) = f(z) identically. 
This completes the proof of Riemann’s Mapping Theorem. 


(e) If Disa region in the complex plane C, then the complement F = S — D, 
of D with respect to the Riemann sphere S = C u {00} is a closed set. F is 
called connected if it is impossible to find two nonempty, closed sets Fo and 
F, satisfying F = Fo UF, and Fon F, = Ø. 
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Definition 5.1. If the complement F = S — D of D is connected, then D is 
called a region without holes. 
Figure 5.1 shows an example of a region with holes. 


Fig. 5.1 


Theorem 5.2. (See L. Ahlfors, 1966, Chapter 4, Theorem 16.) If D c C isa 
region without holes, f (z) a function holomorphic on D, and y a piecewise 
smooth closed curve in D, then 


| rea: =Q. 


Proof: Let y be represented by y: t > y(t), a € t € b, and let |y| = (y(t): 
a St <b}. Let Q denote the connected component of the open set 
S—|y| containing oo (ie. the largest connected open subset of S — |;| 
containing oo) and Q, the open set defined by 
$—|y|2O0u0€0,, QoQ0, = Ø. 

Since |y| c D, we have F=S—DcQwUQ,. Since F is connected by 
assumption, we have F c Q (Fo =FOQ=F-Q, and Fi = FAQ, = 
F — Q are closed sets with F = Fy U F, and Fy ^ F, = Ø. Since both F and 
Q contain oo, we conclude Fy # Ø and hence F, = @.) Since the region Q 
contains a neighborhood {z: |z| > R} u {00} of 00, F = |y| UQ, = S-Qis 
a bounded subset of C and since F c Q we have I c S—F = D. Since is 
compact, the distance between I and F in C is positive. Pick a ô > 0 such 
that 20 < rand divide the complex plane into an infinite number of squares 
with side-length ó 


Qu = {x +iy: hô Sx S hô+ô, kô Sy Skb+6}, h,k=0,4+1,+2,..., 
(compare Section 2.2b). 
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Fig. 5.2 


Arrange all squares Q,, that have a nonempty intersection with T in a 
sequence: 


Q1, Q23... Qas.. Qy, Q; = Qu. Qu OI £ Ø, 


and denote the union of those squares by K 


v 


K = VY, Qi: 


Since the diameter of each square Q, equals J 26, we have K ^ F = Ø, 
hence I c K c D. The boundary 0Q, of a square Q, is a 1-cycle made up 
by the four sides. Put 0Q, =C,+C,+C3+C,4, 0Q; — C c Co t C, 
+C}, .... Then 


0Q, = Ca;-3 + Ca4-2 + Ca;- 1T Cos 


Caa-1 


Caa Qı C41-2 


Cars 


Fig. 5.3 
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Ignoring the orientation, the four sides of Q, are |C jb j244-3, 
44 — 2, 44 — 1, 44. If the side |C;| of Q, = Q,, is also a side of Q,.,-, where 
(h’, k') = (h— 1, k), (h+1,k), (h, k—1) or (h,k +1), then we write C; as 
C; if Qn, c K andas Cj if Q,,. £ K. The sides |C j| of Q, coincide with a 
side |C;| of some other square Q, = Q,,,. Taking orientations into account, 
we have C; = — Cj. The sides |C} | of Q, are not contained in any square Q, 
c K with u # A. Hence, taking the sum of all 1-cycles 0Q,, A = 1,.. . , v, all 
C; are cancelled: 


C= Y 00,- YCj. (5.7) 
-1 


Obviously, the boundary of the point set K is |C] = VJ JIC7]. If zeT, then 
z€Q,, for some square. Since Q,, c K, we have z¢|C sh hence z £|C]. 
Therefore T is contained in the interior of K: 

I c (K) 2 K -|CI. 
We will prove that for z € (K) the equality 


f(z) = = I2 


holds. The function f (z) is holomorphic on D by assumption and K c D. If 
z € (K),thenz e Q, for some square Q, c K. If z belongs to the interior of 9 à 
we have by Cauchy's Integral formula (Theorem 2.4) 


Af sO 
fe B 2ni al-z" 


and by Cauchy’s Theorem (Theorem 2.2) 
dp sO 

2ni eQ, b — 
Therefore, by (5.7) and (440) 


l 
jo- Y Lf £9, fQ 


way 27h 06-2" == co 72 


dc, z e(K) (5.8) 


df, A * À. 


di, 


that is, equality (5.8) holds if z belongs to the interior of Q,. The integral on 
the right-hand side of (5.8) is a holomorphic function of z on (K) by 
Theorem 1.17, and therefore a continuous function of z. Therefore (5.8) is 
also valid if z is a point on the boundary of the square Q,. 

Since |y| c T c (K), we obtain from (5.8) 


[res - d [def 0 c 


5.1 Riemann's Mapping Theorem 211 


Therefore 


l dz 
[re - 3; [souf £ 


Putting V(C) = f,(dz/((—z)) the function W(t) is a holomorphic 
function of ¢ on the region Q— {co} c C—|y| by Theorem 1.17 and 
w'(¢) = — f, (dz/(C— z)*). Since y is closed, we have by (1.30) 


o [4f1 
y'()- -| ze ; )dz = 0, 


Therefore y(¢) is constant on the region Q — {00}, while lim;.. 4 Y(¢) = 0 
We conclude that (¢) = 0 identically on Q — (oo). Hence |, f(z)dz = 0. 


Now let D c € bea region without holes, z; € D and f (z) a holomorphic 
function on D without zeros. If y is a piecewise smooth curve connecting Zo 
with an arbitrary point z€ D, the value of the integral (^ (/"(z)/f (z)) dz is 
uniquely determined by z and is independent of the choice of y. For, if f is 
another curve in D connecting Zp and z, then y! f is a closed curve in D. 
Since, moreover, f '(z)/f (z) is holomorphic on D, we have, by Theorem 5.2, 


fe, [fe, f'a 


—— dz =Q. 
s f) fo^ jas f (2) 
Writing 5 (f'(z)/f (z)) dz as f. (f'(z)/f (z)) dz, the function 
"£O, 
I(z) = 
e. fo” 


is a holomorphic function defined on D. By (4.26), dl(z)/dz = f'(z)/f (2), 
hence d(e'?)/f (z))/dz = 0. Therefore #/f (z) is constant and since l(zo) = 0 
we conclude 


e? — fe . 
f (zo) 
Selecting an arbitrary value of log f(z.) we have 
exp[/!(z) + log f(zo)] = f(2), 
that is, the holomorphic function I(z) + log f (zo) is a branch over D of the 
multiple-valued analytic function log f(z). Hence 


log f(2) = E = 


In the above proof of Riemann’s Mapping Theorem we assumed D is simply 
connected only to show that J (z — c) and J [V (z) ] have two single-valued 
holomorphic branches over D each. Therefore, this assumption can be 


dz + log f (zo). (5.9) 
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replaced by the assumption that for each function f (z) that is holomorphic 
and without zeros on D, J Lf(z)] has two single-valued, holomorphic 
branches h(z) and — h(z) over D. If D c C isa region without holes, log f (2), 
as occurring in (5.9), is a single-valued, holomorphic function on D and 
exp [log f (z) ] = f(z). Hence J [ f(z) ] has two single-valued holomorphic 
branches h(z) = exp [log f(z) ]/2 and — h(z) over D. Therefore the following 
theorem holds. 


Theorem 5.3. If D&C isa region without holes and zo a point in D, then 
there exists exactly one conformal mapping f:z > w = f (z), from D onto the 
unit disk and satisfies f (z9) = 0 and f'(zọ) > 0. 


As stated above, if there exists a conformal mapping from D onto the unit 
disk U, then D is simply connected. Hence, 


Corollary. A region without holes in the complex plane is simply 
connected. 


This fact follows directly from equality (5.8) in the proof of Theorem 5.2. 
For, suppose that the complement with respect to S = Cu (oo) of the 
simply connected region E c C is the disjoint union of two nonempty 
closed sets Fy and F,,ie, SC E = Fọ U F, and Fo F, = Ø. If ooeF,, 
then F, is a bounded closed subset of C. Letting Fo, F,, and E o F, play the 
role of F, T, and D, respectively, occurring in the proof of Theorem 5.2, we 
find that there exists a 1-cycle C such that equality (5.8) holds for an 
arbitrary function that is holomorphic.on S — Fo and an arbitrary point 
ze F,. 

Putting f 2 = 1, we get 


73 "I ri (5.10) 


By Theorem 4.13 and the definition of homology (Definition 4.5) all 1-cycles 
are homologous to 0 on a simply connected region E. Therefore (5.10) 
contradicts Cauchy's Theorem (Theorem 4.14). 

Ahlfors has defined a region without holes in C as a simply connected 
region (see L. Ahlfors, 1966, Section 4.2, Definition 1). By that definition, 
Theorem 5.3 becomes Riemann's Mapping Theorem. In order to prove that 
J (z — e) and J [V (z) ] have two single-valued holomorphic branches over D 
in the proof of Riemann's Mapping Theorem we used the Monodromy 
Theorem (Theorem 4.3). Note that the Monodromy Theorem was not used 
for the proof of Theorem 5.3. 
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If the boundary C of a bounded region D c C isa connected closed set, D 
is a region without holes. 

For, suppose $- D = C u {œ} - = FoU F, for some closed sets Fo 
and F, with Fy ^ F, = (2. It suffices to prove that Fp = Ø or F, = Ø. 
Since C = [D] — Dc Fo U F, isa connected closed set, we have C c Fo or 
C c F,. Let us assume C c Fo; the case C c F; is treated similarly. Putting 
F=DvUF), F=DUCUF, =[D]v Fo is a closed set and S = FUF, 
and F ^ F, = Ø. Since S is of course a connected closed set, we conclude 


F, = Ø. 


Hence, by the above corollary, if the boundary C of a bounded region 
D c C is a connected closed set, then D is simply connected. In particular, if 
the boundary C of the closed region D is a Jordan curve, then D is simply 
connected. 


Theorem 54. If D g Cand A g Care simply connected regions and Zo e D, 
C € A, and the angle 0 are given, then there exists exactly one conformal 
mapping f: z —^0( = f(z) from D onto A that satisfies f(z.) = Ço and 
arg f'(zo) = 0. 


Proof: By Riemann's Theorem there exists one conformal mapping 

g: z = w = g(z) from D onto the unit disk U that satisfies g(z9) = 0 and 

g' (zo) > 0 and one conformal mapping h: ¢ — w = h(¢) from A onto U that 

satisfies h((g) = 0 and A'((9) > 0. Putting $(w) = ew, à: w— p(w) is a 

conformal mapping from U onto itself that satisfies (0) = 0. Hence 
f-5h'e$eg:zot—f(z) = h` (e*g(z) 

is a conformal mapping from D onto A and satisfies f (zo) = h^ ! (0) = Co: 


D-4 


| | 


U — U 
9 
Differentiating both sides of the equality h( f(z)) = eg (z) with respect to z 


and putting z = Zo yields 
h' (Co) f" (zo) = e"g' (zo). 


Therefore 


f'@o) -M'Gole*, — MfG | = T: 


that is, arg f' (zo) = 0. 
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If f: z ^ & = f(z) is a conformal mapping from D onto A and zo onto Co, 
then $ = h of og‘ isa conformal mapping from U onto U that maps 0 
onto 0. Hence, by the corollary to Schwarz's Lemma, we have $: w > $(w) 
= ew, so 0 = arg f' (zo). We conclude that there exists only one conformal 
mapping from D onto A and zo onto C, that satisfies arg f' (zo) = 0. 


Regions D and A that can be conformally mapped onto each other are 
called conformally equivalent. Conformally equivalent regions can be 
identified with each other as far as the analytic functions on these regions 
are concerned. By Theorem 5.4, all simply connected regions D & € are 
conformally equivalent. 


5.2 Correspondence of boundaries 

Let D and A be simply connected regions in C and let C and F be 
their respective boundaries. There are several results known pertaining to 
the question of what kind of correspondence between C and F is induced by 
a conformal mapping between D and A. The degree of difficulty of this 
problem depends on the restrictions imposed on C and I. In this paragraph 
we assume that both C and T are piecewise smooth Jordan curves. 

If the boundary C of a bounded region D is a piecewise smooth Jordan 
curve, then D is the interior of its closure [D] = DUC. 

To see this, let Q represent the interior of [D]; then Q is a region. Since 
[D] > Q > D, the assumption D € Q implies C ^ Q # Ø. Let y: t > y(t), 0 
<t <1 with y(0) = y(1), be a parameter representation of C such that 
y(0)eQ. There is an a, 0 <a < 1, such that y(t)eQ for 0 € t <a and 
y (a) £ Q. We divide C into two Jordan curves, C,: t > y(t), 0 € t € a, and 
C;:t y(t) a S t € 1. Since C is a piecewise smooth by assumption, there. 
exists a sufficiently small ô > 0 such that for all r, 0 < r € 6, the circle 4, 
with center a and radius r intersects C, as well as C; in exactly one point 


C2 
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^, (P), respectively A, (a) (see Section 2.1b). Since [D] = [D] and Q > D, the 
boundary [Q] — Q of Q isa subset of C and C, — {y(a)} c Q. Therefore, the 
boundary of Q is a subset of C;. Since Q is a region and 4, (f) e, the circle 
A, minus its point of intersection, A,(a), with C», is contained in Q (see 
Section 1.3a); hence U;(y(a)) — C, c Q. Therefore 


[U5(v(a))] = [U,5(y(a)) - C;] c [9]. 


Hence y(a)¢Q turns out to be in an interior point of [Q] = [D], 
contradicting the fact that Q is the interior of [D]. Therefore D = Q, i.e., D is 
the interior of [D]. 


So, if the boundary C of the bounded region D is a piecewise smooth 
Jordan curve, then D is the interior of [D], hence C = [D] — D is the 
boundary of the bounded closed region [D]. Therefore, orienting C and : 
putting C = [D], we have [D] — D = |C] (see Definition 2.2). 

A mapping f from a point set in C one-to-one onto another point set in C 
such that both f and its inverse mapping are continuous is called a 
homeomorphism. 


Theorem 5.5 (see Hurwitz, 1929, Chapter 6, Section 4). Let D and A be 
bounded regions in C and let f: z + ¢ = f(z) be a conformal mapping from D 
onto A. If the boundaries of D and A are piecewise smooth Jordan curves, 
the conformal mapping f can be extended to a homeomorphism/ from [D] 
onto [A]. The mapping f maps the boundary C = o[D] of D onto the 
boundary T = [A] of A preserving orientations: f(C) = T. 


Proof: (1) By way of preparation let us first consider what happens in the 
neighborhood of a point qe C. Let y: t > y(t), 0 € t € 1 with y(0) = y(1) be 
a parameter representation of the piecewise smooth Jordan curve C and put 
q = y(a) for some a with 0 <a < 1. Let 
À,:0 — A,(0) = q re? 

represent the circle with center q and radius r. We saw in Section 2.1b that 
for a sufficiently small ô > O all circles A, with O < r < 6 intersect the curve 
C in exactly two points 4,(x) = y (u), u > a, and A,(fi) = y(v), v < a. (We 
proved this for a point y(a) = y(a,), where the curve C is not smooth; 
obviously the same result holds also for points y (a) where C is smooth.) Of 
course, a = a(r), B = B(r), u = u(r) and v = v(r) are all functions of r. We 
will examine the properties of these functions below. 
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Fig. 5.5 


As stated earlier, |y(t) — q| is a continuously differentiable, monotone 
increasing function of t on the closed interval [a,a + x] for some x > 0 and 


d 
i I» (t) ^ 4| > 0, ly(x)—q| > à. 


The function u = u(r) is determined by the equation |y(u) — q| =r, i.e., 
t = u(r)is the inverse function of the function r = |y(t) — q|. Therefore, u(r) 
is a continuously differentiable, monotone increasing function of r on the 
closed interval (0, 6] and u’(r) > 0. The function a(r) is determined by 


q t re^ = A,(a(r)) = y(u(r)), 
hence a(r is a continuously differentiable function of r. Since 
q = y(a) = y(u(0)), we have 


lim e# = lim y'(a)u' (0). 
r> t0 r= t0 


Since ((dly(t) — 4])/dt), = +o = y'(a) by (2.16), we have w'(0) = 1/ļy'(a)l. 
Hence 


y(uw(r)—4 _ 
——- 


m geo 29 

(imos — y'a. 
This proves that «(0) = lim, +o a(r) exists and equals the argument of 
y'(a). Hence a(r) is a continuous function of r on [0, 6]. Here, y’ (a) denotes 

the right derivative D * y(a) of y(t) at t = a. 

Similarly, f (r) is a continuous function of r on the closed interval [ — ô, 0] 
and f (0) — x equals the left derivative D~ y (a). Therefore, f (0) = «(0) +z if 
C is smooth at y(a) and (0) # a(0) -- x if C is not smooth at y(a). Since 


A, D = (4,(0) a(r) < 0 < Br) (5.11) 
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we have 

U,(q) ^ D = {qtre*®:0<r<6, a(r) « 0 « B(r)}, (5.12) 
where U;(q) is the disk with center q and radius ô. Hence U,(q)^ D is a 
region and therefore a connected open set. 

(2) We want to prove that the holomorphic function f(z) is uniformly 

continuous on D, that is for each e > 0 there exists a ó(c) > 0 such that if 

Iz —w| < ó(), then | f(z) —f(w)| « e (5.13) 
on D. Let us assume that f (z) is not uniformly continuous on D and deduce 
a contradiction. Since by assumption, f(z) is not uniformly continuous on 
D, there exists an £ > 0 such that for each natural number m there are Zm 
and w, € D such that 

Iz, — Wml < 1/m, | f(Zm) — S (Wm) | Z o. 
Since D and A are bounded, {Zm }, {Wm}, {f(Zm)}, and ( f(w,,)} are bounded 
sequences. It is well-known that every bounded sequence possesses a 
convergent subsequence. Therefore, it is possible to find a sequence {m, }, 
M; <m,<-+-+<m, <---, of natural numbers such that all subsequences 
Um, 3> Um, }>{S(Zm,)}, and { f(w,, )} are convergent. Since m, 2 n we have 


1 
iz, —w„ |< — S -. 
m, m, m, n 


Hence, rewriting z,, and w,, as z,, respectively w,, we have 


lz Wal<—, ISES W) 2 8o, (5.14) 


and the sequences {z,}, {w,}, {f(2,)}, and {f(w,)} are convergent. Since 
lim „> 4 z, = lim,., 4 w, by (5.14), we put 
q = lim z, = lim w,. 


Now, qe€[D]. Suppose geD; then lim,., f (z,) = lim, f(w,) =f (q), 
contradicting (5.14). Hence qe0[D] = C. We put C, — f(z,), o, = f (Wa), 
and 
P= lim ¢, = lim f(z,), Q = lim o, = lim f(w,). 
Now Pe[A] Suppose PEA, then q =lim,.,z, = lim,.,.f~ ‘(¢,) = 
f !(P)eD since the inverse map f ^! of f maps A conformally onto D, 
contradicting q € C. We conclude that PeT and similarly Q €T. By (5.14) 
|P -Q| Z e, > 0. 
For sufficiently small p, 0 < p < &)/3, U,(P)^ ^ and U,(Q)^A are 
regions by (1). Since lim,.,, ¢, = P and lim, + o €), = Q, we have for a 
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Fig. 5.6 


sufficiently large natural number j: 
if nzj, then £4, €U, (P), o, € U,(Q). (5.15) 
If we choose ô, as defined in (1), sufficiently small, we have for this j: 
z; £ Us(q), w; €U;(q). 
Since lim „~ Z, = lim, œ Wn = q, for arbitrary e, 0 < € < 6, we have 
z,€U,(q, ^ w,eU.(q) 


where n > j is sufficiently large. 


Fig. 5.7 


Since C£, = f (z,) e U, (P) by (5.15), it is possible to connect £; and ¢,,. by a 
curve o: s o(s), Ox sS 1, in the region U,(P). The curve f ^! (o): 
sf !(c(s)) 0 S s S 1, connects z; and z, in D. Since z; ¢U,(q) and 
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z, € U, (q), the curve f ^! (c) intersects the circle J, in at least one point z(r) 
for all r with e < r < ô. Since z(r)e 4, ^ D, we have 
z()-A4(6) = alr) < o< B(r) 
by (5.11), where the angle @ depends on r. Similarly, connecting c; and c, by 
a curve t in U, (Q), the curve f ~ + (t) connects w ; and w, in D and intersects 
the circle A, in at least one point: 
w(r)= 4 (Y),  «(n«wv«pt) 
Since ¢, = f(z(r)) is a point on the curve c, we have f(z(r))e U,(P) and 
similarly, w(r) = f (w(r))e U , (Q). Since | P — Q| Z & > 3p, we have 
IFAW) F(A, (0))] = IFW) —f(z(n)l > p. 
The two cases @ < y and y < $ are treated in exactly the same way, so let us 
assume @ < y. Then 


V d V 
f(A, (Q9) —f(0.(0)) = [a f 6.0940 = |" FRO. 


Since 4,(0) = q + re'?, we have 4;(0) = ire'?, hence 
v 
p«If(4w)-f(.(0)ls Ji | f^ (4, (0))| r40. 


Writing |f’ (A, (0))| r as the product of J r and | f' (4, (0))| J r we get, by 
Schwarz’s inequality, 


p? < ( | 0, 6)irao ) = l rdü l Lf’ (A, (0))1? rd. 
$ $ $ 


Hence, since a(r) < $ < y < B(r) < a(r)+ 2n, we obtain 


B) 
p < 2r | |f" (q + re'?)?r dO. 
a(r) 


Dividing both sides of the above inequality by 27r and integrating from 
€ to 0, we arrive at the inequality 


2» log z< | | |f" (q+ re?)?r dr dé. (5.16) 


a(r) 
The integral on the right is an integral over the subregion 
W, = (U,(q) - [U,(]) n D = {q re: £ < r < ô, a(r) <0 < B (r)} 
of D representing the area of the subregion f(W,) of A. For, writing 


z = q + re? = x + iy and considering (r, 0) as polar coordinates with center q 
in the (x, y) plane, we have by the formula for the change of variables: 


ô ("fr 
N (ar ar do = | Lf" (z)|? dx dy. 


a(r) 
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Now putting f(z) = u + iv, we have | f’ (z)|? = ô (u, v)/0 (x, y) by (3.5), hence 


0 (u, v) 
'(z)? dxdy = | Z2—— dx dy = area of f(W,). 
| ro y Mr y f0w) 
Putting A — area of A we get from (5.16) 
2 
p Ó 
o log > « A 


contradicting lim,., +o log 6/e = + œ. Hence f(z) is uniformly continuous 
on D. 

(3) In order to extend a uniformly continuous function f(z) on D to a 
uniformly continuous function f(z) on [D] = DU |C], it suffices to define 
f(z) =f(z)ifz eDandf (2) = lim, f (z,) if ze C, where {z,} isa sequence of 
points z, € D converging to z. This is easily verified as follows: Select ce C 
and points z, € D such that {z,} converges to c. For each ô > 0 there exists an 
No (0) satisfying 

IZ, — Zml < ô if m > n > no (0). 
Since f (z) is uniformly continuous on D for each e > 0 we can find a ô (£) > 0 
satisfying 

If(z) —f(w)) < if |z — w| < ô (£), zeD,weD 
and therefore 

fz)—f()l«s if m> n > n (ô (e)), 


that is, the sequence {/f(z,)} converges. Put ¢ = lim,.. f(z,). If |w—cl 
< ó (e) and weD, then |w—z,| < 6(e) for sufficiently large n, since {z,} 
converges to c. Hence |f (w) —f(z,)| < £. Letting n tend to oo, we conclude 


If(w)- t| Se if Iw — c| < Ó (&), we D. (5.17) 


Hence, if {w,}, w,€ D, is a sequence converging to c, the sequence (f (w,)) 
converges to ¢, that is, ¢ = lim, ..,, f (z,) is uniquely determined by c and 
independent of the choice of the sequence {z,}. Therefore we write 

f (c) = lim f (z,), lim z, — c, z,€ D. 
In this way the function f(z) defined on D is extended to a function f(z) 
defined on [D] = Du |C|. In order to prove that f(z) is uniformly 
continuous on [D], we replace c by z in (5.17) 

f(w)—f()!ss  if|w-z|«ó() ^ weD. 


For weC such that |w — z| < ô (e) let {w,}, w,€ D, be a sequence converging 
to w. Since |w, — z| < ô (c) for sufficiently large n, we have |f (w,) —f (z)| £ e, 


5.2 Correspondence of boundaries 221 


hence |f (w) — f(z)| S £. Therefore 

Uw)-feiss — if w—z| < ôte) 
on [D], that is, f(z) is uniformly continuous on [D]. f: z>¢ =f (z) is a 
continuous mapping from [D] onto [A]. The inverse mapping f^ ! of f maps 
A conformally onto D. Therefore it is possible to extend g — f^! to a 
continuous mapping g: 6 — z = g (C) which maps [A] onto [D] in the same 
way as above. j is the inverse off: j = f~ !. (For, if ze Candif {z,}, z,e D,isa 
sequence converging to z, then 

$06) - à (rim fe) = lim g(/z)) = lim z, = z 
Similarly, if (€T, then f(g(Q) = (. Therefore f is a homeomorphism 
mapping [D] onto [A]. Since f(D) = f(D) = A, f(|C|) = |T |, that is, the 
restriction of f to |C| is a homeomorphism mapping |C| onto I. 

(4) We prove f (C) =T, that is, f preserves orientations. Let g be a 
conformal mapping which maps D onto the unit disk U and put h = fog !. 
Then h is a conformal mapping which maps U onto A and f= hog. 
Therefore it suffices to consider the case in which D is the unit disk. 
D = {z:|z| < 1). Then C = 0[D] is the unit circle. From the parameter 
representation 0 > z = 6,0 € 0 € 2n, of C, we obtain the parameter 
representation 

S(O): 0 >t =fr),  0x0s2x 
for the Jordan curve f (C). Since |/(C)| f (ICI) = II], we have /(C) =T or 
f(C) = —T (see Section 2.12). 
. Putting U, = {z: |z| < r}, C, = 0[U,], and A, = f (U,), A, is a subdomain 
of A and f(C,) is a smooth curve in A, represented by 0 — C = f (re), 
0<0<2n. f maps the radius [0,1] of C onto the Jordan curve 
à: s + A(s) -f(s,0€ssl1,in [A]. The curve A is smooth except at its end 
point 4 (1). Since fis a conformal mapping å crosses f (C,) at A (r) = f (r) from 
left to right. Hence 4 (s)e A, ifs < rand A (S) € [A,] if s > r,i.e., A, isto the left 
of f (C,). Therefore f (C,) = ô [A,], where O[A,] is defined by Definition 2.2. 
Since the boundary of the closed region [A] — A, is given by 

9([(4]—4) = I -f(C,) 
we have I —f(C,)~ 0 in an arbitrary region containing [A] — A,, for 
example, Q = C — {f (0)}, as explained in connection with Theorem 4.14 
(Cauchy's Theorem). 

In order to prove that f (C) —f (C,) ~ 0 in Q, we consider the continuous 
mapping 

M: (s, 60) ^ M (s, 0) = f (se?) 
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from the rectangle K = {(s, 0;r&ss1,0x0z2mj into [A]—A, 
Putting u (s) = M (s,0), p: s > u (s), r Ss < 1, is a curve connecting f (r) and 
f (1) in [A] — A, c Q. The mapping M maps the boundary ôK of K onto the 
closed curve with base point f (r): 

n f(): u^! SC. 
Hence, u :f/ (C) u^ ! -f(C,) ^! = 0 in Q, hence 

f(O—-f(C) ^ 0 
in Q by (4.34), (4.35), and the definition of homology (Definition 4.5). Also 
D —/(C,) ~ 0 in Q. Hence 

r—f(c)~0 
in Q. 

Now suppose f(C)- —I, then 2T ~0 in Q. Since the function 


1/(€ — f(0)) of is holomorphic on Q = € — f (0), we conclude from Cauchy's 
Theorem Had 4.14) 


2| Fo [-{O 


f) 


Fig. 5.8 


Since f(0€A, l'-0[A] we have by Cauchy's integral formula 
(Theorem 2.4) 


1[. 4 
— 2ni jJ C - f (0) 


So we have arrived at a contradiction and hence f(C) = 


Now let us assume that both D and A are simply connected bounded 
regions and that C = d[D] and I = @[A] are piecewise smooth Jordan 
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curves. Using the orientation defined on C, we have for three distinct points 
a,, a2, and a, on C either a, <a, <a, or a, <a, <a, (see Section 3.3b, 
where the case of the circle was treated). Let f: z > ( = f(z) be a conformal 
mapping which maps D onto A and let f: z + ( = f(z) be the homeomorph- 
ism of Theorem 5.5, from [D] onto [A]. 


Theorem 5.6. Given three different points a,,a,, and a, on C such that 
d, <a, <a, and three different points «,,a,, and «4 on I such that 
a, «0; «0, there exists exactly one f satisfying f(a,) = a, f (az) = a, 
and f (a3) = (4. 


Proof. Let h be a conformal mapping from A onto the unit disk U 
= {w:|w| < 1}. If g isa conformal mapping from D onto U, then f = h^! og 
is a conformal mapping from D onto A. 
D —L1— 4 
^N, /^ 
U 

Conversely, if f is a conformal mapping from D onto A,g =hof is a 
conformal mapping from D onto U. Since h (T) = -- 9[U] by Theorem 5.5, 
Ww, = h (x), where here and below k = 1, 2, 3, are three points on the unit 
circle @[U] satisfying w, <w, «ws. Since f(a,) — a, if and only if 
g (a,) = w,, it suffices to prove that there exists exactly one conformal 
mapping g: z > w = g(z) from D onto U that satisfies g(a,) = w,, that is, it 
suffices to prove the theorem for the case that A is the unit disk. Let g be a 
conformal mapping from D onto A = {€:|¢| < 1}. For an arbitrary con- 
formal mapping f from D onto A, let @ be the conformal mapping from A 
onto itself determined by f = $ ° g. By Theorem 3.6, $: ( —^ $ (C) is given by a 
linear fractional function 6$ (¢). The linear fractional transformation @ is a 
homeomorphism from the Riemann sphere S onto itself (Section 3.3a), 
hence f= $»j. Since (C) = +T by Theorem 5.5, ¢, = g(a,) are three 
points on the unit circle I, such that €¢, «6, <¢,. By the corollary to 
Theorem 3.8 there exists exactly one linear fractional transformation $ such 
that $ (¢,) = a,. Since a, <a, <a, by assumption, $ maps A onto itself by 
Section 3.3b. Hence there exists exactly one conformal mapping from D 
onto A that satisfies f (a,) = O,. 


By Theorem 3.13, the mapping 


how = h() =o 
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is a conformal mapping from the upper half-plane H * of the (-plane onto 
the unit disk U. Replacing A by H * in the first half of the above proof, all 
conformal mappings f from D onto H * can be written as f = h^ ! ° g, where 
g is a conformal mapping from D onto U. Since the linear fractional 
transformation h is a homeomorphism from the Riemann sphere onto itself, 
h^! ([U])istheclosure [H*] = H* U Ru {00} of H* inSandf = h^ ! edis 
a homeomorphism from [D] onto [H * ]. Since h (0) = —1,h (1) = —iand 
h (oo) = 1, h^ ! maps the unit circle ô [U] onto the positively oriented line 
RU (oo). Therefore f maps C = 0 [D] onto Ru (oo). If co, c,, and c,, are 
three points on C such that cy <c, <c., then f (c) = 0,f(c,) = 1, and 
flea) = œ ifand only if ĝ (co) = — 1, ĝ (c4) = — i, and ĝ (c) = 1. Therefore 
we get the following result. 


Theorem 5.7. (1) The conformal mapping f from D onto H* can be 
extended to a homeomorphism f from [D] onto [H*] = H* URU (oo) 
that C = ô [D] onto the positively oriented line R u (oo). 

(2) If co, c,, and c,, are three different points on C = 0[D] such that 
Co «C, «c,, then there exists exactly one conformal mapping 
f:z>C=f(z) from D onto H* satisfying f (co) = 0, f(c,) = 1 
and F (Co) = 00. 


5.3 The principle of reflection 

a. The principle of reflection 

For an arbitrary region D in the complex plane let D be defined by 
D = {Z ze D}. If f(z) is a holomorphic function of z on D, then f(z) is a 
holomorphic function of z on D. _ 


Proof: Expand f(z) into a power series around an arbitrary point ce D: 


o0 


f= È a,(- oy. 


n=O 


Then 
fà = Y à, (z m cy 
n=O 
is the power series expansion of f(z) around ce D. Hence fa is a 


holomorphic function of z on D. 


Let D be a region in the upper half-plane of the z-plane such that the 
open interval (a, b), of the real axis is part of the boundary of D, that is 
(a, b) c [D] — D and D ù (a, b) U Disa region in the z-plane. Similarly, let A 
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be a region in the upper half-plane of the (-plane such that the open interval 
(x, B) of the real axis is part of the boundary of A, that is (x, p) c [A] — A and 
such that A v (a, B) U Aisa region in the (-plane. If D and Aare conformally 
equivalent, the following theorem holds. 


Theorem 5.8. If it is possible to extend a conformal mapping 
f: 2 —^ 0 = f(z) from D onto A to a homeomorphism f: z > ( = f(z) from 
Du (a, b) onto AU (a, f), then it is possible to extend f to a conformal 
mapping g: z —^( = g (z) from Du (a, b)u D onto Au (x, B)UA. The 
mapping g (z) is given by 


f (2), zeD 
g (zi | f(z),  ze(ab) (5.18) 
f)  zeD. 


Since g (z) is an analytic continuation of f(z), f (z) can be extended in only one 
way. | 


Proof. Since f (Z) is a holomorphic function of z on D, f(z) is holomorphic 
on D and continuous on D u (a, b). Since f is a homeomorphism mapping 
D U (a,b) onto Au (a, f) such that f (D) = f (A), we have f ((a, b)) = (a, p), 
that is, if z € (a, b), then ( = f(z) isa real number and so f (Z) = f (2). Therefore 
the continuous functions f (Z) and f(z) coincide on (a, b). This proves that the 
function g(z) defined in (5.18) is continuous on Du (a, b)u D and 
holomorphic on D u D. In order to prove that g (z) is holomorphic on 
D o (a,b) u Dit suffices to prove that it is holomorphic on some sufficiently 
small neighborhood Ue(c) of each. point ce (a,b). Since [Us(c)] c Du 
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(a, b) o D for sufficiently small e, the function 


1 g (w) _ 
rosz | oe dw, C, = ô [U (c)] 


Z 


is holomorphic on U, (c) by Theorem 1.17. 
In order to prove that g (z) = h (z) for z € U, (c), we put V = U, (c)^ Dand 
K- U, (c) ^ D, whereby [U, (c)] is divided into two cells [V] and [V]. Since 
= 0[V]-- 0 [V], we have, for ze V or zeV, 
TEE IW) wet [ 9M | 
2ni "m 


Ww—z 2ni an W — ; 1 


Ce 


Fig. 5.10 


If ze V, then the function g (w) of w is continuous on [V ] and holomorphic 
on V, hence g(w)/(w — z) is also continuous on [ V ] and holomorphic on V. 


Hence 
| 9) iwo 
ary WTZ 


by the strong version of Cauchy's Theorem (Theorem 2.3). Since g (w) is 
continuous on [V] and holomorphic on V, we have by Cauchy's integral 
formula (2.57), 


- Oni ai w—z 


Therefore, h (z) = g (z). If ze V, then it is proved in the same way that 
h (z) = g (z). Hence, h (z) = g (z) ifz eU, (c), Im z # 0. Since h (z) and g (z) are 
continuous on U,(c), we conclude that h(z) = g (z) holds identically on 
U.(z). Hence g (z) is holomorphic on U,(c). We have proved that g (z) is a 
holomorphic function on the region D u (a, b) u D. 

That g (z) is a one-to-one mapping from D u (a, b) u Donto Au (a, B) U A 
follows from the fact that f: z ¢ = f(z) isa homeomorphism mapping 
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D o (a, b) onto A v (a, B) and the definition of g (z). Therefore, by Theorem 
3.5, g: z> C= g (z) is a conformal mapping from Du (a, b)UD onto 
A vu (a, B) ^. 


Let | be a line in the complex plane. The correspondence z > z* which 
assigns to each point z the point z*, such that z and z* are symmetric with 
respect to l, is called the reflection with respect to l. The point z* is called the 
reflection of z with respect to l. The reflection with respect to the real axis R is, 
of course, given by z — Z. A reflection with respect to an arbitrary line / can 
be reduced to a reflection with respect to R with the help of a linear 
transformation. To see this, select two different points cg and c, on [and put 


A (w) = (c, — co)w + Co. (5.19) 


Fig. 5.11 


The linear transformation 4: w — z = 4 (w) maps the points 0, 1, and oo of the 
extended plane onto the points c,,c,, and oo, respectively, and therefore the 
real axis R onto l. Hence, u ^ z = A(u), — oo < u < + œ, is a parameter 
representation of | If z=A(w), then z*=A(w). (For, putting 
w=u-+iv,u,vER, V #0, we have 
5(A(w)+A(W))=A(u), | A(w)—A(w) = 2 (c, — cgJiv. 

Hence, the segment connecting 4 (w) and 4 (w) is perpendicular to the line l 
and its midpoint å (u) is on l. Hence the linear transformation 4 trans- 
forms the reflection w —w with respect to R into the reflection z — z* 
with respect to l.) 

The above 4 is a special example of a linear transformation mapping the 
line Ru (o) of the extended complex plane onto lu(ooj. If p: 
w — z = u (w)is another linear fractional transformation mapping R u {00} 
onto lu {œ}, then z = u (w) implies z* = u (w). 

To see this, put $ = 4^ loy; then $: w —> $ (w) is a linear fractional 
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transformation mapping RU {oo} onto itself. Putting ag =~‘ (0), 
a, = $^! (1), and a, = $^! (oo), ao, a,, and a,, are real numbers and 


_ (w— ag) (a, — a) 
9 (9) = era.) (a, — ag) 


Hence $(w)- $ (w), therefore using z = u(w) 2 A($(w), we have 
H (W) = å ($ (w)) = 4 (6 (w)) = z*. 


If for example ay = œ, a, = l, and a, = 0, then $ (w) = 1/w. In this case, 
$ maps the upper half-plane onto the lower half-plane and vice versa. Now 
we want to define reflection with respect to a circle. Let C be a circle in the 
z-plane, let cy, c,, and c,, be three different points on C and put 


(co = Co) (c 7 C1) 
À (w) = (c, — e) w4- (c, — c;) TC. (5.20) 
Since 4 (0) = co, 4 (1) = c,, and 4 (o0) = c,, the linear fractional transform- 
ation 4: w — z = À (w) maps the line Ru (oo) onto C. We define the 
reflection of z — 4 (w) with respect to C as z* — 4 (w). Just as above in the 
case of reflection with respect to a line, it is proved that the reflection z 
= À (w) —> z* = A(w) with respect to C is independent of the choice of 4. 
Let c be the center of C, and R its radius. If cy < c, < c, on C, A maps the 
upper half-plane conformally onto the interior U, (c) of C (Section 3.3b). 
Putting wọ = A^! (c) we have by Theorem 3.13 


Alw) = c+ Re T , — V real. (5.21) 
0 


If c, <c < co, then A maps the lower half-plane onto U} (c). Again putting 
Wy = 4^! (c), (5.21) is valid again. Hence 
. W—W 

z—c = Re*-———9. 
where z = À (w) and z* = 4 (w). Thus 

(z—c) (z* — c) = R?. 
Therefore, writing z —c = re^, r - 0,0€R, we have z*—c = (R?/rje**. 
Hence, for z # cand z x œ, Z* is on the ray starting at c through z and its 
distance from c is given by |z* — c| = R?/|z —c|. This also shows that the 
reflection z — z* with respect to C is independent of the choice of the linear 
fractional transformation from R'u (oo) onto C. The reflections of c and oo 
with respect to C are given by c* = oo and œ* = c. Reflections with respect 
to a circle or a line are invariant under linear fractional transformations, that 
is, if C is a circle or a line in C and y a linear fractional transformation of z, 


5.3 The principle of reflection 229 


Fig. 5.12 


then v (z*) is the reflection of y (z) with respect to the circle or line v (C): 
V (z*) = v (z)*. 

To see this, let 4: w > z = å (w) bea linear fractional transformation from 
Ru {co} onto C, then y oå: w — y (A (w)) is a linear fractional transfor- 
mation from R u (oo) onto y (C). Therefore the reflection of y (z), z = A(w), 
with respect to y (C) is given by y (z)* = (y ^4) (w) = v (A (w)) = vy (z*). 


Theorem 5.9. Let C bealineoracircle in the z-plane and let c be the center 
of C in case C is a circle. 


(1) Let y», and y, be smooth curves in the z-plane intersecting at the 
point a + c and let 0 be the angle between y, and y, at a. If y*, yf, 
and a* are the reflections of y,, y,, and a, respectively, with respect 
to C, then the angle between yf and y? at a* equals — 0. 

(2) The reflection z — z* with respect to C maps circles or lines into 
circles or lines. 


Proof: 1f4:w — z = A(w)isa linear fractional transformation mapping the 
line R U (o0) onto C, then the reflection z — z* with respect to C is obtained 
from the reflection w => w with respect to R via the transformation 4. If 
z = A(w), then z* = A(w). For the reflection w — w the theorem is obviously 
true and 4 is a conformal mapping, from which the theorem follows. 


We now want to derive from Theorem 5.8 the principle of reflection. 
Let C be a circle in the z-plane with center c and radius R and let z — z* be 
the reflection with respect to C. Further, let D be a region contained in the 
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interior or the exterior of C, such that c € D and let the arc y € C be part of 
the boundary of D: y c [D] — D. If (y) represents the arc y from which the 
two end points have been removed, we further assume that D u (y) u D* is 
one region in the z-plane. Here, D* = {z*: ze D}. If z eC, then z* = z, hence 
y < [D*] — D* and each point z e (y) is an interior point of D u (y) u D* by 
assumption. Let A be a region in the upper half-plane of the ¢-plane that is 
conformally equivalent to D, let the open interval (x, f) of the real axis of the 
¢-plane be a part of the boundary of A and assume that Au (a, B)U A isa 
region in the C-plane. 


Theorem 5.10 (principle of reflection). If the conformal mapping 
f:z —^C-f(z) for D onto A can be extended to a homeomorphism f: 
z>C=f(z) mapping D u (y) onto A u (a, B), then f can be extended to a 
conformal mapping g : z —^ 6 = g(z)from Du (y) u D* onto Au (a, B) uo A* 
and g is given by 


f (z), ze D, 
g(z) =; f(Z), — zE (7), (5.22) 
f (z*), z e D*. 


Proof: Let wo be a point in the w-plane such that Im wọ > O if D is 
contained in the interior of C and Im wọ < 0 if D is contained in the exterior 
of C, and put 


Alw) = c+ Re” —~, WER. 
W — Wo 


À:w — z = A(w) is a linear fractional transformation which maps the real 
axis R u (oo) of the extended w-plane onto C and A(w,) = c and A(w,) = oo. 
A(o0) = c+ Re" isa point on C. Since y € C, we assume from the outset that 
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V has been chosen such that 4(o0)€ y. If we restrict the domain of definition 
of the inverse transformation 4^ !: z =w = 4^ !(z) to C—(4(o))], A^! 
becomes a conformal mapping from C — (4(o0)) onto € — {Wo} (Section 
3.3a). If D is contained in the interior of C, then c ¢ D by assumption, hence 
oo € D*, hence D o (y) u D* is contained in C — (4(o0)). Thus 4^! maps 
D U (y) Y D* conformally onto the region 4 ! (Du4 ^! ((y)) u A^! (D*) in 
the w-plane. If Im wọ > 0 then 4^! maps the interior of C onto the upper 
half-plane of the w-plane and the exterior of C onto the lower half-plane of 
the w-plane. If Im wọ < 0, then A^! maps the exterior of C onto the upper 
half-plane and the interior onto the lower half-plane of the w-plane. If D is 
contained in the interior of C, then Im wọ > 0 and if D is contained in the 
exterior of C, then Im wọ < 0, hence in both cases, A^ ! (D) is contained in the 
upper half-plane of the w-plane and A^ ! (D*) is contained in the lower half- 
plane of the w-plane. Further, if z = 1(w) then z* = A(w), hence w = 4A ! (z) 
implies w = 4^!(z*); therefore 4^ !(D*) = E, where E = A^ !(D). Since 
A(o0) € y, A^! ((y)) is an open interval (a, b) on the real axis of the w-plane. 
Therefore 
A (Dua (y)uaA^D*)- Ev (a, b) VE. 

Since by assumption f: z ^ ¢ = f(z) maps D conformally onto A and f can 
be extended to a homeomorphism f mapping D u (y) onto Av (a, B), fea: 
w 2 6-— f(A(w)) maps E = A"! (D)conformally onto A and can be extended 
to a homeomorphism fod which maps Ev (a,b) = A^! (Do (y)) onto 
A uU (a, B). Therefore, by Theorem 5.8, f° A can be extended to a conformal 
mapping G: w — C = G(w) from Eu (a, b) E onto Au (a, f) UA. Hence, 
the conformal mapping f can be extended to a conformal mapping 
g—-GeA :z2t-2G(A !(z)fromDu (y) u D* = A(Ev (a, b) o E) onto 
Au (a, B) u A and by (5.18): 


SAU), | weE, 
G(w) = | S(A(w)), | we(a,b) 
fw), wee. 


Putting w = A^! (z), we have z = A(w)and z* = A(w), hence g(z) = G(A~ ! (z)) 
is given by (5.22). 


We assumed C to bea circle in the z-plane, but the principle of reflection is 
also valid if C is a line. In that case, we have to assume that D is a region on 
one side of C, that y c C is a segment such that y c [D] — D. 

It is important to note that by the principle of reflection, a function f(z) 
that is continuous on (y) can be extended to a function that is holomorphic 
in each point of (7). 
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Let C bea circle or a line in the z-plane and let z > z* be the reflection with 
respect to C. Further, let D be a simply connected and bounded region in the 
z-plane, such that D ^ C = Ø and the boundary of D is a piecewise smooth 
Jordan curve and let the arc or segment, y € C, be a part of the boundary 
[D] of D, orientations considered; in other words, y c o[D]. Since 
Dn C = Qj Dis either in the interior or the exterior of C, if C is a circle, 
and on one side of C if C isa line. If f: z + € = f(z) is a conformal mapping 
from D onto the upper half-plane H * of the (-plane, then f can be extended 
to a homeomorphism f:z—(-f(z) mapping [D] onto [H+] 
= H* o Ru (oo). We assume f~ !(oo)£ (y). Since f maps [D] onto the 
positively oriented line RU {co}, f((y)) is an open segment on R, say, 
f((0)) = (x B, -© Sa «BS +o. Since y SC, (x, B) &R. Applying 
Theorem 5.10 to A = H+* yields: 


Theorem 5.11. A conformal mapping f:z — ( = f(z) from D onto the 
upper half-plane H * can be extended to a conformal mapping g:z 2C 
= g(z) from D vo (y) u D* onto H * v (a, B) H. The function g(z) is given 
by (5.22). 


We have derived the reflection principle (5.10) from the reflection 
principle for the real axis (Theorem 5.8) by using the linear fractional 
transformation A: w > z = A(w), (5.20). By replacing this transformation by 
an arbitrary conformal mapping, a generalization of the principle of 
reflection is obtained as follows. 

A smooth Jordan arc y: t > y(t), a € t € b,in the complex plane with the 
property that both Re y(t) and Im y(t) are real analytic functions is called an 
analytic Jordan arc. Let W c C bea region which is symmetric with respect 
to the real axis (i.e, W = W), [a,b] c RA W,a < b,and 4: w > z = A(w)a 
conformal mapping from W onto the region A(W) in the z-plane. Under 
these circumstances, y: t > A(t), a € t € b, is an analytic Jordan arc in the z- 
plane. We define, for points z e A(W ), the reflection z* of z with respect to 
the curve y by 


z = A(w) > z* = A(w), we W, 
Similarly, let O be a region in C which is symmetric with respect to 
R, (a, B] c RAQ,« < B, and u: o > C = p(w) a conformal mapping which 
maps Q onto p(Q) and define 6: t — € = p(t), a € t € f. The reflection of a 
point ¢ € u(Q) with respect to the analytic Jordan arc 6 is given by 

¢ = (w) > ¢* = u), wen. 
Let D be a region in the z-plane, such that Dc A(W +), where 
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W* = {we W:Imw > 0}, y c [D] -D and Du (y)u D* is a region in the 
z-plane. Here (y) represents (y(t): a < t < b}. Similarly, let A c p(Q*) bea 
region in the C-plane such that ô c [A] — A and Au (ô) u A* is a region in 
the ¢-plane. If D and A are conformally equivalent, we have the following 
theorem. 


Theorem 5.12 (principle of reflection). If the conformal mapping 
f:z 5C f(z) from D onto A can be extended to a homeomorphism 
f doe = f(0) mapping D u (y) onto A ùu ĝ, then f can be extended to a 
conformal mapping g: z ^ ¢ = g(z) from Du (y) u D* onto Au (ô) U A*. 
The function g(z) is given by: 


f (z), ze D, 
g(z) = | Ff (2), z € (y), (5.23) 
f (z*)*, z e D*. 


b. Modular functions 
As an application of the principle of reflection we now want to 
construct an example of a so-called modular function. 

Let U = {z: |z| < 1) be the unit disk in the z-plane and C = {z: |z| = 1j. 
Let c,,c;, and c, be three poi ts on C, l, 1, , and l, be the tangents to C at c, 
c;, and c,, respectively, and let P, be the point of intersection of l, and l}, P; 
that of l, and l, and P, that of l, and l,. The circle C, with center P, and 
passing through c, and c, intersects the unit circle C at right angles, as do the 
circle C, with center P, and passing through c, and c, and the circle C, with 
center P, and passing through c, and c,. The intersections of C,, C;, and C, 
with the closed disk [U] = U UC are arcs y4, y;, and y, and the end points 
of y, are c, and c}, the end points of y, are c, and c,, and the end points of y, 
are c, and c,. Let D be the region enclosed by the three arcs y,, y;, and y3. 
The closure [D] of D is a “three-side” with sides y,, y2, and y, and vertices c,, 
c,,and c4. Sincec,,c,, and c, are on the unit circle C, we will call [D] a three- 
side of arcs inscribed in C. 

Considering the unit disk U as a model of the non-Euclidean plane, the 
lines of the non-Euclidean plane U are the arcs in U of circles that intersect C 
at right angles. The open arcs (y), (y2), and (y4), obtained by omitting the 
end points from y,, y;, and y, are therefore lines in the non-Euclidean plane 
and [D] ^ U isa three-side with the lines (y,), (y2), and (y3) as sides. If w is an 
arbitrary point in the interior of that three-side, a line (y) passing through w 
will intersect at least one of the sides (y,), (y2), and (73). 

For v = 1,2, 3 we will call the reflection with respect to C, the reflection 
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Fig. 5.14 


with respect to the arc y, and denote this reflection by z + z*. By Theorem 
5.9 the reflection z — z* with respect to y, maps the circle C, which intersects 
y, at right angles, into a circle which maps C at right angles again, while the 
points of intersection of C and y, are invariant. Hence the reflection z > z* 
maps C onto itself. Since it also maps oo onto P,, the exterior of C is mapped 
onto itself. Thus the refection z + z* maps the interior U of C onto itself. 
Now let us consider the reflections with respect to the three sides y,, 7;, and 
Y3 of the three-side of arcs [D] inscribed in C. Let Df denote the image of D 
under the reflection with respect to y, and let cf, yf, denote the images of c, 
and y,, À = 1, 2, 3, under the same reflection. Since the image of C under the 
reflection with respect to y, is C, cf, is the point of intersection of C and the 
line through P, and c,, while cf, = c, and cf, = c3. Obviously, yf, = y,. 
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By using Theorem 5.9, the image y$, of the arc y,, which intersects C in c, 
and c, is the arc intersecting C at right angles in c$, = c, and cf, . Similarly, 
73, is the arc intersecting C at right angles in c, and cf,. Therefore, the 
image [Df ] of [D] under the reflection with respect to y, is a three-side of 
arcs inscribed in C with sides y,, y$,, and y*, and vertices c¥,, c;, and c,. 

The image of [D] under the reflections with respect to y, and y, is 
found in a similar way. To state the result, let the image of D, c,, y,, and 
Y, (V, A, w= 1, 2, 3, and å, u and v all different) under the reflection with 
respect to y,, be denoted by D?, c*,, yf, and 74, respectively. Then [D? ] isa 
three-side of arcs inscribed in C with, as sides, the arcs y,, yZ,, and yj, that 
intersect C at right angles and as vertices the points c¥,, c}, and c,. We see 
that the image of a three-side of arcs inscribed in C under reflection with 
respect to any one of its sides is again a three-side of arcs inscribed in C. 
Repeating this process, starting from a three-side of arcs [D] inscribed in C 
we arrive at an infinite number of three-sides of arcs inscribed in C. In order 
to prove this let us write the images of D, c,, y,, and y,,, under the reflection 
with respect to y,, as D,, Cw, Yay, and y,,, suppressing the *. The image of 
[D, ] under reflection with respect to y,, = y, is the original [D]; the image 
of D, and y,, under reflection with respect to one of the other sides, say, y;,, 
we denote by D,,, and y,,>, respectively. [D,;] is again a three-side of arcs 
inscribed in C and its sides are the arcs y,,2, 212 = 21, and y4,5, all of which 


Fig. 5.15 
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intersect C at right angles. Denoting the images of D,; and y;,4 under 
reflection with respect to y,,2 by D121, respectively y,,5,,[D,,] isa three- 
side of arcs inscribed in C with sides y,,2, = y,,2, Y2121, and y3,5,, all of 
which intersect C at right angles. Denoting the images of D,,, and y;,;, 
under reflection with respect to y3,.,, by Dj2,,, respectively y,,513, 
[D213] is a three-side of arcs inscribed in C with sides y, 1513, Y21213, and 
Y31213 = Y31215 : - -- 

For an arbitrary sequence (v, p, p, 0, . . .] consisting of 1’s, 2's, or 3's, 
such that consecutive terms are different, a sequence [D, ], [D,, ];, [Dva], 
[Dupo 1, . . .of three-sides of arcs inscribed in C is defined similarly. In other 
words, D,, y;, are the images of D and y, under reflection with respect to y,; 
D,, and y,,, are images of D, and y,, under reflection with respect to Y uv? 
D, ,, and y;,,,, are the images of D,, and y,,,, under reflection with respect to 
Yovys and D,,,, and y;,,, are the images of D,,, and y,,,, under reflection 
with respect to 7,,,,, .... 

Let us denote the reflection with respect to the arc y, by z—z,, 
suppressing the *, and similarly, let z, > z,, represent the reflection with 
respect to the arc y,,; z,,— z,,, the reflection with respect to y,,,; 
Zvup > Zvupa the reflection with respect to y,,,,,.... By Theorem 5.9, the 
composition of an even number of reflections is a conformal mapping. Since 
all reflections z —z,, Z,  z,,, map U onto itself, the 
compositions of reflections z > z,,, vupos ++ + are conformal map- 
pings which map U onto itself. For brevity's sake let us write (v;) 
= fv, V2, ovy... Vj, Vjep-..j instead of {v, pu, p,0,...}, where 
v,=1, 2, 3, j = 1, 2, 3,..., and v # v,,,. For each such sequence {v;} 
a sequence [D, ], [D,, ,,]. ... Of three-sides of arcs inscribed in C is 
defined. [D, , „li is obtained from [D] by repeated reflections and the 
side y, of [D] corresponds with the side y;, ;.. of [D,,,. vd A = 1, 2,3. 
The side y, ". = Yo. pa is a common side of [D,, vid 


vj- 1 Vj j- 


and [D, , a] is the i image of [D, , “vd under the reflection with 


respect to y vi 
The reflection with respect to y, yy, 


vup 


Zvu — Zvup» e ee 


z—ZzZ 


is represented by 


» .. Vizi 


Z viva... Vj-, D Zyv ee My (5.24) 

The composition of the reflections z > Zy Zy Zo s Zw va 
Z, vy. v, I$ represented by 

Z= Zy iv) LL Vj Vy (5.25) 

The mapping z ^ Zy, v, maps the unit disk onto itself and is a conformal 


mapping for even j by "Theorem 59. We denote the intersection of 
[D, ,,...] and U by[D,, — v1”, that ís, [D, v, . , ]"" is obtained from 


5.3 The principle of reflection 237 


[ D, v, ...,,] by omitting its vertices. We use ” to indicate that three vertices 
have to be omitted. If[D, , —— y] and [D,,,, . ,, ] are two different three- 
sides of arcs, then the corresponding[D, , l'an and[D, m... u] have 
common points if and only if k = j— 1, u, = v, H2 = v3,..., uy = Vj-1 OF 
j=k—1, vi = py, V2 = H2, - - - , Vj = Hg-1- We have 


[D, ,, el. "uH (à [D, ,, e Vj] "= (5, Vi V2- Vj- p 
"n! PH 
[D, n; Jaca] ALD an o^ = uas B 


where (^, v, v ) and (y, ,,,,...,,.,) are obtained from the arcs 
Yvv,va . vj? respectively Vut, uj... DY Omitting the end points. 
The unit disk U is the union of D” and all [D, ,.. yj y”, vj = 1, 2, 3, 


v; Æ Vj- j= 1, 2, 3,. 

Now let us put c, = gnis c, = e*"!?. and c, = 1. Since D is simply 
connected, there exists a conformal mapping f: z > w = f(z) from D onto 
the upper plane H * of the w-plane by Riemann’s Mapping Theorem. By 
Theorem 5.7(1), it is possible to extend f to a homeomorphism f mapping 
[D] onto [H*] = H' o Ru {oo}. By Theorem 5.7 it is possible to select a 
mapping f such that f(c,) — 0, f(c,) 2 1, and f(c4) = oo. We want to 
consider the analytic continuation by means of reflection of this conformal 
mapping f. The homeomorphism f maps the open arc (y,) onto the open 
interval (1, + oo) of R. Hence, by Theorem 5.11, the conformal mapping f 
from D onto H * can be extended to a conformal mapping g: z > w = g(z) 
from DU (y,)u D, onto H+ v (1, + oo) u H ^. Since f((y5)) = (— œ, 0), it 
is also possible to extend f to a conformal mapping from D U (y2) Y D, onto 
H* U(—00,0)U H~. We denote these extensions also by g: z > w = g(z). 
Since /( (y4)) = (0, 1), it is also possible to extend f to a conformal mapping 
g:z2w-g(zfromDu(y,)uD,ontoH* u (0, D) u H^. In this way, the 
holomorphic function f (z) defined on D is analytically continued to become 


Fig. 5.16 
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the holomorphic function g (z) defined on the region: 

S = Du (y,)U (72) U (¥3) UD, UD, UD, 

—-[D]" D, UD, U D}. 

The function g (z) is given by 

| g(z) —f(z, | zeD, 

9(z,)=f(2), — ze()uD, 

where z — z, denotes the reflection with respect to the arc y,. The range of 
g (z) is the region C — (0, 1} in the w-plane. Since g(z,) = g(z;) = g(z3) for 
all zeD, g(z) is not univalent, but g(z) is univalent on each region 
DU (y,) u D,, v = 1,2, 3. Putting (1,) = f((y,)), v = 1,2, 3, we have (1,) 
= (1, + oo), (15) = (— 00,0) and (1,) = (0, 1). Putting 


§(z,)=f(2),  z,e[D,], (5.27) 
Z, > ó(z,) is a homeomorphism mapping [D,] onto [H*] = [H7] 
= H- URv {oo} and extending the conformal mapping z, — g (z,) from D, 
onto H`. Since the side y,, of [D,] is the image of y, under the reflection 
with respect to y,, the mapping z, — g(z,) maps the open arc (y2,) onto 
((y21)) = f ((y4)) =], = I, = (— œ, 0). Hence, by Theorem 5.11 it is 
possible to extend the conformal mapping z, — g(z,) to a conformal 
mapping z, >w = g(z,) from D,U(y,,)UD,, onto H o (I;)u H+. 
(Here z, is to be considered as a variable with domain [U ].) Similarly, the 
conformal mapping z, >w = g(z,), v = 2,3 from D, onto H” can be 
extended to a conformal mapping z, >w = g(z,) from D,u (Yav) Y Dyp 
onto H' ù (I,) u H* for u = 1,2, 3 and u # v. The extension is given by 


9 (Zya) = F(z), Z2pE Ow) UD,, (5.28) 
for v = 1, 2, 3, where z, > z,, is the reflection with respect to the arc Yav- 
Using the original f(z) to represent g (z,,), we have by (5.27), 

g(z,,) f (2), (5.29) 
where z > z,, represents the composition of the reflections z > z, and z, 
> z,,.In this way the holomorphic function g (2) defined on the region S? 
= [D]’" UD, UD, UD, is analytically continued to become the holomor- 
phic function g(z) defined on: 


S? = [D]" UD, UD, »D,o( U (6,9 D) ) 
p * v 


(5.26) 


-[D]"v[D,]" v [D;]" v [D,]" -( U n.) 


LAY 
(For simplicity's sake, we denote all analytic continuations of g(z) by g(z) 
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Fig. 5.17 


also.) S?) can be represented as 

Ss? = |) D, o ([S?] ^U) 

wey 

For m = 3, 4,5, . . . we define the region S™ by 

s" = UD U ([S"-?»]n U) (5.30) 
A holomorphic function g (z) on S?! can be analytically continued to yield 
holomorphic functions g (z) defined on S™, m = 3, 4, 5,6, . . . . The union 
UD, ,... _y, occurring on the right-hand side of (5.30) denotes the union of 
3 x 2"^! regions D, y,...v,2 Where v,, v5, . .. , V. ,, Vm take one of the 
values 1, 2, or 3 and v, * Vo X V4 cc X VS Ye [S"- 1] is a polygon 
with 3 x 2"! arcs y, J'Y Vee , that intersect the unit circle C at right angles. 


V1V2 -Va 


The side y, ah is common to the three-side [D, v, ...v,] and the 
polygon [s m~ fy . Letting ZZ, yy», DE defined as in (5. 35), the analytic 
continuation g(z) is given by 

g(z,.y,...v,) =F (2), Zyiv3... VM rvi... 9 V Driva.. vw (5.31) 
if m is odd and by 

g (Zy wawd =F) na Emr crm DY Dre. 0 (532 


if m is even, just as (5.26) and (5.29). 
In this way the holomorphic function f(z) defined on D is analytically 


extended to yield holomorphic functions g(z) defined on 
SO), $00. S9, $9. Since 


DcSs'cs?c..csmc.., U S" = U, 
m=1 


f(z) can be analytically continued to yield a holomorphic function g (z) 
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defined on U. Putting 
E,-Do(»)uD,  E,-D,o(y)UD,, 


vu 
and generally 


D Vm-1 d (^s, v, cee vm D 


v1V2 ... Vm 1m v1v3 ... 
E, v... v», IS a subregion of U and the collection {Ey y,...v,$ of 
all E,,, .,, is an open covering of U. On each E, v.v, 
the holomorphic function g(z) is univalent and z— w = g(z) is a 
conformal mapping from E,,  , onto H* U (Il, )u H^. Therefore 
g'(z) #0 for all zeU. The function g(z) is an example of a so-called 
modular function. Let z = f^! (w) be the inverse function of the holo- 
‘morphic function w = f(z) on D; then f !: woz=f7!(w) is a 
conformal mapping that maps the upper half-plane H * of the w-plane onto 
D. By repeated application of the principle of reflection, f(z) is analytically 
continued to yield the holomorphic function g (z) on U. From this we see 
that the inverse f^! (w) is freely analytically continuable in the region 
C — 10, 1} and that its analytic continuation g^! (w) is a holomorphic 
multivalued analytic function on C — (0, 1}. Since the identity f (f^ ! (w)) = w 
is invariant under analytic continuation (Section 4.1a), we have g (g~! (w)) 
= w, that is, z = g` ! (w) is the inverse of w = g (2). 

In order to verify directly, using the analytic continuation g (z) of f(z), 
that f^! (w) is freely analytically continuable in € — {0,1}, we denote the 
restriction of g(z) to E,,, , by g,,v,... v,(Z) and we put 
W,-—-H*'o(Ilj)uH' ,A-1,2,3. Obviously 


WioW,oW;,-C-(í0,1). 


V4V2 ... Vm-1 Ym 


Since gy, vi 


Z—w-—gy,,,... v (Z) is a conformal mapping from 
E, »,...», Onto Wy, gry... v: wW—z 9,5, (w) is a conformal 
mapping from W, onto E,,,  ,. Let $: t—>w = f (t),0 S t < b, with 
B (0) = coe H* be a curve in C — (0, 1} and let us consider the analytic 
continuation of the holomorphic function f^! (w) defined on H * along f. 
Divide B into n curves f; t—>w = $ (t), tp- StS tp O= tu «t <- 
< f,-, € t, €: < ta = b, such that each fj, is contained in one region 
W, (h) of the regions W,,W,, and W3; that is, |B,| = Wim Since f~! (w) can 
be analytically continued to yield the holomorphic function 9 za) (w) defined 
on Wia» the analytic continuation of f^! (w) along £, is given by g 34} (w). 
Using complete induction with respect to h, we assume that f~ ! (w) has been 
analytically continued along f to f (t, ,) and we denote this analytic 
continuation by 1g ' (w, t):0 € t € t, .,). (See Definition 4.1 and notice 
that the power series g^ ! (w, t) of w — f (t) are all inverse functions of w 
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= g (z).) Since f (t, .. ,) is the initial point of f, and |B,| c W ai» J} (W,t, 4) 
coincides with some g,,,.., .;u(w) on a neighborhood of f(t, . ,). 
Since g,5,...,. iu (W) is a holomorphic single-valued function on 
Wi it is the analytic continuation of g ^! (w, t,_ ,) along f,. We conclude 
that f~ ! (w) is freely analytically continuable along f. Hence f^ ! (w) is freely 
analytically continuable on the region C — {0,1} and this analytic continu- 
ation is just g^ ! (w). g^ ! (w) is freely analytically continuable and complete 
on C — (0, 1). 


Cc. Picard's Theorem 
Let F (z) be an entire function of z, i.e., F(z) is a holomorphic 
function of z defined on the whole z-plane C. 


Theorem 5.13 (Picard’s Theorem). A nonconstant entire function F (z) 
assumes all complex values with at most one exception. In other words, the 
range of an entire function F (z) is either C or C — {wọ} -or some wo eC. 


Proof: Assume F (C) c € — {wo, w,} for some wo, w, € € (Wo # wj). Since 
the linear transformation w — (w — wg)/(w, — Wo) maps wọ onto O and w, 
onto 1 we see right away that F (C) c C — {0, 1}. Substituting ¢ for z in the 
modular function g (z) discussed above, ( = g ! (w) is the inverse of w 
= g (C). The function g^! (w) is a multivalued analytic function, holomor- 
phic on C— (0, 1} and moreover freely analytically continuable and 
complete on € — {0, 1}. Therefore, the composite function g~ ' (f(z) is freely 
analytically continuable on € by Theorem 4.9. Therefore, g` ! (F (z)) is a 
single-valued holomorphic function on C, that is, g~' (F (z)) is an entire 
function, by Theorem 4.7. On the other hand, (— g~'(w)eU, hence 
lg ! (F(z))) < 1. Hence, g~t (F (z)) is a constant by Liouvilles Theorem 
(Theorem 1.24) and F (z) reduces to a constant, in contradiction with our 
assumption. 


If F (z)is a polynomial in z, then F (C) = C (by the Fundamental Theorem 
of Algebra). If F (C) = € — {wo}, the value wọ is called the exceptional value 
of the transcendental entire function F (z). For example, the exceptional 
value of the exponential function e? is 0 (see Example 1.6), while the function 
cos z has no exceptional value. 


d. The Schwarz-Christoffel formula 
If Disasimply connected and bounded region in the complex plane 
bounded by a Jordan curve consisting of n segments, then the closed region 
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[D] is called an n-gon. Let [D] be an n-gon and let its boundary be given by 


OLD] = 517Y27 c "Ya Vasa 0 Yw 
where each y, connects the vertices c,_, and c}. Let 0,, —n < 0, < m, 
be the angle between y,,, and y, at c, (the so-called exterior angle). If 
f:z ^w = f(z) is a conformal mapping from D onto the upper half-plane H * 
of the w-plane, then f can be extended to a homeomorphism f from [D] onto 
[H*] = Ht URU {co} by Theorem 5.7 (1) and f maps [D] onto the 
positively oriented line R u foo). Hence, putting a, = f(c,), we may assume 

—o«a,«a,« e. <a- LaL «a, «€ +o. 


Fig. 5.18 


Let $ denote the inverse of f: p = f~ +. Then ¢: w > z = ¢ (w)isaconformal 
mapping from H* onto D. We will now establish a formula for $ (w) using 
only elementary functions of w. The reflection with respect to (the line 
determined by) the segment y, is given by 


zozt=A i G.e ae. | (5.33) 
€4— C4-1 

We denote the image of D under the reflection with respect to y, by D*. 
[D7] is an n-gon that is the symmetric image of [D] with respect to y,. Since 
f( (y,)) = (a,-,, @,), in case [D] is a convex n-gon, the conformal mapping f 
from D onto H * can be extended to a conformal mapping g,: z > w = g, (2) 
from D ù (y; u D¥ onto H* v (a, ,,a,)) u H* by Theorem 5.11. (If A = 1, 
then we let (a5,a,) represent (a,, + oo) u {00} U (— 00,a,).) The function 
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g, (Z) is given by . 
fo (z) = f(z), ze D, 
ga (1) =f (2), zte(y)u DX. 


We denote the inverse g; ' of g, by Y, The conformal mapping $: w > z 
= ġ (w) from H* onto D can be extended to a homeomorphism ó 
from [H*] onto [D]. The mapping y;: w >z = W,(w) is a conformal 
mapping from H* o (a,_,,a,)UH™ onto Du (y,)U Df and an extension 
of $. Since $ = f +, V, (w) is given by 


[wt $ (w), weH* 


y (w) = $w)?  we(a.,a)UH- 


by (5.34). Since all V , are conformal mappings, wy’, (w) # 0. Also if [D] is not 
convex, V: w > z = W, (w) as defined in (5.35) is a holomorphic mapping 
from H* (a, ,,a). H^ onto Du (yj) u D* and y; (w) # 0. Hence, the 
holomorphic function $ (w) on H * can be analytically continued to yield an 
analytic function V (w) = Y, (w), å = 1,2, . . . ,n, which is holomorphic on 
Ru {co} —{a,,a,,...,a,}. For weH" w,(w)= ó(w)t and y,(w) 
= ¢ (w)* do not coincide if 4 # p, hence y (w) is a multivalued function. 
There exists a very simple relationship between its branches y; (w) and 
V, (w): Since the composition of the reflections zł — z and z ^ zh takes the . 
form 


(5.34) 


(5.35) 


zt>zt=a,,277 +B» a, #0 
by (5.33), we have 


y, (w) = a, Vi (w) + B, wel. 
Hence 
Vi") WZ) 
V,(w) wi? 
Therefore the function 
V" (w) 
h(w) = 
is a holomorphic single-valued function on the Riemann sphere R ù {00}, 
from which the points ap, a,,..., a, , have been deleted. In particular, 


since W,(w) is a holomorphic univalent function on a neighborhood 
of w = oo, we have on a neighborhood of oo 


1 1 
Vi(w)—- v, (00) + =P (=) 


weH . 


244 Riemann's Mapping Theorem 


where f (1/w) is a power series in 1/w such that £ (0) = 0. Hence 

h (oo) = 0. | (5.36) 
In order to study the behavior of h (w) in a neighborhood of each point a,, we 
consider ¢ (w) on a neighborhood of a ,- For sufficiently small € > 0 and a 


suitably chosen angle x, the mapping q,:z > ¢ = q,(z), where q, (z) is 
defined by 


q, (z) = ea (z — ca) a, w, = n— b}, | 
maps the fan-shaped region S, = {ze D:|z —c a| < £} on the upper half disk 
U; (0) = (C: Im C > 0 and |¢| < p} with center 0 and radius p = c*/e W, 
= f (S,) is a subregion of the upper half-plane H * of the w-plane and maps 


W, conformally onto S,. Hence the mapping ,;: w — ( = 6, (w), where 
®, (w) is defined by | 


©, (w) = e": (h (w) — c) 9a, weW, (5.37) 


Fig. 5.19 


is a conformal mapping from W, onto U M (0). f maps that part of y, *y,,, 
contained within a circle with center c, and radius e onto the open interval 
(a, b) of the real axis of the w-plane. Obviously, a, = f (c,)e (a, b). The open 
interval (a, b) is part of the boundary of W. It follows from (5.37) that the 
conformal mapping ®, from W, onto U; (0) can be extended to a 
homomorphism 


wl =e (h(w)—c,)"4,  weW,u (ab), 


from W, u (a, b) onto U > (007 (— p, p). Thus ®, can be extended to a 
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conformal mapping V; w—(- Y, (w) from W,u(a, bbo W, onto 
Uš (0)v (—p, p) oU; (0) = U, (0). Since a; e(a,b) and 9 (aj) =c,, we 
have VP, (a,) = 0. Hence 

‘F, (w) = (w—a,)G, (w), 


where G, (w) is holomorphic on W, u (a, b) u W, and G, (w) # 0 for all w. 
Since V, (w) = ®, (w) for we W, we have 


$(w)—c, = (w= a)" Fi (w), F (w) = (e^ G; (w))2!* 


by (5.37). Here, F i (w) is holomorphic on a neighborhood of a, and 
F ,(a,) # 0. Since w,/n—1 = —0;/n, we have 


$' (w) = 23 (w — a,) 8!" (F, (w) +—— (w—a,) F; (w)), 
T w, 
and hence 


h (w) = 


d 
=p oe? | (w) = 
where 
< 
H, (w) = Jy o8 (Fa (m+ = w- a,) F3 (w)). 


Since F, (a;) # 0, H, (w)is holomorphic on a neighborhood of a, and h (w)is 
holomorphic on a neighborhood of a, from which a, has been deleted. 
Therefore, the expression for h (w), which was obtained under the assump- 
tion that w € W, is valid on a neighborhood of a,. Since h (w) is holomorphic 
on the w-plane from which a,,a,,...,a, have been removed, 


h (w +» 0,/n 


=1ı W— 43 


is an entire function of w and lim h (w) = 0 by (5.36). We conclude from 


Liouville's Theorem 


wr co 


n 0, /n 
h — — AM 
e) b wa, w—a, 
Therefore 
d , B E " 0./n 
Fy log () = h(w) = — FA 


a=1 W— 4G) 


for we H* and hence 


log $' (w -X( (0/1) log (w — a;) - constant 
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from which we conclude 

$' (w) = C, II (w—a;) °, — Co a constant. 
Fixing an arbitrary We € H*, we have 


$ (w) = Co (w—a,) 9/* dw +C), (5.38) 
1 


Wo A= 


where C, and C, are constants, C, # 0. We have proved: 


Theorem 5.14. A conformal mapping that maps the upper half-plane H * 
of the w-plane onto the interior D of an n-gon can be represented as 


w>z=o(w)=C, [| w—2) ^97 dw+C,, 


Wy A=1 
where C, and C, are constants, Cy # 0,w, a fixed point in H* and 
6,,0,,...,0,,...,6, the exterior angles at the vertices of the n-gon. (5.38) is 


called the Schwarz—Christoffel formula. 


6 


Riemann surfaces 


This chapter deals with analytic functions on Riemann surfaces following 
Weyl’s famous book The Idea of Riemannian Surface. 


6.1 Differential forms 
To lay the groundwork for what follows we study differential 
forms. 


a. Differential forms 

We say that the real-valued function u(z) = u(x + iy) of the 
complex variable z = x + iy, defined on a region D in the complex plane is 
continuously differentiable, of class C™, real analytic, ... if the function 
u(x, y) = u(x + iy) of two real variables is continuously differentiable, of 
class C?*, real analytic .... If u = u(z) = u(x, y) is continuously differ- 
entiable, the total differential (or differential for short) of u is given by 


du = uy dx + uy dy, ux = ux(x, y), Uy = uy(x, y). 
If @1(x, y) and @2(x, y) are arbitrary functions of x and y, the expression 


p = pı dx + 92d, | q1— iy), 92 = 92%, y), 
which generalizes the previous expression for du, is called a differential 
form of degree 1 or a 1-form. Generally, the coefficients o, = ọı(x, y) and 
(2 = @2(x, y) can be complex-valued functions, but in this section we 
assume that o, and @ 2 are real-valued functions, unless the contrary is 
indicated. When it is necessary to make clear that the coefficients o, and 
Q» are real-valued, o = pı dx + 9» dy is called a real I-form. 

If the coefficients pı and @2 are continuous functions of x and y on the 
domain D in the complex plane (or on the point set S), then the 1-form 
Q = Q1 dx + 2 dy is said to be continuous on D (or on S). If.94 and q» 
are continuously differentiable, of class C", of class C??, ... on D, then 
the 1-form q is continuously differentiable, of class C", of class C”, ... 
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on D. Using the complex variable z = x + iy, the 1-form q is also written 
as 

p(z) = pı(z)dx + 9x(z)dy. 
If the function u — u(x, y) is continuously differentiable, of class C", of 
class C??, ..., on the region D then the 1-form du is continuous, of class 
C"-, of class C~, ..., on D. The linear combination aq + by of two 1- 
forms ọ = @; dx + @2 dy and y = y dx + y» dy is defined by 

ap + by = (agi + byi)dx + (ag? + by;)dy, a, beR 
and the product of the function u and the 1-form ọ = «| dx + @2 dy is 
defined by 

up = (upı)dx + (uo2)dy. 
The following two rules are obvious: 

d(au + bv) =adu+bdv, : a, beR 


d(uv) = v du + u dv. 
We now want to introduce a new operation ^ for 1-forms called the 
exterior product. The exterior product is anti-symmetric, i.e. 
V^oQ-——9o^wv 
for 1-forms @ and y and moreover satisfies 


(ap + by) ^ v — a(o ^) t b(X ^ v), 


p ^ (ay + by) = ap ^ V) t b(o ^ x). 
Putting 9 = pı dx 4-2 dy and Y = y, dx + y» dy and observing that 
dx ^ dx = 0, dx ^ dy = —dy ^ dx and dy ^ dy = 0, we have 

Q ^ V = (Q1V2 — 92V1)dx ^ dy. 
An expression of the form 

w —O)12dx^dy, wi. = w(x, y), | 
which generalizes the previous expression for ọ ^ y, is called a differential 
form of degree 2 or a 2-form. In this section we will assume that the 
coefficient wı2(x, y) of the 2-form w is real-valued unless the contrary is 
indicated. If 0j? = wı2(x, y) is continuous, continuously differentiable, of 
class C", ..., then the 2-form œ = «12 dx ^ dy is called continuous, 
continuously differentiable, of class C", ... . The product of a function u 
and a 2-form o is defined by 

uc = (um 2)dx ^ dy, 
and the linear combination aw + by of two 2-forms w and y by 

aw + by = (aaj. + by12)dx ^ dy, a,beR. 
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Putting w}2 = —w21, the 2-form w can be written as 
l 
w = z (9n dx ^ dy + w2, dy ^ dx). 


This formula is a special case of the result for 2-forms in n variables: 


wW - > OQ jk AX; ^ dXk, 
j,k=1 
where «9j, = —w p, by putting n = 2, xı = x and x; = y. Since wz; dx ^ 
dy = 012 dy ^ dx, we arrive at œ = Wi. dx ^ dy. In the case of two 
variables the only independent coefficient is w 2, hence the subscript is 
really not necessary, but is used to distinguish the 2-form w from the 
coefficient 0». 
Obviously, 

up AY = p Nuy = ulo ^y). 
If o is a continuously differentiable 1-form defined on a domain, than the 
exterior derivative of ọ is defined by 

do = doi ^dx-F dọ: ^dy, — 9 = qi dx 9» dy. 
This can be reduced to 

do = (e - TR) dx ^ dy. (6.1) 
We have 

d(a + bw) = adq + bdy, a,beR 
and, since for a continuously differential function u, d(uqi) ^ dx = du ^ 
Q1 dx + udo, ^ dx, we have 

d(uQ) = du ^ o+udo. (6.2) 
If u is twice continuously differentiable, then du = u, dx + uy dy and 
Uyx = Uxy, hence by (6.1) 

d du = Q. (6.3) 


b. Line integrals 

Let u(z) = u(x, y) be a continuously differentiable function of 
z —x-Fiy defined on a region Q in the complex plane and let 
y :t— z= y(t), a&t«s b, be a smooth curve in Q. Writing y(t) = 
x(t) + iy(t), the function u(y(t)) = u(x(t), y(t)) is continuously differenti- 
able and 


d 
MV) = tlO A + uy) yO. 


Hence 
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b 
u(y(b)) — u(y(a)) = | (ux(y())x'(N+ u (VAY (dr. — (6.4) 


For a 1-form ọ = qi(z)dx + @2(z)dy, which is continuous on Q, we define 
the integral of o along y by 


b 
| p= | (ex Ox" ( + pD) ()dt (6.5) 
y a 


generalizing the integral occurring in (6.4). It is easy to see that the above 
definition of [,« also can be used if the curve y is piecewise smooth. We 
call fq a line integral. Using the notation of line integrals we have 


u(y(b)) — u(y(a)) = | du. (6.6) 
y 
For two continuous 1-forms @ and «y we obviously have 
| (19 + av) = a p+ eal V, ci, c ER. 
y y y 


Let f(z) be a complex-valued continuous function on Q. Writing 

f(z) = u + iv, u = u(z) and v = v(z), we have 

f(z)dz = (u + iv)(dx + i dy) = u dx — v dy + i(U dx + u dy). 
Generally, the dual form *ọ of a 1-form q is defined by 

xp = -p2 dx + pı dy, — 9 = pı dx + p2 dy. 
Putting 9 = u dx — v dy we obtain 

f(zdz=0ọ+i*ọ. (6.7) 
Now, according to definition (6.6), the integral of f(z) along y is given by 


b 
| f(z)az — | SOY (dt. 
y a 


From 
fO (D = ux'(t) — vy'Ct) + iQux' (t) + uy (t) 
we conclude 


| row = | ¢ + j * QD. (6.8) 


For a real 1-form q = qi(z)dx + 2(z)dy, which is continuous on Q, we 
put f(z) = p(z) — ig2(z). Then f(z)dz = ọ + i * o, hence 


| p= Re| fad, fO = o1(2) — iex. (6.9) 
y y 


If ¢(t) is a continuously differentiable function of t, a < t < $, satisfy- 
ing t’(t) 7 0 for all t, t(a) = a, t(B) = b, then the curve 4: 1 > A(t) 


6.1 Differential forms 251 


= y(t1), a St <$, can be identified with the curve y : t — y(£), 
a S t < b (see Section 4.2). The following equalities, 


d 
| ¢ =- E 


can be proved by using (6.9). If y = yi1*y2* ya * ym 1s the curve 
resulting from pasting together the piecewise smooth curves yı, 
V2, --+, Y min that order, then, obviously 


y yı y2 m 


Let y;,..., Ym be piecewise smooth curves in Q, let n, ..., n, be 
integers and let y = 5 7 ,nyyx be a 1-chain. The integral [,@, where ¢ is 
a 1-form which is continuous on Q, is defined by 


| ọ = » n| Q, y= S ky k. (6.10) 
Y k=1 Yk k=1 
By the above results, this definition is compatible with the standard 


definitions, for example (4.34), (4.35) and (4.36). 
If the 2-form w = @ (x, y)dx ^ dy is continuous on D and if 


| |912(x, y)|dx dy < +00 
D 


and 


then we define 


| w -| Q12(x, y)dx dy. 
D D 


The integral f „w is said to converge absolutely. Further, if w is continuous 
on the closed region [D], then we define 


| w = | wı2(x, y)dx dy. 
[D] [D] 


It is clear that f „œw as well as finjo is linear in w. If the closed region [D] 
is decomposed into the closed regions [Di], [D2], ..., [D,], then 


u 
w = w. (6.11) 
ja 2. N 


Theorem 6.1 (Greens Theorem). Let [D] be a bounded closed region 
such that its boundary O[D] consists of a finite number of mutually disjoint 
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piecewise smooth Jordan curves. If the 1-form ø is continuously differenti- 
able on a region Q D [D], then 


| o=| do. (6.12) 
ó[D] [D] | 


Proof: First we note that [D] can be decomposed into cells (see Theorem 
2.1). Let 


[D]  IF(EK)UTI(K)U --- UI; (K)U---ULLCK) (6.13) 
represent the cellular decompositon of [D] obtained in the proof of 
Theorem 2.1. Since OT; (K) = X`, Cu or 0T; (K) = Cy, = 3, C, Cry = 
— C, and O[D] = $71 C; we have 


u 
OLD] = >| 0T4(K) (6.14) 
A=1 


(see Section 2.3a). Hence 


u 
p= | Q 
ls 2. 61; (K) 


By (6.11) and (6.13) we have 
u 


do = | do 
jo 2. DK) 


therefore it suffices to prove that 


li? hw” 
On) (K) DK) 


holds for all cells I;(K). As is clear from the proof of Theorem 2.1, the 
cells I; (K) are all of the form of the cells of Example 2.3, i.e. 


L(K)—-í(z:z-x-tiyasSxsb,y(x)&ysó(x 
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or 
(KX) ={z:z=x+y,asysb, yy) Sx < ĉl}, 

where y(z) and (x) are continuously differentiable functions of x defined 

on the closed interval [a, b] such that y(x) < d(x) if a « z « b and 

similarly, y(y) and (y) are continuously differentiable functions defined 

on [a, b] such that y(y) < ó(y) if a < y < b. We will prove the equality 


| p = | dq (6.15) 
aI(K) T(K) 


for a cell I'(K) given by 
r(K) = {z : z= x+ iy, a Sx < b, y(x) S y S ô(x)}, 
the other case being treated similarly. 
Writing o = u dx + v dy, u = u(x, y) and U(x, y) are, by assumption, 
continuously differentiable functions on Q. The boundary of the cell 
I(K) C Q consists of two line segments: 


Q:y—z-—a-ciy, y(a) S y S ó(a), 

Bp: yrz=b+iy,  y(b) S y = ô(b), 
and two smooth curves: 

y :x— z= x +iy(x), a xx b, 

Ó:x—z-x-ió(x) asxxxb 


i.e. 


OT(K)—-y-c-B—ó0-—a. 


Since do = (U; — uy)dx ^ dy, we have 


b Ó(x) 
| do = | (U; — uy)dx dy = | ax| (U; — u,)dy. 
T(K) T(K) a y(x) 


We first observe that 
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b Ó(x) b 
| dx | uy(x, y)dy =Í [u(x, 5(x)) — u(x, p(x))] dx 


a y(x) a 


b b 
= | u(x, 6(x))dx — | u(x, y(x))dx 


| uds- | uas 
ô Y 


Next we put 
t 
P(x, t, s) = | U(x, y)dy 


and we notice that ®(x, t, s) is a continuously differentiable function of 


(x, t) and s such that 
t 


®,(x, t, s) = | Ux(x, y)dy; 


S 


® (x, t, s) — V(x, t); 


(x, t, s) = —u(x, s). 


Hence 


d ó(x) (x) 
E| v nay = | osos ydy vos 096) 
y(x) y(x) 
— U(x, yG))yy x). 
Integration of both sides with respect to x from a to b yields the equality 


ó(b) ó(a) 
| v(b, y)dy — | v(a, y)dy 
y(b) y(a) 


b Ó(x) 
-| a| v,(x, y)dy 
a y(x) 


b b 
+ | v(x, ó(x))ó'(x)dx — | U(x, y(x))y'(x)dx. 


a 


Hence 


b Ó(x) . 
| «s o d = | vay - | vay- | vv | v 
a J (x) B a ô y 


Since obviously fau dx = [gu dx = 0, we conclude 


[tm het he-he- Lo hro” 
I(K) y B ô a aTr(K) 


Formula (6.15) is the counterpart for 1-forms of formula (6.6). 
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A continuous function u(x, y) defined on a closed region [D] such that 
u(x, y) is continuously differentiable on the interior of [D] and u,(x, y) 
and u,(x, y) can be extended to continuous functions 4,(x, y) and 4,(x, y) 
on [D] is said to be continuously differentiable on [D] and the partial 
derivatives u,(x, y) and u,(x, y) on [D] are defined by u,(x, y) = u,(x, y) 
and u,(x, y) = u,(x, y). A continuous 1-form 9 = q; dx + o2 dy defined 
on [D] is said to be continuously differentiable on [D] if o; and @2 are 
continuously differentiable on [D]. Green's Theorem is still valid for 1- 
forms o which are continuously differentiable on [D] in the following 
sense: 


Theorem 6.2. Let [D] be a bounded closed region such that its boundary 
consists of a finite number of mutually disjoint piecewise smooth Jordan 
curves. If the 1-form ọ is continuously differentiable on [D], then 


[o7 La 
aLD] [D] 


Proof: It suffices to prove equality (6.15): 


[oe ho” 
OT(K) T(K) 


assuming that p is continuously differentiable on the cell 
(kK) = {z+ iy: axb, yx) S y S 0(x)}. 
To this end, put 
vœ) = (1 — e)y(x) + eó(x, — ó*() = eyx) + (1 — 9)0Q) 
for a sufficiently small € > 0 and consider the cell: 
I(K5) = {x+iy:a+e Sx b-e, y*(x) &ysó'(x) 
(see the proof of Lemma 2.3). @ is continuously differentiable on 
I(E) = {x+iy:a<x<b, y(x) < y< d(x)} 
and I'(K*) C I(E), hence 


[os hio 
Or(K) T(K*) 


by Theorem 6.1. Letting £ tend to +0 we obtain: 


lant” ho 
Or(K) I(K) 


Theorem 1.14 of Section 1.3 can be derived directly from Theorem 6.2. 
To see this we first observe that equation (1.42), 
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SFC At, 9) = FC, DE, 5). 
can be written as: 
d(f(T(t, sprit, s)at + f(T(t, S)E,;(t, s)ds) = 0, 
i.e. 
d(f(T(t, s))dl(t, s)) = 0. 
From 
df(t, s))dT(t, s)) = f'(T(t, s)al(t, s) ^ dI'(t, s) = 0 
it is obvious that a holomorphic function f(z) of z satisfies this equation. 


So we have established (1.42) for holomorphic functions. Letting K be the 
rectangle 


k={t+is:as<xt<b,0<s<l} 


Theorem 6.2 yields 
l f(t, sara, s) = l d(f (TC, SATC, s)) = 0 
OK K 


and the left-hand member of this equality equals 


b l 
| f(t, OTs, Oat + | f(b, Eb, sds 
a 0 
b l 
- l fT, DEt, Dat — | f(a, s)T,(a, s)ds 
a 0 


= | f(x)dz + l l f(2)dz — | f(z)dz — | f(2)dz. 


b 
This yields (1.44). 

A 1-form q that can be represented as o = du with u a continuously 
differentiable function is called an exact differential form. A continuously 
differentiable 1-form ¢ satisfying dp = 0 is called a closed differential 
form. Since ddu = 0 by (6.3), every continuously differentiable exact form 
q is closed. Locally, the converse of this statement is valid too. 
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Theorem 6.3. Let the 1-form q be continuously differentiable on the 
region 2 such that dg = 0. Let c be an arbitrary point of Q and choose 
r>0Q such that U,(c) C Q. Then there exists a twice continuously 
differentiable function u such that  — du on the disk U,(c). 


Proof: Put o = pı dx + @ dy, where pı = q1(x, y) and 2 = ọ2(x, y) 
are continuously differentiable functions on Q. Putting c = a + ib, we 
define a function u on U,(c) by 


x y 
u = u(x, y) = | ole, b)dE + | ox(x, dn. 


Now u(x, y) is differentiable with respect to y and 
u,(x, y) — p2(x, y). 
u(x, y) 1s also differentiable with respect to x and 
y 
ux(x, y) = pilx, b) + | 
b 
Since, by assumption 


Op2 901 
Ox Oy 


ð 
A, Pals, n)dn. 


) den dy= de =o, 
we have 


» y 
| eG n)dn = | 5; ^e mdy = qx, y) — ei(x, b). 
Hence: 

ux(x, y) = q1(x, y). 
Therefore u = u(x, y) is twice continuously differentiable on U,(c) and 


du = qi(x, y)dx + ox(x, y)dy = ọ. 


c. Harmonic forms 

If f(z) is a holomorphic function on the region Q, the 1-form 
f(z)dz is called a holomorphic 1-form. Writing f(z) = u + iv, we have 
f'(2 = p + iq with p = ux + v, and q = —uy, + vx. Hence 

df(z) = du + idv = (p + iq (dx + i dy) = f'(z)az. 
Since f'(z) is a holomorphic function, the differential f'(z)dz is a. 
holomorphic 1-form. From this fact it follows that the exterior derivative of 
a holomorphic 1-form is always 0: 

d(f (z)dz) = 0. (6.16) 
(This is because d(f(z)dz) = df (z) ^ dz = f'(z)dz ^ dz = 0.) By (6.7) the 
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holomorphic 1-form f(z)dz can be split into real and imaginary parts as 
follows: 

f(z)dz=Qo+i*@, o = udx —v dy, 
where the real part @ and the imaginary part xø are both closed forms, so 
that dọ = d(*q) = 0. 


Definition 6.1. A 1-form @, which is continuously differentiable on the 
region Q and satisfies 

do = d(xo) = 0 (6.17) 
is called harmonic on Q. 


By the above result, the real part @ of a holomorphic 1-form f(z)dz is 
harmonic. Conversely: 


Theorem 6.4. Ifthe 1-form q is harmonic on some region then 9 + i * 9 
is a holomorphic 1-form. 


Proof: Writing ọ = u dx — v dy with u = u(x, y) and v = (x, y) continu- 
ously differentiable functions we have 

0 = dq = d(u dx — v dy) = (—U, — uy)dx ^ dy, 

0 = d(*q) = d(v dx + u dy) = (ux — vy)dx ^ dy, 
i.e. u and v satisfy the Cauchy - Riemann equations 

Ux = Uy, Uy = —Uy. 
Therefore, by Theorem 1.4, f(z) = u + iv is a holomorphic function of 
z = x + iy and 

ọ +ix*ọ= f(z)dz. 

For o = qi dx + @2 dy we have *«q = *(—@2 dx + 91 dy) = —ọı dx — 

Q» dy, i.e. 

X**(9 = —Q. (6.18) 
We conclude that the dual form *q of a harmonic form is again harmonic. 
Hence, the imaginary part of a holomorphic 1-form f(z)dz = 9 + i * q is 
also harmonic. 


d. Harmonic functions 

Let u = u(z) = u(x, y) and v = u(z) = U(x, y) be continuously 
differentiable functions defined on a region in the complex plane. Since 
*du = —uy dx + u, dy the Cauchy—Riemann equations u, = v, and uy = 
—vU, can be written as 
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«du — dv. (6.19) 


Hence for a holomorphic function f(z)=u-+iv we have by (6.3) 
d(*du) — ddv — 0. Generally, let u — u(z) — u(x, y) be a twice continu- 
ously differentiable function, then, 

d(*du) = d(—uy dx + ux dy) = (ux, + uyy)dx ^ dy. 
Putting 


Au — Pu + gu 
Ox Oy? 
we have 
d(*du) = Au dx ^ dy. (6.20) 


Obviously Au is linear in u. The linear differential operator A = 
& /Ox? + 0?/0y? is called the Laplacian. 


Definition 6.2. If a twice continuously differentiable function u = u(z) 
defined on a region Q of the complex plane satisfies the Laplace equation 
Au = 0, then u is called a harmonic function. 

As we have seen, the real part u = Re f(z) of a holomorphic function 
f(z) =u+iv is a harmonic function. Hence its imaginary part v = 
Im f(z) = Re(— if (z)) is also a harmonic function. 


Theorem 6.5. A harmonic function u = u(z) defined on a region Q can 
be written as the real part of a holomorphic function f(z) on a sufficiently 
small neighborhood of any point of Q. 


Proof: Since by assumption «du is a continuously differentiable 1-form 
on Q satisfying d(*du) = 0, there exists a twice continuously differentiable 
function D = v(z) on a sufficiently small neighborhood of any point of Q 
such that xdu = dv. Since *du = dv is just another way of writing the 
Cauchy-Riemann equations, we conclude that f(z)-— u+ iv is holo- 
morphic. 


Corollary. Harmonic functions are real analytic functions. 


For a harmonic function u defined on a region Q, the function v 
satisfying dv = «dy is uniquely determined on each neighborhood apart 
from a real constant (for if dv; = *du, then d(v; — v) = 0 hence b, — v is 
a constant) This means that the holomorphic function f(z) satisfying 
u = Re f(z) is, apart from a constant ib, b € R, uniquely determined on 
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each neighborhood. Therefore, the derivative f'(z) of f(z) is uniquely 
determined by u and a holomorphic function defined on Q. Since 
ddu = d(*du) = 0, du is a harmonic 1-form on Q and 

du + i x du = f'(z)dz (6.21) 
is a holomorphic 1-form. Fixing a point cọ € Q and connecting an arbitrary 
point z € € with co by means of a piecewise smooth curve y we put 


Z 


fa = | f'(@)dz + u(co). 


y 
Now, f(z) is a freely analytically continuable and complete analytic 
function on , which, in general, is multi-valued. By (6.6) we have 


f(z)- [ du 4- i| * du + u(co) = u(z) + i[ * du. 
y y y 


Therefore we have proved: 


Theorem 6.6. lf u = u(z) is a harmonic function on a region Q, then 


Z 


f(z) = u(z) + | * du (6.22) 


y 
is a freely analytically continuable and complete analytic function on Q. 


Hence a harmonic function u(z) is the real part of a holomorphic multi- 
valued function f(z) : u(z) = Re f(z). 


6.2 Riemann surfaces 

a. Hausdorff spaces 

As an example let us first consider the plane R? with its open sets. 
Let 3B denote the collection of open sets of R?, then 


(i) Ø €B and R? c Ð, 


(ii) UsegU € 3B for arbitrary subsets S c DB, and 
(iii) If U € Ð and v € B then UNV EB. 


In general, if X is a set and if it is agreed which sets are called open 
(such that (i), (ii) and (iii) above are satisfied), then 2 is called a 
topological space. 


Definition 6.3. A set È together with a collection 7B consisting of subsets 
of È satisfying 

(i) Eg, È? € Ð, 

(ii) UscgU € 3B for each subset $ of 3B; 
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(iii) if U € B and V € Ð, then Un V € 3B 


is called a topological space and 7B is called a system of open sets. 


We say that the system of open sets defines a topology on È. If 3B also 
satisfies the following condition (iv): 


(iv) for arbitrary P € È and Q € È, (P # Q) there exists U € B and 
V € B such that Pe U,QeV and UNTV = Ø, 


then the topological space 2 is called a Hausdorff space. 


Let X be a Hausdorff space and let 3B be its system of open sets. For 
P € È, a subset U of X such that P € U and U € Ð is called an open 
neighborhood of P. We use the notation U(P) to denote an arbitrary open 
neighborhood of the point P. 

Just as in R? it is possible to base the definitions of interior point, 
boundary point, closure, open set, closed set and continuous function on 
the idea of neighborhoods U,(P), so in a Hausdorff space it is possible to 
define these concepts using neighborhoods U(P). 

Let S € X be an arbitrary subset of X. Then P € È is called an interior 
point of S if there exists a neighborhood U(P) C È of P. The collection of 
all interior points of S is called the interior of S and denoted by (S). The 
set of all points P, such that each neighborhood U(P) has a nonempty 
intersection with S is called the closure of S and denoted by [S]. Obviously, 
(S) C S c [S]. The set [S] — (S) is called the boundary of S and a point 
belonging to the boundary is called a boundary point of S. If S — [S] then 
S is called a closed set. It is clear that all sets U € B are open sets and 
conversely all open sets S belong to 3B because as S = (S), there exists for 
all P € S an open neighborhood U(P) € 3B such that U(P) C S. Hence by 
(ii) of Definition 6.3 we have: 


S= |] U(P) € B. 
PES 

Therefore 7B is precisely the set of all open sets of the Hausdorff space È. 

Let S C be a subset of the Hausdorff space X and put 3B|S = 
{UNS : U € B}, where B denotes the system of open sets of 2. Then S 
becomes a Hausdorff space with 2|S a system of open sets, called a 
subspace of X. Unless the contrary is stated, subsets S of a Hausdorff space 
X will always be considered a subspaces in this sense. Since the real line R, 
the plane R? and so on are all Hausdorff spaces, subsets of R, R? and so on 
can be considered as Hausdorff spaces. 
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A subset U C È of the Hausdorff space È is called connected if it is not 
possible to write U as the union of two disjoint, nonempty open sets 
(compare Section 1.1b). A connected open subset is called a region. 

Next, we want to consider mappings between two Hausdorff spaces X 
and T with systems of open subsets Byg and 7B; respectively. Let 
f : P — f(P) be a mapping from È onto T. If it is possible for each point 
P € È and for each neighborhood V(f(P)) € Br of f(P) € T to find a 
neighborhood U(P) € Bg such that 

f(U(P)) > VF (P)) (6.23) 
then the mapping f : P — f(P) is called continuous. This means that if 
f(P) €V € Br, i.e. Pc f -(V)and V € Br, then there exists a neigh- 
borhood U(P) € 3B such that U(P) = f ^ !(V). Therefore, a mapping f 
from X into T is continuous if and only if the inverse image f—!(V) of all 
open subsets V € Br are open in È : f ^!(V) € Bs. 

Now let f be a one-to-one continuous map sending the Hausdorff space 
= onto the Hausdorff space T. If the inverse map f ^! is also continuous, 
then f is called a homeomorphism. If there exists a homeomorphism 
mapping 2 onto T, then È and T are called homeomorphic. A homeo- 
morphism mapping 2 onto T induces a one-to-one correspondence be- 
tween y and Dr. Therefore, homeomorphic Hausdorff spaces can be 
identified as topological spaces. 

Let f(P) be a real-valued or complex-valued function defined on a 
subset S C È of a Hausdorff space 2 and let Q € S. If for each £ > 0 there 
exists a neighborhood U(Q) such that 


PeU(Qns, |f(»-f(Q«s (6.24) 
then the function f (P) is said to be continuous at Q. If f (P) is continuous 
at all points of its domain S, then f(P) is called a continuous function. 
Since (6.24) can be written as 


f(U(Q) n S) C U.Cf(Q)) 


f (P) is a continuous function if and only if f : P — f(P) is a continuous 
function from S, as a Hausdorff space with 3B|S as a system of open sets, 
into R or C. 

Let S be a subset of the Hausdorff space È. A collection Z( C By of open 
sets of X such that S = |] yez(U is called an open covering of S. If Z( 
contains a finite number of sets, the covering is called finite. If U is another 
covering of S such that O C ZX, then U is called a subcovering of T4. 


Definition 6.4. S is called compact if each open covering of S contains a 
finite subcovering. 
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Proposition. A compact subset S C È is closed. 


Proof: It suffices to show that O¢ S implies Q € [S]. According to 
Definition 6.3 (iv) there exists for each point P € S open sets U and V such 
that PE U, Qe V and UN V = ©. Denoting this U by U(P) we have 
S C U pes U(P). Since S is compact, S can be covered by a finite number 
U(Pj), k=1,2,...,m from among the U(P):ScUJ ., U(P9). 
Denoting the set V corresponding U = U( P) by V, and putting V(Q) = 
n? V, we have Q€V(Q) and S(|V(Q)— O since QE V, and 
U(Px)() Vi = Ø. Since V(Q) is open by Definition 6.3 (iii) we conclude 
that Q € [S]. 


Theorem 6.7. If f isa continuous map from the subset S of the Hausdorff 
space X into the Hausdorff space T and if S is compact, then its image 
f (S) is also compact. 


Proof: Let Æ C Br be an open subcovering of f(S). Since f is contin- 
uous, the inverse image U = f^ (V) of each V € B is open, hence 
T(—-(U:U-— fV), V € B} is an open covering of S. Since S is 
compact, S can be covered by a finite number U, € Y, k = 1,2, 

, m : S C Ur, Ur. Letting V; denote the sets from Æ corresponding 
with the U;, we have f (S) = U;_, Vr, i.e. S is compact. 


b. Definition of Riemann surfaces 
On the Riemann sphere S = (£:£— (£i, £2, &), & +2 +8 
= 1l there are defined two complex coordinates 


S Ee | & — iĝ? 
&£—z-z(5- —H é£—2-z5)- FE 


(Section 3.2c). The domuin of definition of z(&) is S—{N}= 
{E € S : & < 1}. Denoting the restriction of z to, for example, U; = {& € 
S : &; < 1/2} by z,(&) = 2(6), E — zı = zi(&) determines a local complex 
coordinate on U. Denoting in the same way the restriction of z to 
U, = {E ES: & > —1/2) by 22(&) = £(&) E — z2 = zy (5) determines a 
local complex coordinate on U2. Since S = U; U U2, each point & of S has 
at least one local complex coordinate: zj(5) or z2(8). If € € U; N U2, then 
E has two local coordinates, z,(&) and z2(&), while z2(Ẹ) can be obtained 
from z,(é) rough the coordinate transformation 


z2(&) = 


- - 26 (6.25) 
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Apart from z; and z2, other local complex coordinates can be defined on S. 
For example, identifying the (51, 2) plane with the complex plane A, the 
stereographic projection from (1, 0, 0) onto the (5i, &5) plane 


&) + & 
1-45 
yields a local complex coordinate on the “Western hemisphere" U}, = 
{E ES: & « 0). According to (3.17) and (3.16) we have 


E > z = 23(6) = &ı <0, 


|| Z4+2 _,2-% — 2-1 
Tay Sigaar 9-75 
hence 
z LglzrtbB-1 z4l 
m lzB21-z-z z—1 
Therefore, if E = U N Us, then 
zi dl 
zj,—i-——, zz —z(É,  z zx, 
z-—1 
hence, by (6.25), for E = U2 N U3, 
1l+z 
Z3 = i——, Z2=22(€), 723 = 23(&). 


We see that the coordinate transformations between different local complex 
coordinates are biholomorphic. The property of being connected by biholo- 
morphic coordinate transformations is the most fundamental property of 
local complex coordinates. 

The Riemann sphere is an example of a Riemann surface. In order to 
give a general definition of a Riemann surface, let = be a connected 
Hausdorff space, the points of which we denote by p, q.... Let X be 
covered by a finite or countably infinite number of regions Uj, U5, 
..., Uj, ..., and let there be given complex-valued continuous functions 
z (p) on each U;, such that the maps z; : p — z;(p) are homeomorphisms 
mapping U; onto regions U; C C. If U; VU, Æ Ø, then the sets 
Uy —iz(p:pe€U;jnU,)j CU; and Uy = {z(p): pe ULNU;} 
C Uç are both open sets in C and 


Tjik > Zep) > z;(p) p«e€U;jnUu,, (6.26) 


is a homeomorphism from Uj, onto U;k. If all homeomorphisms 
Tjk : Ug — Ujk for j and k with U; N U, x Ø are biholomorphic then the 
maps z; : p — zj(p) are called local complex coordinates on U; and the 
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collection (zi, Z2, Z3, ..., Zj, .-.} of local complex coordinates is called a 
system of local complex coordinates on È. 


Definition 6.5. A connected Hausdorff space 2 on which a system of 
local complex coordinates (zi, z5,...,z;,...] is defined is called a 
Riemann surface, and denoted by R, and (zi, z2, ..., Zj ...} is called the 
system of local complex coordinates for R. 


Let R be a Riemann surface, let (zi, z2,..., Zj, ...] be its system of 
local complex coordinates and let U; be the domain of the local complex 
coordinate (or simply complex coordinate) z; : p — zj(p). Of course R is 
covered by the U; : R C [J ;U;. The complex number z;(p) is called the 
local (complex) coordinate of the point p. For a point p € R, its local 
coordinate z; = z;(p) is uniquely determined once we have selected a 
region U; containing p. Of course, z; = z;(p) is a complex number 
belonging to the range U; = z;(U;) of the function z;. If p € U; N U, then 
the coordinate transformation 

Tik : Zk > Zj = T jk(Zk)s (6.27) 
which maps the local coordinate z, = z;,(p) onto z; = zj(p), is biholo- 
morphic by definition. 

Since a point p € R is determined by its local coordinate z; = zj(p), we 
can identify the complex number z; = z;(p) with the point p € Uj. If we 
identify z; € U; with the point p it corresponds with, then U; becomes 
identified with U;. Hence, the Riemann surface R can be considered as the 
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surface R =|) UU; obtained by piecing together the regions U1, U2, 
... Uj, ... of the complex plane in such a way that the points z € Ug 
CU, and z; = T4(zy) € U;k CU; coincide. Considered this way, the 
points z; € U; and z € Ug represent the same point of R if z; = T jx(zx). 


Example 6.1. Regions U in the complex plane are Riemann surfaces with 
only one local coordinate z — z. | 


Example 6.2. The Riemann sphere S is a Riemann surface. We have seen 
that S can be covered by two coordinate neighborhoods U and U2. Since, 
by (316 |2]- (1--&)/0—&) «3 if & «1/2, U 9 z(U) 
{zi : |z| < v3). Similarly, 4; = {z2 : |z2] < V3). According to (6.25) 
the coordinate transformation is given by 


l 
Z2 = T2, (z1) = z 


Hence S is the Riemann surface obtained by pasting together two disks U; 
and U with radius v3 in the complex plane in such a way that z, € U, 
1/3 < Izi] < V3 and Z} = 1/zi € Uh coincide. 


Next we want to consider functions defined on a Riemann surface R. 
Let u = u(p) be a real-valued function defined on a region D C R. On 
DN U,j, p is represented by the local coordinate z;( p) hence putting 

u(p) = u(z;(p), p«ecDnuUu,; 
u;(z;) is a function of the complex variable z; defined on the open set 
D; = z;(D N U;) C Uj. Since z;(p) = Tik(Zk(p)) by (6.27), uj(z;) = ux(zk) 
if z; = T (zy). Writing z; = x; + iy; and ujCg, yj) = wz), j), we have 

u(p) = u(x, y) x-iyjrzyíp, pe€DnU; 
The pair (xj, y;) is also called a local coordinate of p. Since z; : p — z;(p) 
is a homeomorphism, u(p) is continuous on D if and only if for all j 
satisfying DM U; 4 Ø, we have uj(x;, yj) is a continuous function of x; 
and y;. The situation is similar with respect to complex-valued functions 
f( p) defined on a region D C R. Putting 

f(p)- fjz(p) peDnU, 
f j(zj) is a function of z; defined on D; and f;(z;) = fix(zx) if zj = va(zx). 
The function f(p) is continuous on D if and only if for all j with 
D N U; # Ø, we have f;(z;) is a continuous function of zj. 


Definition 6.6. If for all j satisfying D N U; # Ø, the functions uj(xj, yj) 
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of x; and y; are continuously differentiable, of class C", of class C™, ..., 
then the function u = u(p) is continuously differentiable, of class C", of 
class C95, ... on the region D C R. 


If for all j satisfying DN U; 4 Ø, f;(z;) is a holomorphic function of 
the complex variable z;, then f(p) is a holomorphic function defined on 
the region D C R. 

If we consider the Riemann surface R as a surface obtained by pasting 
together the regions U;, j = 1, 2, 3, ..., of the complex plane, then the 
point z; € U; is identified with the point p € R and the functions u(p) and 
f(p) can be written as u(z;) and f(z;) i.e. the subscript j of u; and f; 
occurring in uj(z;j) and f;(z;) becomes superfluous. Since z; € U; and 
zy € Ut, are the same points on R if z; = r4 (zi), we have u(z;) = u(zx) 
and f(z;) = f(zx) if z; = vj(z), i.e. u(z;) and f(z;) are different from the 
expressions obtained by substituting z; for z, in u(z,) and f(z;) respect- 
ively. As usual, we write u(z;) = u(x; + iyj) as u(xj, yj). With this notation, 
a function u(p) = u(x, yj) defined on a region D C R is continuous, 
continuously differentiable, of class C9??,..., if and only if it is a 
continuous, continuously differentiable, C?9, ..., function of the local 
coordinates x; and y; and f(p) = f(z;) is holomorphic if and only if it is a 
holomorphic function of the local coordinate z;. Here, it is essential that 
the coordinate transformations Tj, : Zk — T j(z&) are biholomorphic be- 
cause, as 7j, is biholomorphic, saying that f(z;) = f(z) is holomorphic 
with respect to z; on U; MU, is the same as saying that it is holomorphic 
with respect to z on U; N Uz. 

If f(p) is a holomorphic function defined on the region D C R, then its 
range D — f(D) is a region in the complex plane, since holomorphic 
mappings are open mappings. We say that f : p — f (p) maps D confor- 
mally onto D — f(D) if f(p) is a single-valued holomorphic function on 
the region D C R. (The fact that f(p) is single-valued, of course, means 
that p Æ q implies f(p) z f(q).) If w(p) is a single-valued, holomorphic 
function defined on the region W C R, w : p — w(p) can be used as a 
local complex coordinate on W. If R is covered by a finite or countably 
infinite number of regions Wi, W2,..., W,,... and if on each W, a 
single-valued, holomorphic function w,(p) is defined, then the collection 
(wi, W2, ..., Wn, ...) of local complex coordinates w, : p — w,(p) 
constitutes a system of local complex coordinates of R. There are infinitely 
many different ways of choosing a system of local complex coordinates 
for R. 
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6.3 Differential forms on a Riemann surface 

a. Differential forms 

Let R be a Riemann surface, (zi, z2,..., Zj, ...) its system of 
local coordinates, U; the domain of the local coordinate z; : p — z;(p) 
and U; = z;(U;) its range. 

If we identify the point p with its local coordinate z; = z;(p) then, as we 
have seen in the previous section, U; becomes identified with U; and R 
becomes obtained by pasting together the regions U; C A: R= jU;. In 
this section too we identify U; with U; : U; = U;. The coordinate transfor- 
mations Tjk: Zk — Z, =T a j) are biholomorphic and z; c U, and 
zy € Uy are identical if z; = T4(z&). Uj and U, are both regions of the 
complex plane, but we assume that U; N U; denotes the common part of 
U; and U, considered as subsets of R Thus, in Example 6.2, the Riemann 
sphere S = U; U U2, both U, and U> are disks with center 0 and radius 
V3 in the complex plane, but Ui N U2 = (z : 1/3 < |z,| < V3}. If 
u = u(p) is a continuous function defined on the region D C R and if 
DN U; # Ø, then uj(z;) = u(z;) is a continuous function of z; defined on 
DN U; and uj(z;) = uy(zy) if z; = v4 (zx). Conversely, if continuous func- 
tions uj(z;) are defined on DNU;#© and if uj(zj;) = w(zx) for 
Zj = tji(zy) on DN U; N Ur x Ø then a continuous function u(p) defined 
on D can be obtained by “pasting together in the right way” continuous 
functions u;(z;) defined on each DN U; 4 ©. 

Now 1-forms on D are defined in a similar way. If a 1-form, 


$9j(zj)) = e1(j)dx;- @plz)dy, z; =x + iyj, (6.28) 
is given on each DN U; # Ø and ifon DN U; N U, £ Ø 
Pilz) = Pk(Zk) X zj-— Tik(Zk), (6.29) 


then on D a l-form ¢ is defined by putting 9(z;) = q;(z;). Equality (6.29) 
means that @ ,(z;) is transformed into @;(z;) by the coordinate transforma- 
tion zy — zj = T jk(zx). That is to say, writing 

Xj + ly; = Zj = T (Zk) = T ik (Xk + iy) 
and 

Tik(Zk) = a jx) + iB jx (Zu); 


we conclude from dx; + idy; = T “(zp axg + idy,) that 


dx; = & jk dxy — B jk dy, A jk = Q ik(Zk), | (6.30) 
dy; — B jk AX + & jk dyx, B jk = B jx (Zz). 
hence by (6.28) 


Plz) = (akpi + Bj jr)dxn + (—B pj + jk j2)dys. 
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Equality (6.29) implies that the 1-form in the right-hand side of the above 
equality equals o4(z;), i.e. ~. 

91x) = a jk 7j) + BOZ), | 

9xX(zk) = —B eM Aj) + ajo lzy). 
The 1-form q is called continuous, continuously differentiable, of class 
C~, ... if all @,(z;) are continuous, continuously differentiable, of class 
C^, ... 

Similarly, if on each D N U; #4 Ø a 2-form 

w (Zj) = w j12(z;)dxj ^ dx; 
is given and if on D N U; N Uz x Ø 

j(Zj) = oX(zk) Zj = Tjk(Zk), (6.32) 
then a 2-form « is defined on D by putting w(z;) = @,(z;) on each 
DN Uj; # Ø. Since dx; ^ dy; = (a^, + B^, )dxy ^ dyr, i.e. 

dx; ^ dy; = |tix(ze)|’ axe ^ aye (6.33) 
equality (6.32) becomes 

Oi) = [va Gl ona). (6.34) 
The 2-form w is called continuous, continuously differentiable, of class 
C, ... if all w,(z;) are continuous, continuously differentiable, of class 
C5... 
In order to define the differential of a continuously differentiable func- 
tion u defined on a region D C R, we put u,(z;) = u(zj;) on Dn U; # Ø, 
where uj(z;) = uj(x; + iyj) is a continuously differentiable function of x; 
and yj, satisfying 

uj(Zj) = w(zx) Zj = tu), 
on DN U; N U, «€ Ø. 

We will prove: 


(6.31) 


du;(z;) = du, (zy), Zj = t (zx). (6.35) 
We have 
Ou; Ou; Ou, Ou, 


and uj(z;) = ux(zx), hence 
Ou, Ox; Ou; | Oy; Ou; 
Ox OxOx Ox OY,’ 
Ou, | Ox) Ou | OY) Ow 


Oy, Oy Ox; Oy OY; 
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Since Ox; /Ox, = = Oy;/Oy, = = C and Oy, | OX, = = Ox;/Oy, = = P iks by (6. 30), 
we have 


ður Ou; Ou; 

Ox, — kG, + Pik a> 
Ou, u Ou; Ou; 
Oy, — B Ox; taj OY; 


Hence duj(z;) = duz(z,) by (6.31). 

(6.35) shows that we obtain a continuous 1-form q on D by putting 
ọ(z;) = duj(z;j) on each DN U; 4 Ø. This 1-form q is called the differ- 
ential of u and denoted by du. Equality (6.35) shows that the differential of 
a continuously differentiable function is invariant under the coordinate 
transformation z, — z, = t ik (Z x). 

Next we want to define the exterior differential of a continuously 
differentiable 1-form defined on D. Let the continuously differentiable 1- 
form ¢ be given by o(z;) = 9,(z;) on each DN U;, while 

Pj(Zj) = ex(zk), Zj = Tjk(Zk), (6.36) 
i.e. | 

(Zax; + o(zj)dy; = ei(zx)dxk + exa zx)dys. 
This means that if we substitute aj, dx, — aj, dy, and fj, dxy + a. dyk 
for dx; and dy; respectively on the left-hand side we get the right-hand 
expression 


9 ji (zaj dxr — Pjr dyk) + P j(Z; Bj dx + ajk dyk) = exi). 
Considering x; and y; as functions of x, and y; their differentials are given 
by | 

dx; = ajk Ax, — Pjk dyk, dy; = Bg dxy + ag dyk 
hence, by (6.3) 

d(a jx dxy — D jy dyk) = ddx; = 0, 

d( jy dxy + ajk dyz) = ddy; = 0. 

Therefore by (6.2) 
do(zx) = doji A (ajk dxy — By dyk) + do; ^ (By dxy + ajk dyk) 
= de j(zj) ^ dx; + dọ (zj) ^ dy; = doj(zj), 
i.e. | | 
doj(zj) —-dex(zx) — zj—tkCk) |—— (6.37) 
on DN U; N Ur # Ø. So if we put w(x) = doj(zj) on each Dn U; # Ø 
we obtain a continuous 2-form. This 2-form « is called the exterior 
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derivative of « and is denoted by dq. (6.37) shows that the exterior 
derivative of a continuously differentiable 1-form is invariant under 
coordinate transformations zy, — Z; = T 4(Z4). 

We want to define the dual form «q of a 1-form ø defined on the region 
D in a similar way. We only have to verify that if o;(z;j) = px(zx) and 
2; = T;k(zk) then *@ ,(z;) = *oX(zx). Using (6.30) and (6.31) we have 

*(9j1 dxj + 9j» dy;) 

= —09p dxj + 9j dyj 

= —9p(ajk dxy — Pjk dyk) + Q(Djy dxy + ajk dyk) 

= (DBi9j — akO jn)dxr + (aiko + Bie j2)dyx 

= —@ k2 AX + Oni dyk 

= *(Q91 dxy + 912 dyg). 
Hence *9;(xj) = *o&(zy). So, if we put v(zj) = *9,(zj)) on each DN 
U; # ©, then the dual form xp = y of ọ is defined on D. 

In this way all local properties, operations and so on, pertaining to 
functions and differential forms defined on a region in the complex plane 
that are invariant under biholomorphic transformations can be considered 
as properties, operations and so on pertaining to functions and differential 
forms defined on a region of a Riemann surface. In what follows we will 
apply concepts, operations and so on defined for functions or differential 
forms on the complex plane to functions or differential forms defined on a 
Riemann surface, whenever the transition is trivial. For example, if @ is a 
real, continuously differentiable 1-form on the region D of the Riemann 
surface R satisfying dq = d(x) = 0, then ø is called harmonic on D 
(Definition 6.1). A real-valued, twice continuously differentiable function 
u, defined on D and satisfying d(*du) = 0 is called a harmonic function 
(Definition 6.2). According to Theorem 6.4, a 1-form @ is harmonic on a 
region D of R if and only if there are holomorphic functions f;(z;) on all 
U; N D Æ Ø such that p + i * o can be written as 


ot+ixo =f (z;)dz;. (6.38) 
If the real-valued function u is twice continuously differentiable on the 
region D C R then, by (6.20) 
0 æ 


d(*du) = A ju(z;)ax; ^ dyj, Aj = 8x + ay 


(6.39) 


on each DN U; # Ø. Hence, by (6.34) 

Aku(zx) = |tie(ze)PAju(zs), Zj = tK) (6.40) 
on DN U; N Uy, # Ø. This is the formula for the coordinate transforma- 
tion for the Laplacian. 
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b. Line integrals 

A continuous map y : t — y(t) which maps the closed interval 
[a,b] C R into the Riemann surface R is called a curve. Since |y| 
= {y(t) : a S ts b) is compact by Theorem 6.7, it is possible to find a 
finite number of coordinate neighborhoods, U; covering |y]. If y(t) € U js 
then the local coordinate of y(t) can be given as 

y (t) = zi) = zA) + iyjCt). 

If the local coordinate y,(t) is continuously differentiable and if 
y;(t) £ 0 for all t, then y is called a smooth curve. If y is a smooth curve 
such that all x;(7) and y;(1) are real analytic functions of t, then y is called 
an analytic curve (cf. Section 5.3a). The definition of piecewise smooth 
and piecewise analytic curves should be clear. 

Since the concept of a “line segment” is not invariant under biholo- 
morphic transformations, it makes no sense to consider “line segments" 
on a general Riemann surface, but we can use analytic Jordan arcs instead 
of line segments. Two line segments in the plane are either disjoint or their 
intersection consists of one point or a line segment. The situation for 
Jordan arcs on a Riemann surface is similar: if the intersection |y| N |Ó| of 
two analytic Jordan arcs y : t > y(t), a&tb,andó:s— ó(s, cS 
s = d, is non-empty, then it consists of a finite number of points and at 
most two analytic Jordan arcs. To see this note we may assume that 
Iy| ^ |d| is an infinite set. A compact, infinite set has an accumulation 
point. Let po = y(to) = Ó(so), a S to S b and c S sg x d, be such an 
accumulation point, then there exists a point sequence {pm} with 
Pm = Y(tm) = Ó(sm) É po, a € tm S b and c < Sm S d, which converges 
to po. Since y and ô are both Jordan arcs, we have tm — to and Sm — So if 
m — oo. Let U; be a neighborhood containing po = y(to) = 6(so) and 
expand y;(t) and Ó;(s) in power series around fo and so respectively. 


VD — 5 Valt- t)", — ój(0 =X ó(t— to)". 
n=0 n=0 


Hence y,(t) and 6 (s) are extended to holomorphic functions of t and s 
respectively, defined on a neighborhood of tọ and so respectively. Since 
y (fo) = Ój(so) and y;(to) 4 0 and ó;(so) 4 0 by assumption, it is possible 
according to Theorem 3.2 to solve the equation ô;(s) = y(t) with respect 
to s'on a neighborhood of tọ and to write s = A(t) with A a holomorphic 
function of t : Ó,(A(1)) = y;(t). Hence Ój(so)A'(to) = y;(to), so A'(to) Æ 0. 
Since y;(tm) = Ój(ss), we have A(tm) = Sm. The function A(t) is a holo- 
morphic function of t (see Section 5.3a). Hence u(t) = A(t) = A(T) is also a 
holomorphic function of £ on a neighborhood of tọ. Since both t¢,, and 
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Sm = A(tm) are real, u(t) = 0, hence to = lim m—oofm is an accumulation 
point of the set of zeros of u(t). Hence u(t) = 0 identically, by Theorem 
3.1, ie. x(f) = x(t) identically. Hence, A(t) is real for real values of t. 
Therefore, on a neighborhood of tọ to the curve t > y,(t) = Ó;(A(t)) is 
obtained from the curve s—0,(s) by the coordinate transformation 
s = A(t). Hence, if a < tọ < b and c < s, < d, then for a sufficiently small 
€ > 0 we have 

ó(t) = y(A(t)) € Iy| n |ò] if to — E StS tote. (6.41) 
Notice that s = A(t) is a monotone function of t, since A(£) is a real analytic 
function of t on [to — £, to + €] with A'(f) Æ 0. 

Let A be the set of accumulation points of |y| N |ô]. Since |y|  |ó] is 
compact, it consists of A and a finite number of isolated points. Putting 
T = {t : y(t) € A} and S = (s:ó(s) € A}, then of course T C [a, b] and 
S C [c, d]. Since both y and ó are Jordan arcs, there exists a one-to-one 
correspondence between t € T and s € S given by y(t) = Ó(s). Since A is 
a closed set, so are T and S. If tE T,a<t<bandc<s=dA(t)h<d 
then ¢ is an interior point of T and s an interior point of S by (6.41). Hence, 
if t, a < t € b, is a boundary point of T, then A(t) = c or A(t) = d. If 
A(t) = c, then we write t = te; if A(t) = d, we write t = tg. Therefore, T 
has at most two boundary points in (a, b). 


(i) The case that T has two boundary points te and tg in (a, b). We 
assume f, < tg, the case tg < t, being treated similarly. Then 
either T = [t,, ty] or T = [a, te] U [ta, b]. Hence |y| N ló| con- 
sists either of a finite number of isolated points and an analytic 
Jordan arc {y(t): te S t € tg} or of two analytic Jordan arcs 
y(t):asxt<t,}and {y(t): ta S t S b}. 


ô (d) 


y 
y | d 
y(b)  Y(a) 8 (d) 
8 (c) 
(i) (i) 
a 8 (c) 
Y (a) y Slo) ya» 
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(ii) The case that T has only one boundary point f, or tg in (a, b). 
Denoting that boundary point by tx, we have T =[a, tx] or 
T = [t«, b]. Hence |y| N |Ó| consists of a finite number of isolated 
points and an analytic Jordan arc. 

(ii) The case that T has no boundary points on (a, b). Then T = 
[a, b], hance |y| N |ò] = |y]. 


If both y and ô are analytic Jordan curves, then it is clear from the above 
considerations that either |y| = |ó| or |y| N |Ó| consists of a finite number 
of points. 

Just as one proves that an open set U € A is connected if and only if for 
each pair of points in U there exists a polygonal line in U connecting these 
points, it is proved that an open set U of a Riemann surface R is connected 
if and only if for each pair of points in U there exists a piecewise analytic 
curve in U connecting those points. 

Now, let y : t 5 y(t), a S t = b, be a smooth curve on the Riemann 
surface R. Letting 

y (t) = zY) = xA)  iyj(t) 
denote the local coordinate of y(t) € U;, we have 
y (t) = Tr CA) 
if y(t) € U; N Ug, where Tj : Zk — Z; = t(zxy) denotes the coordinate 
transformation. Differentiating both sides with respect to t yields 
y (t) = TY YA. 
Since T(Zk) = Gj (Zx) + iD ik(z&), we have 
Xj(t) = ajkxk(t) — Djkyk(t), ajk = ajkly (D), ! 
YQ = P axl) + ajy, Bie = Bily (D). 

Next we want to define the integral of a continuous 1-form q defined on 

a region D € R along a curve y satisfying |y| € D. Put 

9 j(zj)dx; + 9p dy; = oj(zj) = e(zj) 
on each DN Uj £x Ø. We have 9;(zj) = ex(zy) on DNU; NU, £ Ø, 
which means that substitution of (6.30) in the expression for @ ,(z;) yields 
QX(zx). Hence we obtain 

PAYDO + e207;(0)»;) = PaA + prl )»ykG) 
by comparing (6.42) and (6.30). Putting 

PA) = pal + Gal CD) VO (6.43) 
for y(t) € U;, the above equation shows that q(y(t)) is a continuous 
function of ¢ defined on [a, b]. Therefore we define the integral of ~ along 
y by 


(6.42) 
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p = etra). (6.44) 
[^7]. 


The right-hand side of (6.43) is invariant under a coordinate transformation 
Zk — Zj — t a(Zy). Therefore we can omit the subscript j and write (6.43) 
as ` 


PD) = PDX CD + p2 O)y () 
which by (6.44) becomes 


b 
| p= | COO + ex y" Cod. (645) 


Since the differential forms qj; dx; + 9j; dy; and «wj? dx; ^ dy; are 
invariant under coordinate transformations we sometimes suppress the 
subscript j and write pı dx + @2 dy and «2 dx ^ dy. If we do so it should 
be kept in mind that #1, @2 and @ 2 depend on the choice of the local 
coordinate z;. For example, the coefficient f(z) = f;(z) occurring in the 
holomorphic 1-form /(z)dz is a holomorphic function which is trans- 
formed into f,(z)-— T;k(z)f;(z) under the coordinate transformation 
Zk — Zj = t (zx) and not simply a holomorphic function. 

Let 4 by a continuously differentiable function defined on the domain 
D C R. On each DN U; # Ø we have 


u Ou; Ou; _ 
du(z;) = ax, dx; + By, dyj | uj—u(zy). 
Hence 
u Ou; , Ou; , Nu d 
du(y(t)) = ax, xj(t) + By, yy(t) = d u(y(t)), 
and therefore 


| du = u(y(b)) — uly(a)). (6.46) 


This is an extension of formula (6.6) that is valid for the complex plane to 
an arbitrary Riemann surface. 


c. Locally finite open coverings 

"If z(p) is a single-valued holomorphic function defined on a region 
U of a Riemann surface R, then, as explained at the end of Section 6.2b, 
z : p — z(p) can be used as a local coordinate on U. If z;(p) is a single- 
valued holomorphic function defined on a region U(q) containing q and if 
Zg(p) = 0, then z, : p — Z,(p) is called a local coordinate with center q. In 
this case z,(U,) is a region in the complex plane containing 0 = z,(q). If for 
some r > 0 the closed disk {z € C : |z| S r} is contained in z,(U(q)), then 
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U,(q)n = (p : |zq(p)| < r} 
is called a coordinate disk with center g and radius r on R. Obviously, 
[U,(q)] is a compact subset of R. It hardly needs to be said that the 
coordinate disk U,(q) depends on the choice of the local coordinate z,. If 
{Z1, Z2,...,2 j, -- -} is a system of local coordinates on R, U j 1s the domain 
of z;,q € Rand U; a coordinate neighborhood such that q € U;, then 

Zq(p) = zj(p) — zj(q) 
is a local coordinate with center g. 

In general, if 2 is a Hausdorff space and U an open covering of X such 
that for each P € È it is possible to find a neighborhood U(P) of P such 
that U N U(P) x © for only finitely many U € Z( then 4 is called a 
locally finite open covering. It is obvious that if Z( is a locally finite open 
covering of 2 and K is a compact subset of £, then there are only finitely 
many U € Y such that U N K z Ø. 


Theorem 6.8. Let each q € R be given a local coordinate z4 with center q 
and a coordinate disk U,,,)(q). It is possible to select a finite or countably 
infinite number of coordinate disks: 


U;—U,.5(qj, Ocr(jsr(qg) j=1,2,3,..., 
such that Z( = {U; : j = 1,2, 3, ...} is a locally finite open covering of 
R. 


Proof: If R is compact, then R can be covered by a finite number of 
coordinate disks Ugg)(q) and the theorem is obviously true. So we may 
assume that R is not compact. 


(1) R is the union of a countably infinite number of open sets Pj, 
B2, ..., Bn, ... Satisfying the following two conditions: 


(1) each [,] is compact, 
(ii) Bı C [Bı] C B2 C [B2] C--- C Bn C [Bn] C Bagi Coes 
In order to prove this, let (wi, w2, ..., Wj, ...) be a system of local 
coordinates on R and let W; be the domain of w;. As explained at the 


beginning of Section 6.3a, we can consider each W; as a region 
W; = wj(W;) in R. Therefore, there exists for each W; a sequence 


Aj CARC CAjm C++ CW, (Jm = Wy, 
m=1 


of compact sets Aj, A), nu (here (A jm) denotes the interior of A jm). Not 
only it is true that A jm C (Ajm+1) but for each m, A jm C (A jn) holds if 
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n>m is large enough. Hence we can pick natural numbers m, < 
m, «--- < m, < --:- such that l 

A jm, C (A jm;) C A jm; Cee C A jm, C (Ajma) Ce 
Denoting A jm, again by A jn, we have W; = U>_,(A jn) and 

Aj C (Aj) C Aj, C (Ap) C +++ C Ajn C (Ajntit) Ce 
Considering the Aj, as subsets of R (i.e. if z; € Aj, and zy € Am and 
Z; = t jk(zx) then z; and z, represent the same point of R) and putting 


B, = (JA) 
jsn 
we have 
[Bal = | JIGU2] = U 4s € UAn) € Batt. 
jen Jen Jen 


Hence the sequence of open sets of {B,,} satisfies the above conditions (i) 
and (ii). Since W; = UJ? , Aj, C Ur. B, we have Uzi B, =R. 


(2) Put Kı = [B2], K = [B3] — B2, ..., Kn = [Bnai]— B, .... Each 
K,iscompact. Ki U Ka U...U Kn = [Bn41], hence 


R= U K,. (6.47) 
n=l 


Since B, D [B,-1] by (ii), we have 

K, C R — [Bn], n — 2, 3, 4. 
K, can be covered by a finite number U; = Ux (qj), r(J) = R(qj), J = 1, 
2, ..., J(1) of coordinate disks Ur(g)(q) with q € Ki: 

K: CU,UU,U:-:--U U ja). | 
Since K C R — [Bi], Kz can be covered by a finite number U; = 
Una), rD = riw), J=IA)+1, #1) +2, ..., 72) of coordinate 
disks U,(4(q) with q € K2 and r(q), 0 < r(q) = R(q), for each q chosen 
in such a way that U,(5(q) C R — [Bi]. 

Similarly, it is possible to cover K, with a finite number of coordinate 
disks U; = Uj (qj) C R — [Bai], 0 < rG) < Raj), j — n - 1) +1, 
J(n — 1) -2, ..., j(n): 

Kn C Uja-i4a U Ujga-ia42 U ++ U Uim C R — [Bs-1]. 
(6.48) 
Since R = LJ? , Kn, the collection Z( = (U; : j = 1, 2, 3, ...} of coordi- 
nate disks determined this way is an open covering of R : R = | ;U;. Since 
all [U;] are compact and R is not compact, U consists of infinitely many 
coordinate disks. Hence j(n) — oo if n — oo. Replacing n by n+1 in 
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(6.48) we see that U; 1[B,] = Ø for j(n) S j « j(n + 1). If j(n +1) <j, 
picking m > n such that j(m) < j < j(m + 1) we have U; N [Bm] = Ø and 
[Bn] C [Bm], hence U;N[B,] =Ø. Therefore, U;n[B,] =Ø for 
J > j(n). Since R = UF, Bn, each q € R belongs to some B,,. This B, is 
an open neighborhood of q and there are at most j(n) sets U; € Z4 such that 
U; N B, # Ø. Hence is a locally finite open covering of R. 


d. Partition of unity 

If 7X is a locally finite open covering of the Riemann surface R 
and K a compact subset of 7, then there are only finitely many open sets 
U € 74 such that U N K z Ø. Hence, if R is compact, Z( consists of a 
finite number of open sets. If R is not compact, then R = |J? , Kn by 
(6.47), where all K, are compact, hence Z( consists of at most a countably 
infinite number of open sets. In both cases we can write 

U= (Uj : j= 1, 2, 3, esl 
If u = u(p) is a function on R, the closure of the set of points p such that 
u( p) Æ 0 is called the support of u: 


supp u = [(p € R : u(p) + 0J]. 
The support of a 1-form ọ = ọ(p) or a 2-form w = w(p) on R is defined 
similarly: 

supp 9 — [(p € R : (p) #4 0}, 

supp w = [{p € R : w(p) # 0}. 


Definition 6.7. Let £( = {U}; : j= 1, 2, 3, ...} be a locally finite open 
covering of R. A collection (p; : j = 1, 2, 3, ...} of C® functions p; 
= pj(p) defined on is called a partition of unity subordinated to U if the 
following conditions are satisfied: 

(i) pi(p) = 0 for all p € R and supp p; C U; 

(11) the equality 


1= Y pp) (6.49) 
j 
is valid. 
If p;(p) # 0, then p € Uj. Since Z( = {U;} is locally finite, p;(p) = 0 
for all j except finitely many at each point p € R. Hence the infinite sum 


on the right-hand side of (6.49) reduces to a finite sum at each point 
PER. 
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Theorem 6.9. For each locally finite open covering 4 = (U;) of R there 
exists a partition of unity 1 = » ^ ;p;(p) subordinated to it. 


Proof: (1) We first consider the case where Z( = {U;} consists of co- 
ordinate disks, as in Theorem 6.8. Putting z;(p) = z,,(p) in order to 
simplify the notation, we have 


U; = Un plas) = {P : zip) < rp}. 
We define the disk U^, £ > 0, by: 
US = (p : |z(p)l’ < rGy — e}. 
If e > (jf, then we put U$ = Ø. Since U; = Ues0U5 we have, by 
(6.48), 
Kc U wv. 
£20 j(n—1)<jSj(n) 
Hence, since K, is compact, we have for some € > 0, 
Kc U v. 
Kn-1)& js (n) 
Hence, for each j it is possible to find a sufficiently small (j) > 0 such 
that 
K,C U Us, 
Kn- D jsj(n) 


so, by (6.47), 
R=|] K, =| JUJ”. 
n=l j 


We define a C?? function f(s) of the real variable s as follows: 


hj(s)—1 for s « r(j)* — (j), 
O< hys) «1 for (JÊ — &(J) <5 < r(jP — «)/2, 
hj(s) = 0 for s = r(jf — e(/)/2. 


(6.50) 
Now, (x? + y?) is a C” function of x and y, hence 


hj(\z(p)), pe Uj, 
ni) = f yP DER —-U,, 
is a C% function on R with supp 7; = [u52] C U; if pE UD, then 
n;(p) = 1, hence 


uno = 1. 
j 
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by (6.50). Since 5 ^;m;( p) is actually a finite sum, it is a C® function of p. 
Hence 

np) 
2 nj») 
defines a C^? function on R such that supp p; C U; and ;pj(p) = 1. 
Therefore, (p; : j = 1, 2, 3, ...} constitutes a partition of unity subordi- 
nated to Z( = {U;}. 

(2) For the general case, let W = {Wm : m = 1, 2, 3, ...} be an arbi- 
trary locally finite open covering of R. If q € R, then there exists only 
finitely many Wm with q € Wm, hence it is possible to select a coordinate 
disk Urag (q) such that if q € W m then Ug (q) C Wm. Applying Theorem 
6.8 to the collection of coordinate disks Ug(g)(q) obtained in this way, we 
obtain a locally finite open covering Z( = (U;) of R with U; = Ux /(q;) 
and 0 < r(j) S R(q;). Let m( j) represent a choice of m such that q; € 
Wm. Since U; C U,55(qj) we have U; C Wm Now let (pj) be a 
partition of unity subordinated to Z( = (U;) as obtained above and put 


Om(P)= 5, PP) 
m( j)-m 
Om = O m( p) is a C” function on R and o (p) = 0 for all p € R. The set 
supp p; is closed, supp p; C U; and Z( = (U;) is locally finite, hence 
U m =m supp p; is also closed. Hence 


supp O m = U supp p; C U U; C Wn. 


m( j)—- m m( j)-m 
Further: 


dom) 25^ 2, PD - Yo e - 
m j 


m m(j)=m 


pip) = 


so {0 m} is a partition of unity subordinated to X9 = { W m}. 

Next we want to define the integral of a continuous 2-form w over R, 
using the idea of a partition of unity. Let (zi, z2,..., Zj, ...) bea system 
of local coordinates of R, U; a region, such that [U;] is contained in the 
domain of Zj, while R = U;U;. If U; N Uz Æ Ø, then 2j — t ik(Z&). We 
further assume that all [U;] are compact and that the open covering 
= {U;} of R is locally finite. Writing 

w(z;) = w j12(2;)ax; A dy;, Zj = Xj + lyj, 
on each U;, we have on each U; N U, £ ©, 
oxi) = [rx iol ej») 
by (6.34). Hence 
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[oii (24)| = [cx Gail 1e 2;)l. 
SO 

|o|(;) = |o j»(zj)|dx; ^ dy; 
defines a continuous 2-form on R. Let (p;) be a partition of unity 
subordinated to Z( = (U;). Since >> jp; = 1, we have 


j 


Each p;o is a continuous 2-form on R which is identically equal to zero 
on R — U;. Considering p ;w as a 2-form defined on the region U; in the z; 
plane, we define 


| w = >| p j@ j12(z;)ax; dy; (6.51) 
R j UG; 
where we have put 9; ;12(Z;) = pj(zj)9 pa(zj), pj(z;) = pj(p) and z; = 
z;(p). If R is compact, the sum on the right-hand side of (6.51) is finite. If 
R is not compact, this sum is infinite and we have to ascertain its 
convergence. To do this we consider the integral of |o |: 


| læ] = >| p j|@ j2;)|dxj dy;. (6.52) 
R J U j 
Since all terms on the right-hand side are nonnegative, the series either 
converges or diverges to +00. 

Since 


| pj i(z;)dx; dy;| s | ple j12(z;)|dx; dy; 
the series on the right-hand side of (6.51) converges absolutely if 
[«le| < +00 and 


| < Jio. (6.53) 


If {,.|@| — --oo we shall say that the value of f pœ is not determined. 
Obviously |,,@ is linear in w. 

We have to show that the value of f œ as defined above is independent of 
the choice of the system of local coordinates, the open covering (U;) and 
the partition of unity {p;}. To see this, let (wi, w2, ..., Wn, ...] be another 
system of local coordinates, W,, be regions such that [W,,] is compact and is 
contained in the domain of w, and 39 = {W,,} is a locally finite open 
covering of R and let {0 „ ) bea partition of unity subordinated to X9. 

On W, we put 
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O(Wn) = On12(Wn)dun A dU,, Wn = Un + iU,. 
We have to verify that fræ as defined in (6.51) is also given by 


fo =X | OnO, (6.54) 


n IR 
| 0,0 = | O nW ni2(Wn)dun AUn. (6.55) 
R Wn 
We first prove (6.55). By (6.51) we have 


J. O 40 = xj, pjo 50 j12(2;)dx; dy;. 


If pjo , is not identically equal to 0, then supp p;o , C U; N W, is com- 
pact, hence supp p;o , is covered by finitely many connected components 
of U; Wn. The coordinate transformation Tj, : Wn — Zj = tj4(w,4) is 
biholomorphic on each component and 


Wni2(Wn) = [Tin (Wn) O j12(Z;) 
by (6.34). Since |Tin(wn)|? = O04, ¥j)/O(un, Un), we get 


| p 0 o pads dy, = | pjo 0 0j) o> du, do, 
U; W Ou Un, Un) 


= | P jO nO j12(Z;)\|Tn(Wn)| dun dU, 
W 


= | p jO nO ni2(Wn) aun dün. 
Wn 


Since [W,,] is compact, there are only a finite number of sets U; such that 
U; Wn] 7 e. Hence, for some h, we have U;1W, LQ if j>h. 
Therefore, apr) = = 1 on W, and p;(p) = 0 if j > h. Hence 


| O nw = | PjOnOn2(Wn)dun dU, =| O nWn12(Wn)duy dUn, 
R i= W, n 
proving (6.55). 

If R is compact, then ® is a finite covering. W = (W,:n- 1, 
2, ..., m} and obviously 77 ,0, = 1 by (6.54). If R is not compact, we 
shall prove (6.54) assuming that [z|w| < +00. Since 

oo 
S| ejol =| lol < +00 
j=l JR R 
by (6.52), there exists for each £ > 0 an A such that 
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oo 


`> M <e. 


j=h+1 
Hence, by (6.51) and (6.53): 


h oo oo 
J 2-3] pjo— > | pjo| S > | pjlo| < e. 
R j=l 4 Uj j=h+1 7 Uj j=h+1 7 Uj 
Replacing w by 7" (8, and observing that 
m 
Pj| È _ Fn <| pjlo|. 
I, 2. U; 


we get 

m h m 

| Xo - X [| oio 
R n=1 j=1 Uj n-l . 
Since UŁ [U j] is compact, there is an m such that W, N U [U jl * Oif 
n> m. Therefore p;(p)> 77 19&(p) = PP) 10 n(P) = p;p) if 1 < 
j = h. Therefore 


« E. 


m h 
>| O 40 — | pjo| < €, 
n=1 JR j=l Uj 
and hence  . 
m 
J^ E < 2e, 
proving (6.54). 


In Section 6.3b we already defined the integral of a continuous 2-form 
w = wı2(z)dx A dy, z=x+iy, over a region DCA as fo = 
J,@12 dx dy. We have to verify that this definition is consistent with 
definition (6.51). Let Z( = {U; : j= 1, 2, 3, ...} be a locally finite open 
covering of D consisting of disks U; C D, and (p;) be a partition of unity 
subordinated to Z( = (U;). Then the integral of w over D according to 
definition (6.51) is given by 


oo 


Elo 


j=l 

Therefore it suffices to show that 
oQ 
w = p;o (6.56) 

Jo Ie 
assuming [|| < +00. Selecting a sequence {Am} of sets Am which are 
unions of rectangles and satisfy A; C 42 C --- C A4 C ..., Am C D and 
Un=-1(Am) = D, we have by the original definition of the integral, 


4 
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fe-l 


Replacing w by Y. , p jo and observing that 


h h 
|Zo s | Solos | lol 
D j=l D j=] D 


re], geele- 


Since U = {U;} is locally finite, for each m we have U; N Am = © if 
j ^ h(m) for some sufficiently large h(m). Hence y, jw =w On Am. 


j=l 
Therefore 
h(m) 
S| o-| os] lol- | lol 
D Am D Am 


<| ol- | lo| —D0 m- oo. (6.57) 
D Am 


we get 


h 


S| pjo]. 


j=l 


h 


p jo 
1 


m j= 


j=l 
and hence by (6.57) 
h(m) 
w — pjo|—- 0 m- oco, 
Jo]. 
proving (6.56). 


e. Greens Theorem 

Let C be a piecewise smooth Jordan curve on the Riemann surface 
R,y:t—y(n,0zts 1, y(0) = y(1), a parameter representation of C 
and q = y(a) with 0 < a < 1. let z; : p — z4(p) be a local coordinate 
with center q and consider the coordinate disk Ugro (q) as a disk with 
center 0 and radius R(q) in the z, plane. The map 

Àr : 0 > z4 =A,(0) = re?0 < 0 < 2x 
with 0 < r < R(q) defines a circle with center 0 and radius r contained in 
Ung (q). Assuming from the beginning that R(q) > 0 has been taken 
sufficiently small, we know from the first part of the proof of Theorem 5.5 
that the circle A, intersects C in two points 4,(a) = y(u) and 4,(B) = y(v), 
U « a X u, a « p < a -F 27, and that a = a(r) and B = f(r) are contin- 
uous functions of r, 0 <= r < R(q). hence C divides the disk Ug(5(q) into 
two regions: 


Ut = (re? :0 < r< R(q), a(r) « 0 < f(r)], 
U` = (re^ : 0 < r < R(q), B(r) < 0 < a(r) +27}, 


LI 


6.3 Differential forms on a Riemann surface 285 


Ung(q) -C = UtU US, U*nU =Ø. (6.58) 
Since 4, intersects C in A,(a) from left to right and in A,(b) from right to 
left, U* is the left of C and UT is to the right of C. 
For each q € C we pick a disk Ugg) as defined above and for each 
q € C a disk Urq) such that [Ug(4(q)] à C z Ø. By Theorem 6.8, there 
exists a locally finite open covering of R of the form 
U= {U;:j=1,2,3,...}, U; = Un 
If U; N C # Ø, then q; € C and by (6.58) C divides U; into U7 (on the 
left) and U; (on the right): 
_ r+ ~ + - 
U;-C=U;UU,, U; QU; =Ø. 
Since the coordinate transformation z, — Zj = T;ęķ(Zķ) is a conformal 
mapping, right and left with respect to C do not change under this 
transformation. Hence, if U; N Uz N C # Ø then Ut nU; # Ø, UZ N 
U; #0, U; NU, = Ø and U; N U} = Ø. 
Putting 
U(C)-lJu, u*(o- Uv v(qo-ljvu, 
q;€C q,€C q;€C 
(6.60) 
U(C) is a region containing C and C divides U(C) into two regions 
U*(C) and U (C): 
U(C) — C= U*(C)UU (C), U*(C)nU (C) = Ø. 
(6.61) 
The set U*(C) is to the left of C and U^ (C) is to the right of C. We 
assume that C is the boundary of a compact closed region [D] where 
D = ([D]). If DN Ut(C) # Ø, then U*(C) C D, for since C does not 
pass through U*(C), V = U*(C) — [D] is an open set, hence the con- 
nected open set U*(C) is the union of the two disjoint open sets V and 


(6.59) 
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U*(C)n D, hence V = Ø. Similarly we can prove that U-(C)N D zx Ø 
implies U (C) C D. But, U*(C) C D and U~(C) C D cannot occur 
simultaneously since, assuming that U(C)—- CCD, we have 
C C U(C) c [D], contradicting the fact that C is the boundary of [.D]. If 
U*(C) C D, i.e. if D is to the left of C, C is called the boundary of the 
closed region [D] : C = O[D]. If D is to the right of C, then we replace C 
by C^! so that again C = O[D]. 
Since U; = U,(5(qj) C Ung, 4; € C implies [U;j] N C = Ø, hence 
[U;] C D or [U;] C R — [D]. Therefore, [U;] C D if q; € D and [Uj] 
— [D] if q; € R — [D]. Since [D] is compact and the open covering 
U = {U;} is locally finite, there are only finitely many U; with 
U;1 D £15. We further observe that U; N[D] z Ø if and only if 
€ [D] = CU D. Therefore, we may assume that g;c Cifls<j<h 
aad qj € Dis h-1s j «€ m and [U;]N[D] =Ø if j = m+1. Under 
these circumstances we have U; N D = U} if q; € C, hence: 
D = U} U UF U- U UJ U Uppi U+ U Unm. (6.62) 
Let w be a continuous 2-form on the closed region [D] and let 
(0j: j=1,2,3,...} be a partition of unity subordinated to the open 
covering U = (U;) of R. Then U; N [D] = Ø for j > m, hence p;(p) = 0 
identically on [D] for j > m. Hence 1 = 2 jp j(p) on [D] and so 


m 
j=l 
Now think of D as a Riemann surface itself and consider 
m 
w = pj, 
| D 3 | D 
as defined in Section 6.3d above. Since supp p; C U; we have 
m 
fo=dal oo Y. | oo (6.63) 
D j=l uF j=h+1 U; 
As explained at the end of Section 6.3d, we can consider fo. p;o and 
Ju, pjw as integrals over the regions U; and U; of the z plane. The 


boundary A; = O[U;] of [U;] is the circle with center 0 and radius »( j) 
in the z plane. The boundary of [UF] is a Jordan curve consisting of 
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the piecewise smooth Jordan arc C; = CNM[U,] and the arc Ay = 
A; N [D] : O[U7] = Cj +47. The integral of the continuous 2-form "n j 
over the closed. region [U +] can be defined as 


Jom | pw. (6.64) 
[Us] Ut 
Since, by (6.62) we have 

[D] = [UF] U --- U [U$] U Un U+ U Um (6.65) 


we define the integral of w over [D] as: 


h m 
N = S| oo + ` BZ (6.66) 


j=l j j=h+1 
Then, by (6.63): 


| = | Dov (6.67) 


If w is a continuous 2-form on R and {z|w@| < +00, then 
-[D]- Up U--U UZ UU my U Ugg Ue, 


hence : 
| o5 
w = | pjo + p jo 
R-[D] j=l 4 Uj 2s, 
Since 
| pjo + | pjo | Pj 
[ t] u; U; 


for each j = 1, 2, ..., h, we obtain the equality 


[o=] o+ | w (6.68) 
R [D] R-[D] 


from (6.66) and the definition of integral (6.51). 

The above result can easily be extended to the case that the boundary of 
the region D consists of a finite number of mutually disjoint piecewise 
smooth Jordan curves. 


Theorem 6.10 (Green's Theorem). Let [D] be a compact, closed region 
on a Riemann surface R and let C = O[D] consist of a finite number of 
mutually disjoint piecewise smooth Jordan curves. If ọ is a continuously 
differentiable 1-form on D, then 


K = | dq, C = O[D]. 
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Proof: We prove the theorem for the case that C = O[D] is just one 
piecewise smooth Jordan curve. The proof of the general case is similar. 
Let Z( = (U;:j = 1, 2, 3, ...} be the locally finite open covering given 
by (6.59) and let (p; : j = 1, 2, 3, ...} bea partition of unity subordinated 
to 7X. Since, by (6.65) 


[D] = [Uj] U -+ U[U;]U Urpi UU Un 


we have 9 =} ;_ıpjọ identically on [D], hence do = 557, d(pj9). 
Therefore 


| 97 Y | pe. |. dp = y |. d(p jq). 


j=l j=l 


Hence it suffices to show that the equality 
| oo - | aww (6.69) 
C [D] 


holds for all j with 1 < j S m. Since supp p; C Uj, both p;@ and d(pjq) 
vanish on R — U;. Hence we have, forl <j <h 


| d(pjQ) = | d(p;). 
[D] [U+] 


Considering [U7] as a closed domain in the z;-plane and applying 
Green’s Theorem (Theorem 6.2) we get 


| a(pyo) = | je - | pi + | pj. 
[Ut] alU] Cj Aj 


Since C; = CN[Uj], we have fc,p;9 = Jcpj and since 47 =å; N 
[D] and 4; = O[U;], we have f 4: Pj? = 0. Therefore 


| 4070 =| p (6.70) 
Therefore (6.69) is valid for 1 S j S f. 
Since [U;] C D for h+ 1 < m, we have 


| d(p;q) = | 
[D] [Uj] 


,Y(pj9) = | 


J 


po = 9. 


Since obviously f.p; = 0, we conclude that (6.69) also holds in this case. 

For an arbitrary piecewise smooth Jordan curves, let Z( = {Uj}, 
U; = U,54(j) be the locally finite open covering given by (6.59), let 
q; € Cforj=1,2,..., hand [U;]] n C = Ø for j = h+ 1. Let {pj} bea 
partition of unity subordinated to Z(. Since Z«( is locally finite, V = 
R — U j=a+1[U,] is an open set and 
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h 
ccr cu(o-lju;. 
j=l 


If p € V then p;(p) = 0 for j = h + 1, hence 
h 
pc(p) = Y pP) 
j=l 


is identically equal to 1 on the neighborhood V of C. Putting 
ot(p) = pc(p), pe€U*(C)UC, 
c 0, p € U*(C)UC, 
pc is a function of class C? on R — C and supp pc C UT(C) UC, while 
pip) = 1 identically on (U*(C) U C) N V. Therefore, dp, is a 1-form of 
class C® on R and suppdpe C U*(C) — V. If p is a continuously 
differentiable 1-form on R with dọ = 0, then 


| p = | dp ^q. (6.71) 
C R 


We derive this as follows. Since by assumption 
d(pj9) = dp; ^ 9 + pjdo = dp; ^ Q, 
we have, by (6.70) 


| 4p, ^ o — | po. 1<j<h, 
[US] C 
Hence: 


| dpe ^o = | 9, 

[U7 (C)] C 

since [US] C [U*(C)] and 552 ,0;(») = plp) on [U*(C)], while 
X j=1P;(p) = 1 on C. Since sup dpe C Ut(C), this proves (6.71). 


Theorem 6.11. Let q be a continuously differentiable 1-form on the 
Riemann surface R. If supp 9 is compact, then 


| do = 0. 
R 


Proof: Let %{={U;} be a locally finite open covering by coordinate 
neighborhoods U; of R, and let ( p;) be a partition of unity subordinated 
to Z4. Since supp is compact, there exists an m such that U; N 
supp 9 = Ø for j > m, hence p;q = 0 for j > m. Therefore 
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m 
Q = S pjo = S pj, 
j=l 
so, by Green’s Theorem (Theorem 6.1) 


4o - Y | 4e, - Y | o — 0. 
I. 9 2. , foie 2. pie 


Let y : t — y(t), a € t « b, be a piecewise smooth curve on R and let Q 
be a closed continuously differentiable closed 1-form on R. We want to 
consider [, . | 

If y(1) is a point on y such that there exists s with s £ tanda s < b 
such that y(s) = y(t), then it is called a multiple point. If y is a closed 
curve, its base point y(a) = y(b) and y(t) = y(a). If y has no multiple 
points, then y is a Jordan arc or a Jordan curve. If p — y(t) is a multiple 
point, then there exist only finitely many s with y(s) = p. This follows 
because if there were infinitely many different s,, n = 1, 2,3, ..., With 
y(s.) = p, there would be a convergent subsequence {s,}, 
nj — nm co «nj, of the bounded sequence {s,}. Putting 
c = lim;55, 5,,, we have y(s; ;) = v(c). Hence y'(c) = 0, contradicting the 
assumption that y is piecewise smooth. So, if y has multiple points and if 
their number is finite there are only finitely many f such that v(t) is a 
multiple point, which we denote by t,%,...,t, at < 
t2 < +++ < tı € b. Hence, for each 1j, there exists at least one t}, k X i, 
with y(t,) = y(t;). Among all pairs ti, tk, ti < tp, satisfying y(t) = y(t;), 
let £j, t; denote the pair such that 7, — t; is smallest and let us put a; = tj 
and 5b; —f,. Since obviously y(aj) —- y(bj) and y() Æ y(s) if 
a) S t< s < b, the curve Cj :t— y(t), ap St< b, isa piecewise 


C, 
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smooth Jordan curve. The curve yı, which is the result of removing C; 
from y, is a piecewise smooth curve connecting y(a) and y(b), given by the 
parameter representation 
. — y(t), asts aj, 
yı : t> yi(t) = DO a +b), ajstsc;, 
where we have put c; = b — bi + a}. 
We obviously have 


Jo- | o+] e 
y Ci yl 


In a similar way, removing a piecewise smooth Jordan curve C; from yı 
and denoting the remainder by y2, we have 


Joc Loses] 
y Ci C2 ya 


Repeating this procedure, if y(a) Æ y(b), after a finite number of steps we 
arrive at a piecewise smooth Jordan arc y, and we have 


Je-] e- | ox] e^ | p. 
y Ci C2 C, v 


If y(a) — y(b), after a finite number of steps we are left with no remainder 
at all and we have 


y Ci C; C, 


In the notation of 1-chains (see Section 4.4) we have: 
y-cCictCct:-:-c C, + y, 
respectively: 
y=CO4+C,+---4+C,. 

If y has infinitely many multiple points, we first “transform” y some- 
what, so that it becomes a piecewise smooth curve y with at most finitely 
many multiple points. To see how this can be done, let Z( = (U;) be a 
locally finite open covering by coordinate disks U; of R. Since |y| is 
compact, it can be covered by a finite number of U;. Therefore it is 
possible to find an m such that each curve y, : t > y(t), c, 1 St Sc, 
with c, = a+ n(b — a)/m, n= 1,2, ..., m, belongs to one Uj»), while 
obviously y —yi*y2*---- Ynet Ym By Theorem 6.3, 9 = du; for 
some twice continuously differentiable function u; on each U;. Hence 


| P = Ujny(Y(Cn)) — Ujny(Y(Cn-1)). 


n 


In this way the value of [,,« is determined by the end points y(c,_1) 
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and y(cy) of yn. Therefore the value of f ,, «» does not change if we replace 
Yn by an arbitrary smooth Jordan arc ?, which connects y(c,. ;) and y(c,) 
in Ujin) : [,,9 = [5,9. Now select Jordan arcs yi, P2, ..., Pm...» Pm 
in this order such that 7, intersects y1* 2 -+--> yn-| in at most finitely 
many points and put y = 51*y2 e- Pn y m. Now, y is a piecewise 
smooth curve with at most finitely many multiple points connecting y(a) 
and y(b) and 


[e-[» 


Removing from 7? piecewise smooth Jordan curves Ci, C», C5, ... in the 
way described above, we are left with a piecewise smooth Jordan arc y, 
connecting y(a) and y(5), i.e. 


PHC +O o tcc Cu, (6.72) 
if y(a) Æ y(b). If y(a) = y(b), then y is also a closed curve and we have 
y—-CictC;ct:-4C,. (6.73) 


So we have proved: 


Theorem 6.12. If y is a piecewise smooth closed curve on R, if o is a 
continuously differentiable 1-form on R and if the piecewise smooth 
Jordan curves Ci, C2, ..., C, are determined by (6.73), then 


y Ci C; C, 


Let C be a piecewise smooth Jordan curve on R, then 
[ce = [n dpt ^ do by (6.71) and the dp£ occurring in this equality is a 
closed 1-form of class C” with compact support. Hence putting 
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E, = dpt, + dpt, e| 
doc. 


we obtain the following theorem: 


Theorem 6.13. If y is a piecewise smooth Jordan curve on R, then there 
exists a closed 1-form &, of class C with compact support such that 


E = | & ^o (6.74) 


where ¢ is a continuously differentiable, closed 1-form defined on R. 


If the 1-form q is exact, i.e. if ọ = du for some continuously differenti- 
able function u on R, (6.46), |,@ — 0 where y is an arbitrary piecewise 
smooth closed curve on R. Conversely 


Theorem 6.14. Let @ be a continuously differentiable closed 1-form on 
R. If ho = 0 for all piecewise smooth closed curves y on R, then q is 
exact on R. 


Proof: Let po be a fixed point of R. For an arbitrary point p € R, let 
y : t— y(t), a S t S b, be a piecewise smooth curve connecting po and p 
and put 


u(p) = | Q. 


y 
The function u(p) depends only on p, not on the choice of y. This is so 
because if y; is another piecewise smooth curve connecting po and p, then 
yi*y lisa closed curve, hence by the assumption 


p p 
[-[e-[ ee 
y y yvy! 


Therefore we may write u(p) — [ M p. In order to prove that du = qo, we 
restrict our attention to the coordinate disk U;, with center q ;. 

By the Theorem 6.3 we can write  — duj, where u; is a twice con- 
tinuously differentiable function on U;, hence, by (6.6): 


4j P qj 
«p- | o+) au | o+ up- wa? 


Therefore du(p) = duj(p) = q. 


Corollary 1. If ọ is a continuously differentiable closed 1-form such that 
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fep = 0 for all piecewise smooth Jordan curves C on R, then q is exact 
on X. 


Corollary 2. A continuously differentiable closed 1-form « defined on R 
is exact if and only if f^ @ = 0 for all continuously differentiable 1- 
forms € with a compact support. 


Proof: 
(1) If o = du, then 5$^q = —du^& = —d(ué). Since supp u£ is 
compact, we have by Theorem 6.11: 


| en p= -| d(uë) = 


(2) if conversely [, 5 ^ ọ = 0 for all &, then f p = fR, Ag = 0 for 
all piecewise smooth closed curves y on R by Theorem 6.13. 
Hence q is exact. 


If p and q are arbitrary points of a region D C R, then it is possible to 
connect p and q by a piecewise analytic curve y : t — y(t), a S t S b, in 
D. Since D is a Riemann surface in its own right, we can apply (6.72) to y 
considered as a curve in D to obtain 

?—-Cic-Cit---- CT y, 
where y, is a piecewise smooth Jordan arc connecting p = y(a) and 
q= = Y) in D. Furthermore, when constructing y = y1*y2*---- Vn 
* Ym it is possible to pick analytic Jordan arcs 7, connecting y(c,_1) 
and dylen). Hence we have proved the following useful result: 


Theorem 6.15. If p and q are two points of a region D C R, then it is 
possible to connect p and q by a piecewise analytic Jordan arc in D. 


6.4 Dirichlet's Principle 

a. Inner product and norm 

Let qo be a fixed point of a Riemann surface R and let z : p 
— Z(p) = za, (p) be a local coordinate with center qo and Uo = Ur(qgo) 
= {p : |z(p)| < R} a coordinate disk. By definition, z(p) is a biholo- 
morphic function, defined on a region containing the closed disk [Up]. 
Since z/R : p — z(p)/R is also a local coordinate with center qo, we may 
assume from the beginning that Up is the unit disk (p : |z(p)| < 1). Let 
S(z) be a holomorphic function defined on a region containing [U] from 
which the point go of a smooth Jordan arc |o| C Up has been deleted. We 
write l 
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S(z) = e + iV, Q-—d(xy, z-—x-iy 


For simplicity's sake, we will let |o| include the point qo even though qo 
has been deleted from the region of definition of S(z). We call ọ a 
harmonic 1-form on R — |o| with the same singularity as d® if there 
exists a harmonic 1-form pọ on Up such that 


p = d + po 


on Uo — |o |. (In general, o is not defined on |o |.) In this section we will 
prove that there exists a harmonic 1-form q on R with the same singularity 
as d@® if 


W = constant on O[ Uo]. (6.75) 


To give a typical example, consider 
1 
S(z) =- +z. 
z 


Since 


-1 
Wo, = Im) = »(1— 13) 


Wx, y) = 0 if x? + y? = 1, i.e. W satisfies condition (6.75). Let (zo, z;, 
Z2, ...) be a system of local coordinates on R, Z( = (Uo, Ui, U5, ...) a 
locally finite open covering, where each U; is a region, such that [U;] is 
compact and contained in the domain of z;, while Uo is a unit disk and 
[U;]N |e| = Ø for j = 1 and let T; : Zk — T;k(Zk) represent the coordi- 
nate transformations. A 1-form q on R and a 2-form w on R can be 
written as q(z;) = o j(zj)dx; + p »(z;)dy; and o1»(z)dx ^ dy respectively. 
For a continuous 2-form w on R, fp% is defined by: 


| w = >| pj j12(2;)dx; dy; 
R j YU; 

where (p;) is a partition of unity subordinated to U = (U;). On a region 
U, we have 


OX, yj) 
O(xx, Ye) 


Oz) = [vx Gl ona; 
by (6.34) and (3.5), hence 
| w = >| pjQ i2 dxy dyy = | Ojzx)dx.dy,. (6.76) 
Ur U, Uk 
Suppressing the index j we write 


| w =| w1ı2(z)dx dy. 
R R 


296 Riemann surfaces 


The inner product of two continuous, real 1-forms q and vy on R is defined 
by 


R 
Since 
Q ^V = (91 dx + 92 dy) ^ (—V» dx + y dy) 


= (91V1 + 92V2)dx ^ dy 
then 


(9, V) = | cow + Q12)dx dy. (6.77) 
We call /(@, @)r the norm of o, denoted by ||o||z: 
lell} = | + @2)dx dy. 


The integral on the right side of this equality either converges or diverges 
towards +oo. If it converges, its value is = 0. Since 


2\pivi + 9zyo| s pi t 92 + Vi + vi 
llelle < --oo and |w|l& < --oo implies that the integral occurring in 
(6.77) converges absolutely and that (p, w)r is determined. For a region 
D € R, the inner product (o, v)p of two continuous 1-forms q and y 


defined on D and the norm ||@||p of @ are defined by considering D as a 
Riemann surface. From now on we will write (o, y) and ||o|| instead of 


(p, W)r and ||o||a respectively. 
Since 
(91 + Vi) + (92 + vay. s Upi + 93 + YT + V3) 
|p| < +00 and ||v|| + oo implies ||p + p|| < +00. It is easy to verify 
that (9, y) is linear in ọ and y, that ||A@|| = 0 for A € R and that 
(p, V) = (v, 9). 


Hence 
Ag + uyl? = (Ao + uy, Ao + uv) 


= Ael? + aul, v) + à py? |? 


for arbitrary real A and u. Since ||Ao + uy||? = 0 the right-hand side of , 
this equality is a positive-definite quadratic form in the variables A and u. 
Hence its discriminant (9, v)? — |oll^||v||^ is nonpositive, i.e. 


(e. WI = lioll Ill. 
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Hence |o + v|? = lloll? + 2, v) + lvl? s (oll + Iyl)? and there- 
fore 


le + Pll = [loll + yll. 


Replacing 9 by o -y we get lioll = llo — vll + lvl ie. [loll — Tvl 
< |o — v||. Hence the inequality 
loll — villis le — vii (6.78) 
holds. 
Let S(z) = ® + (V be given. We want to see if it is possible to find a 
continuously differentiable 1-form ọ on R — |ø | such that, on Up — |o |, 
p = d + po (6.79) 


where qo is some continuously differentiable 1-form on Up. Put K = [Uo]. 
Since ® is a harmonic function defined on a region G D K from which |o | 
has been deleted, if such a ọ exists, then qo = o — d® can be extended to 
a continuously differentiable 1-form on G. we denote this extension also 
by po. We defined ||ol|a by: 


2 
lels = lleol + CIlelle- x. 
We denote the collection of all continuously differentiable 1-forms qo 
defined on R — lo |, satisfying condition (6.79) and 
(i) do —0 
(ii) Ilolla < +00 
by Lo. If 9 € £o, then dpo = 0 on Up, because dq is continuous on Uo 


and dq = d(g — d|qo) = 0 on Uo — lo|. For o, Y € La, (9, V)e is 
defined by 


(9, V)o = (Po, Wo)K + (o, V)R-k. 
Obviously, (9, V)e = (V, 9)o. 


Lemma 6.1. 
(1) If o, v € £a and A and u are real numbers satisfying À + u = 1, 
then Ag + uy € Lo and 


lio + uyla =A lollo + lylo + 2420. Yo. (6.80) 

(2) if o, v € Le, then o — y can be extended to a continuously 
differentiable 1-form on R. Denoting this 1-form by o — y, we 
have 


le — vl? = liell — Xe, Pe + Illa (6.81) 
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Proof: 

(1) By (6.79) we have o = d® + po, Y = dd + yo on Us - lol, 
where oo and wo are continuously differentiable on Up. Since 
A+u=1, we have Ap + uw = d + Ago + myo, i.e. Ao + uv 
satisfies condition (6.79). It is obvious that d(Aq + uy) — 0 on 
R — |o |. Finally since 
Ap + ul, = [Ao + Lol: + CIA + vn - XY. < +00 


we conclude that Ap + uy € Lo. 
Since further 


Ago + Voll = A |eollz + 2Au(Go, Vo) +H’ lol. 
(Ao + upllr_-xy = A*llella-kY + 2Au(o, W)R-K 


+ lvia-xY 
(6.80) is also true. 

(2) Since o = d® + po and y = dé + yy on Uo — |o|, we have 
p — V = Po — Yo, while po — Wo is continuously differentiable 
on Uo. Hence p — yw can be extended to a continuously differenti- 
able 1-form on R. This extention coincides with qo — wo on K, 
hence 


le — vl = lo — voll + (le — vIDa ic 
by (6.68), proving (6.81). 


Lemma 6.2. If 5 is a twice continuously differentiable function on R 
such that ||7|| < --oo and if o € Lo, then o + dy € £a. If, moreover, 
supp y N |o| = Ø, then 


lo + 4nll s = llell + 2(@, d») + lidn. (6.82) 


Proof: Since o9 + dn = d^ + po +d and go + dy is continuously 
differentiable on Uo, q + dy satisfies condition (6.79). Since obviously 
d(q + dn) = 0 and 

lo + dull = lipo + d"lf + (lle + dnlir-x)}? < +00 
we conclude that o + dy € £a. 

If supp y N |o | = Ø, then 

(Yo, d'])k = (p — a®, dy)x = (o, dn)g — (a9, dm. 
Since S(z) = ® + V is holomorphic on a region G D K from which |o | 
has been deleted, the Cauchy- Riemann equations tell us that 


6.4 Dirichlet’s Principle 299 


d® = V. dx + W, dy = —®,dx+ 6, dy = xd. 
Hence 


(de, d) = | dy ^ «49 = | dn ^ dv = | d(n dW). 
K K K 


Let 0 > z = e®, 0 < 0 x 27, be a parameter representation of the unit 
circle OK. Since by conditon (6.75) ® — constant on OK we have 
OW /00 = 0, hence by Green's Theorem (Theorem 6.1) 


2 
| a(n 49) = | nav =| n“ d0 = 0, 
K OK 0 
and therefore 
(d®, dy)x = 0. (6.83) 


Hence (9o, dy) x = (9, dn)g and so 
lp + dalle = loo + dll + (le + duln- x | 
= |leoll + 2(e. an)x + Cllelia- x +209, an)r-x 
+ (||@y||z-x) 


= |lell + 2(o, d») + |ldn\?, 
proving (6.82). 


b. Dirichlets Principle 

Let 7 be a twice continuously differentiable function defined on R 
satisfying ||d7|| < --oo. If y € £o, then y + dy € La, hence |y + dy|le 
is defined. For fixed y let x be the infimum of all norms || + d7l|o, where 
y is a function as above: 


K = inf||y + dyllo. 


In fact, x is the minimum value of the norms ||y + dy|lg, i.e. there 
exists a twice continuously differentiable function 7%, defined on R, such 
that ||d77..|| < +00 and ||y + dy|lo =k. 9 = v + dN% is a harmonic 1- 
form on R with the same singularity as dọ. 

We will prove this result in this section. Selecting a sequence {7,,} of 
twice continuously differentiable functions 7, with ||d7,|| < +00 such 
that lim, 555 lY + d7,l| = K, we put 


Pn =Y t dy, Ön = V alle —K? (6.84) 


and we obviously have limy,_... Ôn = 0. An important part of the proof of 
Dirichlet’s Principle is contained in the proof of the following existence 
theorem. 
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Theorem 6.16. There exists a 1-form 9 € Le such that 
lim, olo, — l| = 0. 


Proof: Let us first prove the inequality 

lem — Pnll S Om — On. (6.85) 
For arbitrary A, u € R satisfying À + u = 1, we have 

ÁQm + Qn = Y + d(Ang + uns) 
hence 

lAom + 4o,l 2 x? = A --2Au + wie. 
Therefore, by (6.80) 

ACP nllo — K) + AUCO m, Ondo — K) + Kloni — 2) = 0. 
Hence, 

(Pm: Q5)o k^, s (Illa 7 K’), 
i.e. 

(Pm: Q5)o — K?| < Om ° Ó,. 
Using (6.81) we have 

lo» — esl = llonlls — 29». Ondo + llo» 

= |lPnllo — X! — 20». Ono — X?) + esl — € 

< [less — x? + 2I». Pad — | + lonla — e? 


S Ôm t 20, 0, + On = (Om + On)" 


proving (6.85). 
Next we prove that 
(Gn, d5))| s lidn|| - On, (6.86) 
if supp y N |o | = Ø and , 
(950, dn)| s ||dul| -Òn (6.87) 


if supp7 C Up. 
For arbitrary A € R and assuming supp 7 N |o | = Ø we have 

lel + 2A(o», dn) -- Z^ lnl? = llo» + A dull > r, 

by (6.82), i.e. 
5%, + 2À(9,, On) + Z^ ||dm]? = 0. 

Therefore, 
Kos. dm)? < ||dy|? - 7, 

proving (6.86). 
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If supp y C Up = K, then 


leno + À dnlik + (Galle-x) = lle» +A dnl > 
hence . 

Palle + 24(95o. dn) + 2^ldml = rè. 
From this we obtain (6.87) in a similar way. 

To prove the existence of a g € Le such that lim,..||@n — «|| = 0, 
it suffices to show that there exist for al j=1,2, 
3,... continuously differentiable closed 1-forms (qj such that 
limn—oo||@n — 9(pllu; = 0 on U; and a continuously differentiable closed 
1-form qo such that lim, ,55||9 5o — pollu, = 0 on Up. (Because it is easy 
to verify that if we put ọ = qj; on all U;, f = 1, and 9 = d + po on 
Uo — |a |, we obtain the required o € Lo.) 

First, if U; O Uy Æ Ø, j 2 1, k => 1, then 

lec — ewllujnu, = loc — Pallujnu, + le» — Gapllu;nu: 

s [les — ecllu, + le» — ewllv > 0, 
as n — oo. 

Hence ||9(j — e«ollujnu, ^ 9, ie. p and pw) coincide on U; N Ux. 
Similarly, if U; N Up 4 Ø, j = 1, then 9, = d® + 9,9 on U; Uo, hence 

lec — de — gollujnuy = len — Mallu, + lex — pollu — 9, 

as n — oo. 
Therefore, pj and d® + po coincide on U; N Uo. 

Hence, by putting 9 = gj) on U;, j = 1, and o = dO + po on Uo — 
lo |, we obtain a continuously differentiable 1-form @ defined on R — lo |. 


We can consider qo = o —d® as being extended to a continuously 
differentiable 1-form defined on a region containing K = [Uo]. Since 


lon — el? = lpr — voll + (ln — ella- x 
and K = [Uo], we have 
[Pno — Pollx = leo — €ollu, — 9, as n — oo. 
In order to prove that lim, .5,||95 — ¢|lz—« = 0, we write 
9^*9-—loPdx^dy, lo? = ei ^ 9j. 
where p — pı dx + q» dy is an arbitrary 1-form. Since po + >) j219; = 1 
and supp po C Uo, we have 9 ^;21p; = 1 on R — K and 


(ln ela-i* = >| pilon- ofa dy (6.88) 
j2l -7 
Since, for all j, 
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le» — ellu, = le» — exllu; > 0 as n — oo 

we have | | 
| | pjlen — el dx dy < | lo» — el^ dx dy = lle» — lly, > 0, 

R-K U; 

as n — oo. | | 
If R is compact, then Z( = {U;} is an open covering and the sum in the 
right-hand side of (6.88) is a finite sum and we can conclude immediately 
that 

lim |o, — e||a-x = 0. 

n-2oo 


If R is not compact, then 
k 


5] p jl m m Pnl? dx dy s | 1 m ~~ Qs [^ dx dy 
R-K R 


j=l - 


= (lem — e«lla-xY 
s |o» — Pall? = (Öm On) 
by (6.85). Hence, multiplying both sides of the inequality 
lo» — el^ < 2|» — Prl? + 210» — ol? 
with $` jal p; and integrating over R — K, we obtain 
k k 
> | Pilon- ode dy < 200, +ò? +2 Liles - oli, 


Since lim, ,4; On = 0 and limn_..o||@n — o||u, = 0 we have 
k 


5] Pilm — e| dx dy < 287.. 
R-K | 


j=l 
Therefore 
(llo — ella-xY = >| pj\Om — pl? dx dy <26;,. — (6.89) 
j=l YR-K 
Therefore 


lim |o» — ella-x = 0, 
- m—0o0o 
hence 
lim |o, — || = 0. 
m-oco 


In order to prove that o € £e we have to prove that (i) dp — 0 on 
R — |o| and (ii) ||@||@ < oo. Since on all U;, j = 1, 9 = pij and the pij 
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are closed 1-forms, we have dq = 0. Since on Up — |o|, p = d + po 
and on Uo, d qo = 0, we have do = d(d® + po) = 0. Hence by (6.89): 


leliz-x = le — e»niis-x + lenlin-x 
< V2ôm + |lOmlla < +00, 


and hence, since obviously ||@o|| x < +00, we have ||glle < 4-oo. 

In this way, in order to prove our Theorem 6.16, it suffices to prove that 
there exists a continuously differentiable; closed 1-form qo on Uo such that 
lim,.55||9 5o — pollu, = 0 and continuously differentiable closed 1-forms 
Qj; on U; such that lim, ,s,||o, — oollu, = 0 for j > 1. 

By (6.85) we have: 

lom — Pallu, < ||Om — Pn|| S Öm + On, j2l, 
l9 mo — Prollvo = lem — Pallu = Om t On; 
and by (6.86) and (6.87): 
(o5, du)u, s lidnllu;* Òn, suppr C Uj 
(Pno, d:))u,| = lldullu,*ó», supp C Uo. 

We may consider U; as the unit disk with center at the origin in the 
z;-plane. Hence Theorem 6.16 reduces to the following lemma concern- 
ing a sequence {pn} of continuously differentiable 1-forms o, with 
llosllu < +00 defined on the unit disk U of the z-plane. 


Lemma 6.3. If {@,} satisfies the following two conditions with respect to 
a real sequence {6,} with 6, > 0 and lim, ,,,0, = 0: 


(i) los — Pnllu S Öm + Ön, 
(ii) Kon, dy)u| s ||dullu + Ôn, 


for an arbitrary twice continuously differentiable function 7 with 
supp 7 C U, then there exists a continuously differentiable, closed 1-form 
@ on the unit disk U such that ||p||u < +00 and lim,_.o||@, — gllu = 0. 


Once the existence of such a ọ has been established, it follows easily 
that o is closed in the following way. For an arbitrary 7 with supp C U, 
determine W = {z : |z|<1-—a}, a «0, such that suppz C W. By 
Green’s Theorem (Theorem 6.1) we have 


| 4o = | acre) = Jeon”? = 0 


Therefore, since d(yno) = (dn ^ q) 4- (ug ^ do) = (p A **dn) + (n do), 
we have 
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| 5j do = -| p ^»**dy = —(Q, «dry. 
U U 
Since dg, = 0, we have (9,, *dy)u = — fun do, = 0. Hence 

(9, *dn)u| = Ko — Pn, *dn)u| 

< |o — gallu: ||l*dn|lu 70, —n-— oo. 

Therefore 

E do = —(o, *dn)u = 0. 
Since f, dọ = 0 holds for arbitrary 7 with supp:; C U, we conclude that 
dọ = 0. Since 

lon- eli = | dom — eif + lone — eic; 


in order to prove the existence of a continuously differentiable 1-form @ 
such that lim,.,5,llo, — v||u = 0, it suffices to prove that there exist 
continuously differentiable functions @; and @2 on U, such that for all 
function sequences (9,1) and (9,2) we have: 


| Oni — pı| dx dy — 0, | IPn — Q2 |^ dx dy — 0, 
U U 


n — oco. 
To this end, we define 


(f.9- | (f@s@ardy, Nri = | rore: dy 


where f = f(z) = f(x+ iy) and g = g(z) — g(x + iy) are real-valued 
continuous functions defined on U = {z: |z| < 1}. If 7 is a three times 
continuously differentiable function with supp y C U, then 


(Qn, dy;)u = | (oss + 9421], )dx dy, 


(Pn, *dNy)u = | Conny + 9521]x)dx dy 
hence 
(951, An) = ance + Nxy)dx dy = (95, dyx)u — (On, *dyjy)u. 


Since dg, = 0, we have (Pa, *dyy)u = 0. Therefore, by condition (ii), 
Ipsi, Ag9)] = Kos, 4nx)u| s |ldnx|lu * Òn, 
and similarly, 
(Pra, An)| = (es. dny)ul s |duyllu * s 
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Since |25.47; = lll? + linl? and |29,lfr = nyl? + liny, we 
have, putting 


NM) = y mal? + lll? + layl? 
that | 
(ani, Ag) s N(M) Ôn, Konz, A] s N(M) Os. 
Since |lo»i — enl + ||Pm2 — 9l? = llo» — Pally. we have by con- 
dition (i) 
I mi — Pni|| <6m+9n, || m2 — 9n ll * OmtOn. 


Therefore, in order to prove Lemma 6.3 it suffices to prove the following 
lemma. 


Lemma 6.4. If with respect to some sequence [0,) of positive real 
numbers satisfying lim, ,4,0, = 0, the sequence of continuous functions 
{fn} defined on U such that ||f,|| < +00 satisfies the following condi- 
tions: 


(1) \| Fm — fm < Om + dn, 
(ii) If 7 is an arbitrary three times continuously differentiable function 
with supp 7 C U, then 


IG. Ag) s NM Ön N = Mm? + mol? + lm». 


then there exists a continuously differentiable function f defined on U 
such that || || < -Foo and lim, ..0||fn — || = 0. 


In order to prove this lemma, we put P = |z|? = x? + y?. For sufficiently 
small positive real numbers a and £, B < a, let p(P) be a C” function of 
P such that: 


p(P) = 1 if P < 8? 
0xp(Px1 iff <P<a 
p(P) = 0 if a? < P. 


Next, we determine a three times continuously differentiable function 
7] (P) for n satisfying 0 < y < B such that: 
n-(P) is a third degree polynomial in P if 0 < P < e? 
ne(P) = Š p(P)log P if e? « P. 


A simple calculation yields the following expression for the polynomial 
which defines y, (P) when 0 « P x e°: 
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1 
— — Oc2 4p _ 6 2 
ne(P) = 5 9e? P? + 18e*P — 11e ) + z= loge". 


Since 0^n,(P)/0x? = 4x?ni(P) + 2n!(P), we have 


o g9 
An.(P) = c z + 3 a Ne(P) = APE (P) + ne(P)). 
Hence, for 0 < P < e? 
3 
An.(P) = id — ey. 


Therefore, putting 


Ag (P, 0< P= e, 


we conclude that E;(P) is a continuously differentiable function of P such 
that E(P) = 0. Further, 


[EPa dy =1 (6.90) 


because putting z = re'?, we have P = r?, hence dP = 2r dr and 
2 


ID dy — [ f° E.(P)r dr d0 = a| E.(P)dP 
3 
z6 


[ (P — &'Y dp = 3 | (p -ey| = ]. 


0 


We put 


l 
M(P) = T A((P)log P) = as (an): * log 5- 8p' e). 


Note that M(P) is a C% function of p> = 0. Since p(P)=1 for l 
0 « P<’, we have M(P) = 0 for P > a?. Therefore, supp M(|z|?) is 
contained in the annulus {z : B < |z| < a}. Obviously 

An.(P) = EP) — M(P). (6.91) 
Let W C U be a disk with center 0 and radius 1 — a and let us represent 
points of W by w = u + iv. We put 

ne(Z, w) = "«(|z ~ w|’), E.(z, w) = E,(|z m w|’), 

M(z, w) = M(|z — wļ?). 
Just as we sometimes write f for f(z), supressing the variable z, for fixed 
w we will write the functions 7,(z, w), E;(z, w) and M,(z, w) as e(z, w), 
E.(z, w) and M(z, w) respectively. 

If w € W, then supp 7,(z, w) C U. Hence by condition (ii) 
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(fn, Ame(z, w))| = N(ge«G, w)) + Òn- 
Since (z, w) = g«(|z — w|?), N(e(z, w)) is not dependent on w. Hence, 
putting N(e) = N(y.(z, w)), we have 


If», Ane(z, w))| = N(e)+ Ôn. 
Therefore, by (6.91) 

IU». Ee(z, W) — (^. M(z, W| < N(e) às. (6.92) 
Putting 

(E. gw) = (g, E,z, w) = | ze w)g(z)dx dy 


where g = g(z) is an arbitrary continuous function on U satisfying 
lg|| < +00, we consider (E,g)(w) as a function of w defined on W. 
We call E; : g — Eg an integral operator. 

We will prove 


lEcgllw s lal. (6.93) 
Writing (E; g)(w) as 


(Exg\(w) | VEE: VEE ged dy 
and applying Schwarz’s inequality we obtain 

(EDP < | E. ward] Eule, lato de 
Since, by (6.90): 

| ze w)dx dy = | zz — w|dx dy = 1 
we have: 

(Es? < | E volat dn dy 
Hence, since 

| Eee, w)du dU « [£v — z|?)dy dv < 1, 
we arrive at 

J I E«moofauav < | leas a», 


which proves (6.93). 
We put 


(MgYw) = (g, ME, w) = | MG, w)g(z)ds dy 
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(Mg)(w) is a continuous function of w on W. To prove this, let w and w, 
be two arbitrary points in W. Since 

\(Mg)(w) — (Mg)(w1)| = |M, w) — M. wl lel 
and M(P) is a C% function of P satisfying M(P)=0 if P = a’, 
M(z, w) = M(|z — w|’) is uniformly continuous in z and w. Therefore 


|| M(z, w) — M(z, wi)? — | IMG, w) — M(z, wi) dx dy — 0 


is w — w;. Furthermore, 
I(Mg)(w)| = IIM(, w) llel 
and if w € W then supp M(z, w) C U and M(z, w) = M(|z — w|?), hence 
|| M(z, w)|| is not dependent on w. Putting ||M|| = || M(z, w)|| we have 
\(Mg)(w)| = IMI llel, wew. (6.94) 
By this inequality we have |(Mfm)X(w)— (Mfs)(w)| < ||M|| |Lfm — fall 
hence 
(Mf m)(w) — (Mfn)(w)| s IM |I, + ôn) 
by condition (i). 

Since lim,.,4,0, = 0, the function sequence (Mf,,)(w) converges uni- 
formly on the disk W. Putting f(W) = lim,..(Mf,)(w), and observing 
that all (Mf,)(w) are continuous in w, we conclude that f(w) too is 
continuous on W and 

MEAW) — FW) « |M] -Öm wE. (6.95) 
On the other hand, by (6.92) 
(Eef mw) — f(w)| s N(e) * Òm. 
Hence 
(Eef mW) — f(w)| < (IMI + NE) -Öm — wem. 
If, in general, |g(w)| < c, then || g/|;, = f wlg(w)|?du dr < mc”, hence 
[Efm — Sf \lw s VAMI] + N()) * Òm- 
Since, by (6.93) and condition (i) 
[Efn — Ecfmlw S ||fn — fmll S Ôn + Om 
we obtain 
Ef» — fly s VAMI] + N(G) * Öm + Om + ôn- 
Therefore, since lim,.,,,0,, = 0, we have 
| Esfn —f\lw 5 On. 
Because E,(z, w) 2 0, E, — 0 if |z —w| =e and f E,(z, w) = 1, while 
Jn(Z) is uniformly continuous on for example the closed disk {z : |z| < 
| — a + B), the function of w 
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(Exf,\w) = [£c w)f .(2)dx dy 


converges uniformly to f,,(w) on W if € — +0. Therefore 
lf — fly S Òn, n=1,2,3,.... 

Designating the continuous function f by fw, we see that for each disk 
W —(w:|w| <1-—a}, 0<a< 1, there are continuous functions fy 
= fw(w) on W satisfying the inequality 

In — fwl w SÒ 
If V is such that W C V = w: Iw <1—y},y <a < 1, then: 

lfr — folly * Mv — Sally lfs— folly < 20, — 0, 

as n — oo 
ie. fy(w) = fw(w) if w € W. Hence there exists a continuous function f 
on U which coincides with fw in each W, while 


In ~~ f\lw s< Ó 
Since 6, is independent of W and U = |) o<a<ı W, we have 
Ifa SIS ðn n=1,2,3,.... (6.96) 


Since ||f,l| < +00, it follows immediately that ||f|| < oo. In order to 
prove this function f is continuously differentiable on the unit disk U, it 
suffices to show that f is continuously differentiable on each W = 
{w:|w|<1—a},0<a<1. Therefore we fix W again. by (6.96) and 
(6.94) we have 

(MF nw) - (MPW) = MI, we W. 
Hence, (Mf)(w) = lim,,4,CMf,)(w) for we W, while also f(w) = 
lim, 5, (Mf ,)(w) by the definition of f. Therefore 

f(Qw) = QOMf)(w) = U., MG, w), weW. (6.97) 
Since M(P) is a C?? function of P, | 

M(x + iy, u + iv) = M(z, w) = M(|z — wi’), z—x-iy, 

w = u + iU, 
is a C% function of X, Y, U and v. m( p) = 0 for p = a?, hence the partial 
derivative 

uu(Z, W) = E ap M C^ +iy, u + iv) = M'(lz — w|?) + 2u 


is a uniformly continuous function of z and w, for w € W. Hence for each 
€ > 0 we can find a d(€) > 0 such that 
|M,(z, wi) — M,(z, w)| « € if |w; — w| < ó(e). (6.98) 


Let h Æ 0 be a real number. By the Mean Value Theorem we have 
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M(z, u + h + iv) - M(z, u + iv) 


i = M,(z, u+ 0h + iv), 


0 « 0 « 1, 
hence, if —d(e) < h < d(e) and h Æ 0 then 


M(z, w + h) - M(z, ") Ww ? w) < Jie 


h 
and therefore 
Mew HME) - MG. w) < Jae. 
Hence, by (6.97) 


(w+ h)— f(w) 
mom - (F, My, w))| < IfI vae. 
Since this inequality holds for arbitrary & >0 and h such that 
—ó(&) < h < ó(&), h X 0, we conclude that 
lim Por =f) = (f, M,(z, w)). 
That is, f(u + iv) is partially differentiable with respect to u on W and the 
partial derivative is given by 
falu + iv) = (f, M,(z, u + iv)). 
Since by (6.98) 


uli) — fulw)| s MT Mu, wi) — Mu, wI s [IF] vie, 
if |w; — w| < d(e), it is clear that f,(w) = (f, M,(z, w)) is continuous in 
w. Similarly, f(w) = f(u + iv) is seen to be partially differentiable with 
respect to v and the partial derivative f;(w) = (f, My(z, w)) a continuous 
function of w. Therefore, f(w) = f(u + iv) is a continuously differentiable 
function of u and v on W. 


Theorem 6.17. The 1-form ọ € Lo, occurring in Theorem 6.16, has the 
following properties: 


(i) 9 — v + dæ, where 7.5 is a twice continuously differentiable 
function on R such that ||d7..|| < +00, 
(i) liels = K, 
(iui) if 4 is twice differentiable on R, such that ||dz|| < +00, 
supp y N |o | = Ø, then 
(o, dn) = 0, 
(iv) @ is a harmonic 1-form on R with the same singularities as d®. 


Proof: 
(i) 


(ii) 


Gii) 


(iv) 
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We can extend q — vy to a twice continuously differentiable 1- 
form on the whole of R. Denoting this 1-form also by 9 — y, we 
have 


le — v -dnll = |P- oves ^9, 2-00. 
If € is an arbitrary continuously differentiable closed 1-form with 
compact support on R, we have by Corollary 2 to Theorem 6.14 


(dyn, *&) = | dy, ^ ** = | ^ dy, = 0. 
R R 

Therefore 

(o — v, *€)| = (e — v — dnn, *&)| 


< |o — v — dry. ||*&|| — 9, 
and hence 


| EA@-W=@-¥, x) = 


Therefore, by the same Corollary 2, o — ww is an exact differential 
form on R, i.e. we can represent Q — Y as dy. for some contin- 
uously differentiable function nœ on R. Since p — y is con- 
tinuously differentiable, 7% is twice continuously differentiable 
and ||d7.0|| = lle — vll < +00. 

Since by (6.78) 

| @nollx — IlPollxl = llen0 — Poll = lln — ell — 9, 

| l@nlle-x — llelia-xi s los — Gllr-x = les — ell > 0 

if n — oo, we have 

lel = lool + Cllelie- io? = lim flos = x2. 

For an arbitrary real A we have by (6.82) 

lollo + 2A(@, dy) - ^an? = llo +å ania. 

Since 9 tAdn = Y + doo + An), we have |lp +Ady||% = r, 
while by (ii) lel = k?. Hence, 2A(y, dy) + A^ ||dg|| = 0 and 
therefore, (9, dn) = 

Selecting 7 such that supp y is compact and supp 7M |o| = Ø, * 9 
is a continuously differentiable 1-form with compact support, hence 
f.4(n*o)=0 by Theorem 6.11. Further, fdn ^*o— 
(o, dn) = 0 by (iii). Since nd * o = d(n * o) — dn ^ xo, we con- 
clude that [rad * p = 0. Since this is true for all 7 with compact 
support such that supp n C R — |o |, we conclude that d « o = 0 on 
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R — |o]. On the other hand, do = 0 on R — |o| since 9 € Lo. 
Therefore, 9 is a harmonic 1-form on R — |o |. So o = d$ — goon 
Uo — |o |, where qo is a continuously differentiable function on Ug 
such that doo = 0. Since ® is a harmonic function on Up — |o |, 
d * db = 0, hence d * po = d(*p — xd®) = 0 on Up — |o |, while 
d * o is continuous on Up. Hence d * qo = 0 on Up, and therefore 
the 1-form qo is harmonic on Up. Hence q is a harmonic 1-form on 
R with the same singularities as db. 


This completes the proof of Dirichlet's Principle. 
The 1-form ọ = Y + dno satisfying ||y + d7..|| = x is uniquely deter- 
mined by y because we have 


2 
lex — ell s y loill — x? 


by (6.85) for an arbitrary o; = q + dn. 


Remark 1: Let us denote by Fẹ the collection of functions v that are 
twice continuously differentiable on R — |o | and satisfy the following two 
conditions: 
(i) v = ® + vo on Up — |o |, where vo is a twice continuously differ- 
entiable function on Ug. 
(ii) 
dvollk + (lldvlia- XY < +00 


For v € Fo, the expression 
D(v) = ||dvollx + (lvl - Y 
is called the Dirichlet integral of v. If v € Lo, then D(v) = ||dv||5, hence 


we obtain from the above Dirichlet's Principle for 1-forms the following 
Dirichlet's Principle for functions: 


Dirichlet s Principle 

There exists a function u € Fẹ such that D(u) « D(v) for all 
U € Fe. This function u is harmonic on R — |c| and u = ® + uy on 
Uo — |o |, where uo is a harmonic function on Up. (Weyl, 1955) 


Remark 2: The above proof of Dirichlet's Principle can be simplified by 
invoking Weyl's method of orthogonal projection. (Weyl, 1940) A 1-form 
V = Vidx + V»dy is called Lebesgue measurable if V; and wy»; are 
Lebesgue measurable functions of the local coordinates x and y. Let us 
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denote by He the collection of all Lebesgue measurable 1-forms vy on R, 
satisfying 


lle = Yolk + (lViie-kY «oo, — vo- v-49. 

By the method of orthogonal projection the collection of 1-forms under 
consideration is extended from Lo to Bo. Since ||o, — o,|| — 0 is 
m — oo and n — œ by (6.85), the existence of an element @ € Ba such 
that lim, ,55l]| p, — «|| = 0 follows immediately from the completeness of 
the Hilbert space a. The difficulty is now to show that this q is 
continuously differentiable on Up. Let 7 be a twice continuously differenti- 
able function on R with compact support, such that supp7/M |o| = Ø; 
then (9,d59) 0 by (6.86 and (9, *dn) = limyo(Qn, *dy) = 
limpo f, d(9,) —- 0 by Theorem 6.11. Similarly, (9o, dy) = 
(o, *d3]) = 0 if supp C Uo by (6.87). Hence, in order to prove the 
following lemma, which now takes the place of our Lemma 6.4. 


Weyl s Lemma 

Let f be a Lebesgue measurable function defined on the unit disk 
U, satisfying || f||* = fy |f| dx dy < --oo. If for all three times continu- 
ously differentiable functions 7 with supp7 C U we have (f, Ay) = 0, 
then f is continuously differentiable on U. 


Proof: It suffices to prove that f is continuously differentiable on 
W ={z:|z|<1-—a} for arbitrary a with O0<a< 1. Let (z, w), 
E,(z, w) and M(z, w) be defined as in the proof of Lemma 6.4. If w € W, 
then supp 7,(z, w) C U, hence (f, Ayn,(z, w)) = 0 by our assumption. 
Therefore, by (6.91) 


(f, Ey(z, w)) — (f, Mz, w) = 0. 
i.e. 
(Ew) = (Mw), we W. 
Since |(Mf)(w1) — (Mf)(w)| = IM(z, w1) — MG, wll - || £|| for w, wi 
€ W, we have (Mf)(w) is a continuous function of w on W. There exists a 


sequence {f,} of continuous functions on U such that lim,.,4,0, = 
limn—collfn — f || = 0. By (6.93) we have 


| Ec f — Mf \|w = | Es f, — E.f|w = Ó,. 


Since f, is a continuous function, the function sequence ( E, f, ) converges 
uniformly to f, if € — 0. Therefore ||f/,, — Mf ||w S òn, hence 
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If — Mf|lw < If — fall + lé — Mf lw s dôn — 0, 


as n — oo, 


i.e. equality (6.97) holds. Therefore, f is continuously differentiable on W. 


In this way it is possible to give a relatively simple proof of Dirichlet's 
Principle. However, it seems that Weyl did not like the method of 
orthogonal projection. (See the foreword of Weyl, 1955). The author 
remembers that Weyl told him: “Maybe it is because I am old-fashioned, 
but I think that the method of orthogonal projection is not satisfactory." In 
the author's opinion this might have something to do with Weyl’s attitude 
towards the "crisis" in mathematics, about which he wrote: 


We have had it for nearly fifty years. Outwardly it does not seem to 
hamper our daily work, and yet I for one confess that it has had a 
considerable practical influence on my mathematical life: it direc- 
ted my interests to fields I considered relatively "safe" ... 
(Hermann Weyl: Gesammelte Abhandlungen, Band IV p. 279) 


I first planned to prove Dirichlet's Principle using the method of ortho- 
gonal projection in this book. However, I did not like to have to use the 
concept of Lebesgue measurability only for the proof of Dirichlet's 
Principle and therefore I rewrote it in such a way that I did not have to. 


c. Analytic functions 

The concept of homotopy of curves in a region Q C A is based 
only on continuity of mappings and can therefore be applied to a Riemann 
surface R without any change. Similarly, the idea of a 1-chain can be 
applied to Riemann surfaces, so that also the definition of homology can be 
used in the case of a Riemann surface without any change. 

Let po € R be a fixed point, p € R an arbitrary point, and y : t — y(t), 
0 x t < b, be a piecewise smooth curve in R connecting po and p. Let ọ 
be a continuously differentiable closed 1-form on R and consider Jy o. 

Let % = {U;} be a locally finite open covering consisting of coordinate 
disks U; of R. By Theorem 6.3, o = du; on each coordinate disk U ja where uj 
is a twice continuously differentiable function on U j. Since |y| is covered by 
finitely many U; c Z( it is possible to partition y into m curves 
Yn : t Y,(0), fai StS ty,0 = to X fj € fj <- < ty = b, such that 
each y, is contained in one disk U Any? Yan] € Ujin. Putting p, = y(tn), we 
have 
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| ¢ = | du jn) = = po — uj n Pn- )) 


n=l 
m—1 
= —uj1)(Po) + S Quo») — Uj(n+1)(Pn)) + u j(m)(P)- 
n=1 


Obviously, p, = ¥(tn) € Uğn N Ujnity. Let V, denote the connected 
component of U; N Uj441) containing pn. Since du jen) — dujn+iy = 9, 
Cn = Uj(n) — Uj(n41) 15 constant on Vy. Therefore 


m-—1 
| e o9 — uol) Yen (6.99) 
y n=1 

The right-hand side of this equality is also meaningful if y is not piecewise 
smooth. Therefore, (6.99) can be considered as the definition of the integral 
of ọ along the arbitrary curve y connecting po and p. It is easy to verify 
that the value of the right-hand side of (6.99) is independent of the choice 
of open covering Z( and the partition of y. Since the constants 
Cn = Ujn)(Pn) — Ujnst(Pn), 1 Sn m1, are independent of Pp, 
Pn € Vn, the value of the integral does not change if y is transformed 
continuously in such a way that po = y(0) and p = y(b) remain fixed and 
each y, remains within U j,). Hence we have proved 


Thorem 6.18 (Monodromy Theorem). Let q be a continuously differenti- 
able, closed 1-form on R. If y and y, are two curves connecting the points 
po and p of R, such that y and y, are homotopic on R, then 


| o=] e 


If we want to consider [, 9 as a function of the end point p of y, we write 
J; e. Since u(p) = [7 @ is determined by the homotopy class [y] of y, in 
general u(p)isa multi-valued function of p. If we limit the domain of p to 
one coordinate disk U;, then u(p) = uj(p) + a constant, by (6.99). Hence, 
u=u(p) is a twice continuously differentiable function satisfying 
du = du; = @. For the sake of simplicity, we will write 


u= lo. 


If R is simply connected, all curves connecting po and p in R are 
homotopic and hence u(p) = IM o is dependent only on p, not on y. 
Writing 
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«p - [o 


Po 
u = u(p) is a twice continuously differentiable function on R satisfying 
@ = du. Considering a region Q C R as a Riemann surface in its own 
right, we get the following corollary by applying this result to Q. 


Corollary. If is a continuously differentiable closed 1-form on a simply 
connected region Q, then @ can be represented as o = du, where u is a 
twice continuously differentiable function. 


If y is a closed curve, such that y œ 0, then f[,9 = 0 by Theorem 6.18. 
Hence, if the 1-cycle y is homologous to 0, then 


| o=0, ye0. (6.100) 
y 


The above preparations are necessary in order to continue the preceding 
section. Let 9 = Y + dms, € La be the harmonic 1-form of Theorem 
6.16. Since dp = d « 9 = 0 on R — |a|, both 


u= lo. »- |*o 


are harmonic (not necessarily single-valued) functions on R — la |. 
9 t i* 9 is a holomorphic 1-form on R — |o |, i.e. on a neighborhood of 
each point q € R — |o | we can write ọ + i * ọ as 

9t i*9- hg(Zq)dzZq 
where h,(z,) is a holomorphic function of the local coordinate z, around 
q. Hence 


Za( p) 
f(p) = u(p) + iv(p) = | hq(zq)dz + u(q) + iv(q) 


is holomorphic, ie. f=u-+iv is a holomorphic, but not necessarily 
single-valued analytic function on R — |o |. 

Now ọ = d® + @ on Us — |o |, where @ is a harmonic 1-form on Up. 
Therefore, 9o + i * qo = ho(z)dz isa holomorphic 1-form on Uo, hence 


p z(p) 
f) = | ov i* on = [moe 
0 
is a single-valued holomorphic function on Us. Since 
p+ixp=d®+id¥ + po + i* po 
Le. df = dS(z) + dfo, we have f = S(z) + fo + co on Ug — lc |, where co 
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is a constant. Rewriting fo + co as fo, where fo is holomorphic on Us, we 
have 


f = S(z)+ fo (6.101) 
on Uo — |ø], i.e. f is an analytic function on R with the same singularities 
as S(z). 


Theorem 6.19. Let S(z) = + iW and y € Lẹ be given, and let ọ 
be the harmonic l-form mentioned in Theorem 6.16. Let po € R — |o| 
be a fixed point and let y be a piecewise smooth curve on R connect- 
ing po and an arbitrary point p E€ R —|o| without intersecting |o |. 
Putting 


p 


f(p) = up) + iv(p) = | (9 +ix9) (6.102) 
y 


we see that f = f(p) is an analytic, in general multi-valued, function on R 
with the same singularities as S(z). If y is closed, then 


Ref df = K = jv (6.103) 


Proof: We have proved already that f = f(p) is an analytic function on 
R with the same singularities as S(z). Since ọ = Y + dy,,, we have 
b e= Sy ¥. 

Now @ is a harmonic function on C — |oo| for some region GD 
K = [Uo]. Selecting a C% function p with supp p C G such that p = 1 
identically on K and putting y = d(p®), we have yg = y — db = 0 on 
Uo —|o|. Hence y € £a. If op = d(p®+7,,) is the harmonic form 
corresponding to this v, then 


u= |o = po + tow 


is a single-valued harmonic function on R — |o |, thus: 


Corollary. If we take d(p®) for vy, the real part u = Re f of the analytic 
function f = f(p) is a single-valued harmonic function on R — |o |. That 
is 

d(f(I(t, s))dI(t, s)) = 0. 
From 

d(f(I(t, s))aT(t, s)) = f'(T(t, s))dT(t, s) ^ aT (t, s) 20 
it is obvious that a holomorphic function f(z) of z satisfies this equation. 
Letting K be the rectangle 
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K={t+is:axt<b,0<s<1} 
Theorem 6.2 yields 


| sere spare, s= | ac spar, s) =0 
OK K 


and the left-hand member of this equality equals 


b l 
| f(t, OE., 0)at + | f(b, s))T,(b, s)ds 


0 


b 1 
- | fT, DL, Dat — | f(T (a, 8))E,(a, s)ds 
a 0 


= l, f(z)az + J. f(z)dz — | f(z)dz — |. f(z)dz 


This yields (6.44). 

A 1-form @ that can be represented as 9 = du with u a continuously 
differentiable function is called an exact differential form. A continuously 
differentiable 1-form @ satisfying d$ = 0 is called a closed differential 
form. Since ddu = 0 by (6.3), every continuously differentiable exact form 
@ is closed. Locally, the converse of this statement is valid too. 


Theorem 6.20. Let the 1-form @ be continuously differentiable on the 
region Q such that d$ = 0. Let c be an aritrary point of €2 and choose 
r2» 0 such that U,(c) C €). Then there exists a twice continuously 
differentiable function u such that @ = du on the disk U,(c). 


7 


The structure of Riemann surfaces 


7.1 Planar* Riemann surfaces 

a. Planar Riemann surfaces 

Let R be a Riemann surface: by definition, R is a connected 
Hausdorff space. 


Theorem 7.1. Let C be a piecewise smooth Jordan curve on R. Then 
R — C is either one region or the disjoint union of two regions. 


Proof: Let U = {U;}, U; = U,(j)(q;) be the locally finite open covering 
of (6.59). By (6.61), U(C) = Ug,ecU; is a region containing C and C 
divides U(C) into two regions U *(C), to the left of C, and U (C), to the 
right of C. If W is a connected component of the open set R — C, then W 
has at least one boundary point, (because if W = [W], then R could be 
written as the disjoint union of the open sets W and R — W, contradicting 
the connectedness of R). Since the boundary points of W are on C, 
W N U(C) £ Ø, hence at least one of W N U*(C) and WN U^ (C) is not 
empty. Suppose W '(1U*(C) # ©; then U*t(C) C W since U*(C)C 
R — C and U is connected. Similarly, if W N U (C) # Ø, then U (C) 
C W. Hence there are only three possibilities: 


(1) UHC) Cc W, UOC W, 
Q) U*(C) C W, WN U-(C) = Ø, 
(3 U-(CO) C W, WrnU*(C) =Ø. 


In case (1), R — C = W is one region. In case (2), we write W+ for W and 
* The author used schlichtartig, which we have termed planar, this terminology 


benefiting from the fact that such surfaces can only exist in the plane, as will be 
proved later. 
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denote by W- another connected component of R — C which, in this case, 
exists. We have U (C) C W-., W- '1U*(C) = Ø, hence 
R-C=WtuW, W'*nW =Ø. 
Case (3) is treated similarly. 
If R — C consists of two disjoint open sets, i.e. R — C = W+ UW-, we 
say that the Jordan curve C divides R into the two regions W^ and W-. 


Definition 7.1. If each piecewise smooth Jordan curve on R divides R 
into two regions, then R is called planar. 


Theorem 7.2. A simply connected Riemann surface R is planar. 


Proof: It suffices to prove that a piecewise smooth Jordan curve C on R 
divides R into two regions. Let dp. be the closed 1-form of class C^? used 
in (6.71) so pz is of class C^? on U*(C) and continuous on U*(C)U C, 
while supp pc C U*(C)U C. There is a neighborhood V of C such that 
pc = 1 identically on (U*(C)U C) V. Now, let À : t— A(),0 & t <1, 
be a smooth Jordan arc crossing C at q from left to right, such that 
A(1/2) =q, ADE U*t(C) if OS t<1/2 and A(£ eU (C) if 1/2 
< t « 1. If R — C consists of one region, then we connect A(1) and A(0) 


in R — C by a smooth curve y, and y = yı -A is then a piecewise smooth 
closed curve. Since |A| C V and dp¢ = 0 on V, we have: 


| aot =| apt = pty - oto. 
y yi 
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Since 4(0) € U*(C) n V, we have p£(A(0) = 1 and since A(1) € U^(C), 
we have pc (A(1)) = 0, hence: 


| dpi = 1. (7.1) 


On the other hand, since R is simply connected, we have y œ 0. Hence 
[y dpt = 9 (by Theorem 6.18) and so C does divide R into two regions. 

Since the complex plane C is simply connected, it is planar. Hence a 
piecewise smooth Jordan curve C divides C into two regions. One of those 
regions 1s bounded, the other is not. The bounded region is called the 
interior of C, the unbounded region is the exterior of C. 


Corollary 1. A piecewise smooth Jordan curve C in the complex plane C 
divides C into two regions: one called the interior, and the other the 
exterior of C. 


Since the Riemann sphere S is also simply connected, it is planar. 
Obviously, regions on a planar Riemann surface are planar, hence: 


Corollary 2. All regions on the Riemann sphere are planar. 


We want now to prove the converse of Corollary 2, that is, a schlichtartig 
Riemenn surface is (biholomorphically equivalent to) a region on the 
Riemann sphere. This result is also valid for arbitrary, i.e. not necessarily 
piecewise smooth, Jordan curves. In that form the theorem is known as the 
Jordan Curve Theorem. 

A closed set F € S is said to be connected if it is impossible to find two 
disjoint, nonempty closed sets F, and F, such that F = F; U F2. Denoting 
by F, the union of all connected closed subsets F containing the point 
p € F, F, is also a connected closed subset of F. We call F, the connected 
component of F containing p and F is the union of finitely or infinitely 
many mutually disjoint connected components Fp, F}, Fp, .... 

Let R be a planar Riemann surface, S(z) = ® + iP = 1/z -- z, and 
y = d(p®) and consider the analytic function 


P 
f = F(p) = u(p)iv(p) = | (p ix Q) (72) 
y 


(compare Theorem 6.19). Here, z : p — z(p) is a local coordinate around 
qo, i.e. z(qo) = 0 and f has the same singularities as S(z). Considering 
f (p) as a function of the local coordinate z = z( p), we write f(z), that is 
on the coordinate disk Up with center go, we have 
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f(z- -4 z--fo(z, fo(z) holomorphic on Uo. (7.3) 


Thus f(z) is holomorphic on R — (qo) and has a pole of the first order at 
qo. Hence (by the Corollary of Theorem 6.19) u = Re f is a harmonic 
single-valued function on R — {go}. Next, we prove that v = Im f is also 
a harmonic single-valued function on R — {go}. In order to prove that 
v = | x@ is single-valued it suffices, by Theorem 6.14, Corollary 1, to 
show that [c * p = 0 for all piecewise smooth Jordan curves C that do not 
pass through qo. Since R is planar, C divides R into two regions W+ and 
W- . By changing the orientation of C, if necessary we may assume 
qo € Wt. Choosing the locally finite open covering U = (Uj), U; = 
Un (qj) of (6.59) in such a way that go € U; if q; € C, we achieve 
qo € supp p¢, hence, by (6.71), 


| *e- | dpt ^ xo = (dpi, p). 
C R 


Since [Wt] = Wt UC, pc = 1 identically on [W*]/N V for some neigh- 
borhood V of C. Putting: 
+ + 
— pPcCD), P € [W ]. 
n(p) l L DEW, 
n =n(p) is a C? function on R, go € suppy and dy = dpi; hence 
|d7|| > +oo. Since in this case, |ø | = qo, 


| e=, dpt) = (9, dn) =0 


by Theorem 6.17, (iii). Hence v = f *@ is a harmonic single-valued func- 
tion on R — {qo}. We have proved that f = u + iv is a holomorphic, 
single-valued function on R — {go} with a pole of the first order at go and 
for this function, we have the following theorem. 


Theorem 7.3. The function f : p — f(p) is a biholomorphic mapping of 
R onto a region Q C S = CU {oo} while f(qo) = oo. If R is compact, 
then Q = S. If & is not compact, then F = S — Q is a bounded closed set 
in C; F is either a point or consists of connected components, which are 
segments parallel to the real axis of C. 


Proof: (1) We prove that for arbitrary constants vg and vj(uo < v1) the 
open set G = (p : Up < U(p) < vi] is connected in R. We first investigate 
the shape of G near the pole qo of f. Since 
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1 1 Z 
fü) f) 14+2f0(2)+2? 
in a neighborhood of go by (7.3), it is possible to use 1/f(p) as a local 
coordinate around go instead of z = z(p). So we define a new local 
coordinate by 
l 


z: P> 2p) =<. 


Then on a neighborhood of go we have 


1 
f = f(p) = up) + iv(p) = 7 Z= z(p). 


Assuming that the range of the single-valued, holomorphic function z(p) 
contains the closed disk {z : |z| < a}, a > 0, we redefine Up as Up = 
{p : |z(p)| < a}. In order to investigate the shape of G on Uo, we first 
consider Up = {z : |z| < a} as a disk in the z-plane and we consider the 
function w = u + iv = 1/z on the z-plane. The fractional linear transfor- 
mation w — z = 1/w maps the line v = Uo of the extended w-plane onto 
I, which is a circle or a line of the extended z-plane through 0. Hence 

l 
u + iUo ? 
is a parametric representation of Ty — {0}. If vo 4 0, then u = oo corre- 
sponds to z = 0, u = 0 to z = —i/Up and u = Up to z = (1 — i)/2uo; hence 
Io is the circle through 0, —i/vo, and (1 — i)/2Up. Its center is the point 
—i/2Uo on the imaginary axis. Since 0 < —i/Up < (1 — i)/2vo with respect 
to the natural orientation of To, the point z, starting from 0, moves along I 
in the positive direction if vg > 0 and in the negative direction if vy < 0 as 
the parameter u increases from —oo to --oo. If vg = 0, then Tp coincides 
with the real axis of the z-plane. The part of the curve on R defined by the 
equation U(p) = Vo contained in Up is Ig N Up. Similarly, I} is defined in 
terms of vi. If v, Æ 0, then T; is the circle through 0 with center —i/2v in 
the z-plane and if v, = 0 then T; is the real axis. The part of the curve 
defined by the equation v(p) = v, contained in Up is T, N Up. Therefore 
GN Ug is the part of the disk Up contained between Ip and T}. 

Assume that R>1/a. Putting z = x+ iy, we have u = Re(1/z) = 
x/(x? + y2), hence the inequality u = —R defines the closed disk K with 
center —1/2R and radius 1/2R in the z-plane. Obviously, K C Uo and qo 
is on the circumference of K. We put 

Gr=G-—K={p\u(p)>—-R, vo < u(p) < vı}. 
Now, let us assume that the open set G is not connected. Then Gg is not 
connected. There is only one connected component of Gr with go as a 


u — z= 


—oo < u < -rFoo, 


324 The structure of Riemann surfaces 


boundary point, so there exists a connected component W of Gp such that 
qo € [W]. Determine C” functions g(u) of u and h(v) of v satisfying: 


i g(—R) = g'(-R) = g"(—R) = 0, 
|g(u)| < 1,0 < g'(u) < 1, if u # —R 


and 
h(v)=0, . if v S Uo 
0 < h(r)z1,|h'(0)| <1, if vo «vu 
h(v) = 0, if v > V 
respectively and put 
g(u(p))h(U(p)), pe W, 
n(p) = 
0, DEW. 


Now 7 = n(p) is a twice continuously differentiable function on R: this is 
easily seen as follows. Since u = u(p) and v = v(p) are harmonic on 
R — {q0}, g(u)h(v) is a C” function on R — {qo}. Since the boundary 
point p of the connected component W of Gg is a boundary point of 
Gr: u(p) = —R or v(p) = vo or vi(p) = v, hence g(u)h(v) = 0 on the 
boundary of W. Thus, since qo € [W], n is continuous on R. Considering 
g(w(p)h(v(p)) as a function of the local coordinates x = x(p) and 
y — y(p) of p, we have 


Ê ceno) = g'(u)h(v)uy + g(u)h'(V)Vx, 


Fay ECOM) = g'(u)h(V)uxy + g(u)h'(V)Vxy + g"(u)h(v)uyu, 
+g'(u)h'(V)(UxVy + uyU,) + g(u)h"(V)VxVy 
Further, since 
g(—R) = g'(- R) = g'(- R) = 0, 
h(vg) = h'(uo) = h"(ug) = 0, — h(vi) = h'(vı) = A"(v1) = 0, 
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the first and second order partial derivatives of g(u)h(v) vanish on the 
boundary of W. Hence 7 is twice continuously differentiable on R. 
Since supp 7; C [W], qo € supp 7. Further, du = « and dv = xq, hence: 


dy = g'(u)h(v)o + g(u)h'(v) * o, 
«dy = g'(u)h(v) * o — g(u)h'(v)o. 


Therefore 
lay = |. dy ^ «dy = NOLO + g(uY h'(o)^)o ^ *o. 


Further, p ^ +p = (91 + 95)dx ^ dy, g'(uy hv) + g(uy h'(u? < 2 (from 
the definition of g(u) and A(v)), qo € [W] and ||p||a < +00. Therefore 


dyl? < 2| p \*Q@ < +00. 
W 
Hence, by Thereom 6.17 (iii), (o, dy) = 0 while also 
(o, dy) = | ° ^ xdi = | eano A *Q. 


Now g'(u) > 0 if u Æ —R and h(v) > 0 on W, hence if (o, dy) = 0, then 
g'(u) = 0 identically on W, that is u = —R = constant. If u is constant, 
then v is also constant by the Cauchy—Riemann equations, hence f(p) is 
constant on W. Since this is a contradiction, we conclude that G is 
connected. 

(2) The open set G* = (p : v(p) > ug] is connected, for, selecting vj 
such that v; > l/a, we have T; C Up, hence Gt = GUÍ(p € UW: 
U(p) > Uo}. Similarly it is seen that G7 = (p : v(p) < vi) is also con- 
nected. By replacing v; by Up, it is clear that G^ = (p : v(p) < vo] is 
connected as well. 

(3) We prove that the function f is biholomorphic on a neighborhood of 
each point g # qo of R. Because of Theorem 3.2, it suffices to prove that 
f (0) # 0, where we consider f(p) as a function of the local coordinate z, 
around q and write: f(p) = f4,(z;) and z, = z,(p). Assuming that f,(0) 
— 0, we have 


Sala) = co + Zg (Cm + €Cmaizq o) — 080, m2 


Since Zg(Cm + Cm+1Zq o: !/" is a single-valued holomorphic function 
of z,, it is possible to use this expression as a local coordinate around q 
instead of z,. Denoting this new local coordinate again by z,, we have on a 
neighborhood of q: 


f = fq) = co + 27. | (7.4) 
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Putting z, = re'? and r = |z,| and equating the imaginary parts of the left- 
and right-hand side of (7.4) we get: | 

U = V + r” sin(m0), Uo = Im oo, m = 2. (7.5) 
Now put Us(q) = {p : |Z¢(p)| < ò} for some sufficiently small 6. By 
(7.5), the curve determined by the equation v(p) = Uo, consists, on a 
neighborhood of g, of m segments passing through q, dividing the disk 
Us( p) into 2m sectors: 


Sk = (plz, (p) re?^, 0«r«ó, (k—1)a/m<6< knz|/m), 
k-1,2,...,2m. 


By (7.5), on Sj, $3, ..., S2n-r, -.. we have U(p) > Uo and on S5, Sa, 
..., S2n, ... We have u(p) < Vo, i.e. S2n-1 C Gt and $5, C G^. Next, in 
each sector Są we pick a point p, and we connect q with p, by a line 
segment A;,. Since Gt is connected (see (2)) and p; and p; belong to G*, 
by Theorem 6.15, there is a piecewise analytic Jordan arc y; connecting pi 
and p3. Selecting y; in such a way that is intersects the polygonal line 
A; 1.4; only in p; and p, C = yi* A; ! . A, is a piecewise analytic Jordan 
curve. Since R is planar, C divides R into two regions W* and W~. Since 


p; and p4 belong to G7, it is possible to connect p; and p4 within G^ by a 
curve f. Since |C| C Gt U {q}, B does not intersect C. This contradicts 
the fact that p; € W* and p4 € W~. Hence f4(0) Z 0, proving that f is 
biholomorphic on a neighborhood of each point q £ qo of R. 

(4) We now show that f : p — w= f(p), mapping R onto a region of 
S, is injective. Since qo is the only pole of qo, it suffices to show that if pi 
and p; are two points differing from go and if p; Æ p, then f(pi) 
+Æ f (p»). Let us assume the contrary; that is 
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f (pi) = f(pmp)-wi-wu-civs, pi F pp, 
Since f is biholomorphic on neighborhoods of p; and p», we know, by (3), 
that there is a disk U, = {w : |w — w2| < £}, that determines disks U, and 
Uz with centers p; and p respectively which are mapped biholomorphi- 
cally onto U, by f: that is f(U4) = f(U2) = U,. Of course, we may 
assume that f is biholomorphic on a region containing [U;] and on a 
region containing [U;]. Let 


l: t— w= (= w it, —E£€f*tXtE, 


be the diameter of U, determined by the equation u = u, and let a = 
l(—£) = u + Wo (Vo = V2 — €) be its starting point and w = (€) = u 
+ iv, (U, = U2 + £) it end point. The lines v = Up and v = UW, parallel to 
the real axis in the w-plane, pass through a and w respectively. We denote 
the diameter of U, and U, corresponding to / under f^! by J, and Jp 
respectively, the starting points of /, and /; by a, and a; respectively, and 


w U —UU| 


the end points of /, and /, by wı and w2 respectively. Put 


G-íp|w«wp)«u) Gt ={plo(p) > vı}, 
Go = {p|v(p) < vo}. 


As U(w) = v(w2) = v, and the open set Gf is connected, (see (2)), it is 
possible to connect w; and c» by a piecewise analytic Jordan arc yı, which 
is in Gf with the exception of its end points, (Theorem 6.15). Since 
v(a) = v(a2) = Uo, it is also possible to connect a? and a, by a piecewise 
analytic Jordan arc yo which is in Gg. with the exception of its end points. 
Now, T= yi: lh! -yo- lj is a piecewise analytic Jordan curve on R. 
Hence T divides the planar Riemann surface R into two regions W* and 
W-. Since qo € T, qo belongs either to W* or to W~. Let us denote the 
set from among Wt and W- not containing go by W", and put 
G" = GN W”. Since f(I)) = f(_) 2 1 if pel|h| or pe lhl, then 
u(p) = u2. Hence, for a boundary point p of G”, we have u(p) = u or 
U(p) = Uo or U(p) = v. Selecting C?? functions g(n) and h(v) such that: 
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do 


% 


l g(u1) = g'(u2) = g"(u) = 0, 


lg(u)| < 1, 0 < g'(u) « 1, if u zu 
h(v) = 0, if v S ug 
0< h(v) < 1, |h'(v)| <1, ifug «v «ui 
h(v) = 0, if v= uU, 
we put: 
|f slu(p)) hp), pec”, 
"(p) = » 
0, pE c. 


This function 7 = y(p), just as the 7 of (1), is a twice differentiable 
function on R, such that qo € supp y C [G"] and further ||dn|| < +00. 
Therefore, by Theorem 6.17 (iii), (o, dn) = 0. Further, 


(o. dn) - | Lpo |. a’ Chong} + ease 


while h(v) > 0 on G”. Therefore g'(u) = 0 identically on G”, i.e. u = 
u2 = constant, contradicting the fact that f = u + iv is not a constant. We 
conclude that f : p — f(p) is an injective map. 

(5) Put Q = f(R). Then Q is a region on the Riemann sphere 
S = CU {oo} and oo = f(qo) € Q, while f is a biholomorphic map map- 
ping R — (qo) onto Q — (oo). Considering S as a Riemann surface, a 
local coordinate around oo is given by w — 1/w. Using this local coordi- 
nate, f can be represented as f : z — w = z on a neighborhood of gp. In 
this sense, f is also biholomorphic in a neighborhood of go, ie. f is a 
biholomorphic map which maps R onto Q. If f = S — Q is nonempty, 
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then F is a bounded closed set on C. For arbitrary vo and v, with Up < vi 
the open set G = (p : uo < U(p) < vi) is connected, hence 
(weQ:vo « Imw <v} = f(G) 


is also connected. In order to prove that all connected components of 
F — C — Q are either segments parallel to the real axis or single points, it 
suffices to prove that two points wo = uo + iVo and w; = u; + iv, satisfy- 
ing Vo < vi, in F belong to different connected components of F. Putting 
b = (Vo + v1 /2) and denoting by Cz a circle with center ib and sufficiently 
large radius R, we have seen that F belongs to the interior of Cr. Denote 
the upper semicircle of Cr by Cj. Since f(G)= {w €Q : vo < 
Im w < vı} is connected, it is possible here, by Theorem 6.15, to connect 
the end points — R + ib and R + ib of CR in f(G) by a piecewise analytic 
Jordan arc y, intersecting C} only at its end points. Since y = yı * Cisa 


piecewise analytic Jordan curve, y divides C into two regions, namely the 
interior V+ and the exterior V^ of y (Theorem 7.2, Corollary 1). Since 
obviously |y| N F = Ø, we have F C V+ U^, that if F is the union of 
two disjoint closed subsets Ft = FN V+ = F — V- and F- = FAV- 
= F — V+. Since w € F* and wọ € F^, we find that w; and wo belong 
to different connected components of F. Therefore each connected compo- 
nent of F is either a segment parallel to the real axis or a single point. In 
this case, R — f7! (Q) is not compact. 

If F = Ø, then f(R) = Q = S and R is compact. 

Since f is a biholomorphic map from R onto Q, R and Q can be 
identified as Riemann surfaces. If F # Ø then each connected component 
of F is either a point or a horizontal segment, hence Q = S — F is called a 
horizontal slit region. 


b. Simply connected Riemann surfaces 

Let R be a simply connected Riemann surface. Since simply 
connected Riemann surfaces are planar (Theorem 7.2) compactness of R 
implies that R is the Riemann sphere S by the above result. 
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If R is not compact, then = f(R) = S — F is a horizontal slit region, 
where f is the biholomorphic mapping of Theorem 7.3. The simply 
connected region $2 = S — F is a region without holes (Definition 5.1), 
hence F is connected, as proved in Section 5.1e. Since in this case Q is a 
horizontal slit region, that fact can also easily be verified directly as fol- 
lows. Assume that F is not connected, then F has at least two different 
connected components F and F2. F, and F; are either single points or seg- 
ments parallel to the real axis. Selecting points a, € F; and a4 € F» we put: 


bixo= ] dw dw 
? V = mi w-Q. w-—aijj 
Using the local coordinate w = 1/w around oo € Q, q can be represented 
as 


o+ixo= (a; — a2)dw 
2zi(l1 — a2w)(1 — Q1w)' 

hence o is a harmonic 1-form on Q. Since Q is simply connected, all 
closed curves y contained in Q satisfy y ~ 0. Hence by the Monodromy 


Theorem, 6.18 
| Q — O0. (7.6) 
y 


If F is contained in one line parallel to the real axis, we may assume that F 
is on the real axis, 0 € F, F; C R- and F, C R*. Determine a disk Up 
with center 0 and radius R such that F C Ug and denote the right half of 


Ug by UR. Putting y = O[U$], F; is in the interior, and F, in the exterior, 
of y. Hence, by Cauchy's Theorem and the Integral Formula we have: 


| l | dw | dw 
o = Re— — = |. 
y 27ti yWw- ay yw ay 


Since y C Q, this contradicts (7.6). 
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If F is not contained in one line parallel to the real axis, we may assume 
that F| and F; are on different lines. Let F; be on the line v = v, and F> 
on the line v = v, and assume v, < 0 < v. Determine a circle Cr with 
center 0 and radius R such that F is contained in the interior of Cr and 
denote the upper half of Cr by Cj. By the first part of the proof of 
Theorem 7.3, the open set G = {w € Q : v, < Imw < v2} is connected. 
Hence G N UR(0) is also connected. Hence it is possible to connect the 
points —R and R with a piecewise analytic curve y;, which with the 
exception of its endpoints —R and R, is contained in G N UR(0)- 
y = yi: Cj is a piecewise analytic Jordan curve in Q, and F; is in the 
exterior and F in the interior of y. Hence ho — ] by Cauchy's Theorem 
and the Integral Formula. This contradicts (7.6). Hence F is a connected 
closed set, i.e. F is a segment parallel to the real axis or a single point. 

If F = {a}, the transformation w — z = 1/(w— a) maps Q =S—F 
onto the z-plane. Hence, in this case R is biholomorphically equivalent to 
the z-plane. If F is the segment connecting a and f = a + ô, 6 > 0, the 
transformation w — 2/Ó(w — (a + )/z) carries F into the segment 
[—1, 1]. Hence we may assume from the begining that F = [—1, 1]. The 
transformation w — (w+ 1)/(w — 1) maps —1 onto 0, (—1, 1) on R^ and 
1 onto oo, hence S — F onto C — R- U {0}. Let V denote the principal 
value of the square root. The map w — Ẹ = ,/(w+ 1)/(w — 1) is biholo- 
morphic map, from S— F onto the right half C-plane. Since 6 — 
z = (Ẹ — 1)/(€ + 1) is a conformal mapping the right half ¢-plane onto the 
unit disk U of the z-plane, w — z = (€ — 1)/(€ + 1) is a biholomorphic 
map from S — F onto U. A simple calculation yields 


z—w—wvw?- |]. ' (7.7) 
(here too, V denotes the principal value). Therefore, in this case R is 
biholomorphically equivalent to the unit disk U. We have proved: 


Theorem 7.4. A simply connected Riemann surface R is biholomorphic- 
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ally equivalent to the Riemann sphere S, the complex plane C or the unit 
disk U. 


Corollary. (Riemann's Mapping Theorem). If the region is simply con- 
nected and D C C, D Æ C, then there exists a conformal mapping D onto 
the unit disk U. 


Proof: Since D is simply connected Riemann surface, and obviously not 
compact, D is biholomorphically equivalent to C, or U. Suppose that D is 
biholomorphically equivalent to C, then there exists a biholomorphic map 
f :z— w= f(z) mapping C onto D. Now f(z) is an entire function, but 
not transcendental. To see this, let U,(0), € > 0, be an e-neighborhood of 
0 € C and put c = f(0). Then W = f(U,(0)) is a neighborhood of c by 
Theorem 3.2, and f(z) ¢ W if |z| = £, contradicting Weierstrass’ Theorem 
(Theorem 1.23). Hence f(z) is a polynomial of z and so D = f(C) = C by 
the Fundamental Theorem of Algebra, contrary to out assumption. We 
conclude that D is biholomorphically equivalent to U. Theorem 7.4 can be 
considered as an extension of Riemann's Mapping Theorem. It is also 
possible to derive Theorem 5.3 from Theorem 7.3: 


Theorem 7.5. Let D be a region on the Riemann sphere S and let 
A = S — D be a connected closed set. Let z; € D. If A does not consist of 
a single point, there exists a biholomorphic map f : z — w = f(z) map- 
ping D onto the unit disk U and satisfying f(zo) = 0. 


Proof: There exists a biholomorphic map f : z —^ w = f(z) mapping D 
onto the horizontal slit region Q = CU (oo) — F satisfying f(zo) = oo 
(using Theorem 7.3 with R = D and go = zo). In order to show that F 
consists of only one segment, we assume that F has at least two connected 
components F and F5. As above, it is proved that there exists a piecewise 
analytic Jordan curve y C Q, such that F; is contained in the exterior and 
F in the interior of y. Since f is biholomorphic f/^!(y) C D =S — Aisa 
piecewise analytic Jordan curve. Since S is planar, by Theorem 7.2, f !(y) 
divides S into two regions Wt and W~. Since A is a connected closed set, 
A is contained in W * or W~. Assuming that 4 C Wt, f ^! (y) divides the 
region D into two open sets Wt — A and W7, hence Wt — A, by Theorem 
7.2, has to be a region also. Hence y divides Q = f(D) into two regions 
f(W* — A) and f(W -). On the other hand, y divides the Riemann sphere 
CU (oo) into two regions V* and V-. Hence f(W^) —V* —F or 
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f(W^) =V~ — F. Since both cases are treated similarly we assume 
f(W-) = V- — F. Since [W7] = W- Uf (|y) we have: 

FWD = fW DU lyi =V uj) -F 
and, since [W7] is compact, by Theorem 6.7 f ((W7]) is also compact, that 
is f([W }) is closed. Hence: 

(Vo Ulyp- FHV" uly) -F= Uf. 
and therefore V^ N F = (2. This contradicts the fact that F1 C V^ or 
F> C V~. Hence F consists of one connected component, that is F is a 
segment or a point. 

If F is a single point, then Q = C U {co} — F and C are biholomorphi- 
cally equivalent, while on the other hand, by moving 4 by a fractional 
linear transformation in such a way that oo € A, the regions D = S — 
A C C and C are biholomorphically equivalent. Hence A = {co} consists 
of only one point, contradicting our assumption. Hence F consists of one 
segment. Assuming F — [— 1, 1], the biholomorphic map (7.7) 


h: w— h(w)=w-vw?-1 
maps Q = C U (oo) — F onto the unit disk and the point oo onto 0. Hence 


h o f is a biholomorphic mapping which maps D onto the unit disk U and 
Zo onto 0. 


c. Multiply connected regions 

Define f as in Theorem 7.3: Q = f(R) = S — F. If the planar 
Riemann surface R is not simply connected, F has at least two connected 
components. In this case, Q, is called multiply connected and the number 
of connected components of F is called the connectivity of Q. In this 
section we want to investigate the case of finite connectivity. 

Let m be the connectivity of Q and let F1, F2, ..., Fk, ..., Fm denote 
the connected components of F. Each connected component Fx is either a 
segment parallel to the real axis or a single point. 

If all connected components F% are points 6, in the w-plane C, the 
transformation 

1 
w—pi 
maps €2 onto the region 
D —C- (a5, O3, o, Am} 


where ag = l/(By — B1), k 22,3, ..., m. Hence R and D are biholo- 
morphically equivalent. Putting 


W — z= 
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dp) = L— 
P SÐ- p 
z : p — z(p) defines a global coordinate on R, that is a coordinate that can 
be used on the whole of R. 

If at least one of the Fz, say F}, is a segment, we assume F) = [—1, 1] 
and apply the transformation (7.7): 


w—z-h(w)—-w-wvw:-1 
which maps S — F; onto the unit disk of the z-plane and Q onto the region 
D—U-A2UA3U---UAg 
where A; = h(F4), k —2,..., m. If Fy, is a segment, A; = h(F,) is an 
analytic Jordan arc, and if F, is a point, obviously h(F;) is also a point. 


Further R and D are biholomorphically equivalent. 
Solving the equation z — A(w) for w, we put 


w-—h(z)-g(z)- ; (2 + z). (7.8) 


In order to investigate the properties of the biholomorphic map h-' which 
maps U onto S — Fi, F; = [—1, 1], we put z = re, 0 < r < 1. Then 


wauriw=5(L4r)eose—1(4—r) ising, (7.9) 
2\r 2\r 
ie. 
1/1 1/1 
u=- ( + r) cos 0, v=- ( — r) sin(—0). (7.10) 
2\r 2\r 
Elimination of @ yields 
u? vu 1/1 1/1 
— — L— =— — = = — — . 7.11 
Spb a Gtr): b G r) (7.11) 


. for fixed r, (7.11) is the equation of an ellipse in the w-plane and the 
biholomorphic map g = h^! maps the circle |z| = r of the z-plane onto 
this ellipse. If the point z = re’® traverses the circle |z| = r once, starting 
from r in the positive direction, the direction corresponding with increas- 
ing 0, the point w = u + iv traverses the ellipse once in the negative 
direction starting from a. For brevity, we will write r f 1 if r increases 
monotonically to 1 and a | 1 is a decreases monotonically to 1. If r 7 1, 
then a | 1 and b | 0 and the ellipse (7.11) “shrinks monotonically” and 
converges towards F, — [—1, 1]. Denoting the interior of the ellipse (7.11) 
by Ej, h^! maps the region {z : r < |z| < 1} onto E, — Fy. 
Elimination of r from the two formulas (7.10) yields 
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2 V? 


u — 
cos0 sin0 ` 

For fixed 0 Æ n(z/2), where n is an integer this is the equation of a 
hyperbola in the w-plane. Denote this hyperbola by A and denote by 47, 47, 
Agr and Ary the parts of A in the first, second, third and fourth quadrant 
respectively. For 0 < 0 < 2/2 we have u | cos and v Ì0 isr Ì1 by - 
(2.10), hence ^! maps the radius r — z = re'?, 0 <r < 1, of U into Ay. 
If r increases from 0 to 1, w = u + iv traverses A;y from oo to cos@. 
Similarly, if r increases from 0 to 1, w= u+ iv traverses Am if 
n/2<O< m, Ag if zt « 0 < 30/2 and Aj; if 32/2 < 0 < 27x, in each case 
from oo to cos 0. For 0 = 2/2 we have w = iv and v | O ifr | 1, and for 
0 —3zx/2 we have w— iv and v | 0 if rf 1. For 0—0, we have 
w= u | lisr T 1, and for 0 = m, wehavew—-uT-— ifr f 1. 

The biholomorphic map g which maps the unit disk U onto S — F; can 
be extended in a natural way to a continuous map 


~ " 1/1 
giz w=80=3 (2+2) (7.12) 


which maps [U] onto S. On O[U] we have g(1) = 1, g(—1) = —1 and 
2(e%) = g(e-) = cos 0, hence g maps O[U] — (1, —1} one-to-one onto 
the open interval (—1, 1) = Fi — {-1, 1}. 

Since g(z) = (1/z+ z) is invariant under the transformation z  1/z, 
g:z— w= g(z) is a biholomorphic map which maps the exterior 
CU foo) — [U] of the closed unit disk in the extended z-plane onto 
S — F, and g is a continuous map which maps C U {oo} — U onto-S. Now 
g(oo) = oo and g : 2 = 1/z —^ w = 1/w = 22/(1 + 2) is biholomorphic, 
and therefore conformal, on a neighborhood of oo. In this sense g is a 
conformal mapping which maps C U {oo} — [U] onto S — F; and which 
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The z-plane The w-plane 


can be extended to the continuous map g. If r > 1, thenz 1 /z maps the 
circle |z| = r onto the circle |z| = 1/r reversing the orientation, hence, if z 
traverses the circles |z| = r in the positive direction, w = g(z) traverses the 
ellipse O[E5] (here b = (r — 1/r)/2) of (7.11) in the positive direction 
also. Further, g maps the region {z : 1 < |z| < r} conformally onto the 
region E, — Fi. The extension g of g maps C U (oo) — U onto S and the 
closed region {z : 1 < |z| < r} onto [E;]. Solving w = g(z) = (z+4)/2 
for z we get: z = w+ vw? — 1. Hence 
h=g':wz=h(w)=w+vw—-1 (7.13) 
is a conformal map mapping of S — F; onto CU {oo} — [U] (here / 
denotes the principal value of the square root). Obviously, A(oo) = oo. 


Lemma 7.1. If W is a connected open set in C and 4 a piecewise smooth 
Jordan arc in W, then W — A is also a connected open set. 


Proof: The proof is similar to the proof of Theorem 7.1. Let a be the 
starting point and b the end point of the Jordan arc A. As explained in the 
beginning of Section 6.3e, for each c € A, c Za, c Æ b, it is possible to 
find a (sufficiently small) r(c)- 0 such that A divides the disk 
U,(c(c) C W into two regions: U oO) to the left of A and U rc) to the 
right of A. Further, it is possible to determine r(a) > 0 such that the circle 
A, : 6,A,(0) = a + re'?, 0 < 0 x 2x, with 0 < r < r(a) intersects A at 
only one point /,(a(r)) (see Section 2.1b). Here, a(r), 0 < r < r(a), is a 
continuously differentiable function and we put a(0) — lim,++0 a(r) (see 
Section 5.2). Hence U,,q)(a) — A C W is one region. Similarly for the end 
point b, pick r(b) > 0 such that U,4(b) — A C W is one region. Since A 
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is covered by these disks Uxo (c) (c € A), it is also covered by a finite 
number of them: 


AcU( U(A=(JU;CH, 
j=0 

where U; = U,(5(cj) and r(j) = r(c;) for j = 0, 1, 2, ..., m. In order to 
verify that the open set U(A) — A is connected, we assume that Up = 
Uxa (a) and we consider 4; = AM Uj. By renumbering U),..., Uj ..., 
U m, if necessary, we can obtain 

(Ap UA, U. U AJNA FO, | j—0,1,2,..., m- I. 

(7.14) 

Indeed, if for some j 

(49 U A4; U+- U Ap AE = Ø, k=j+1,j+2,..., m, 
the set B given by 


B=A4æ%UA U: UAj=4A-— |] U: 
k=j+1 
is a closed subset of A. Now C = A;+1 U ++- U Am is also a closed subset of 
A and A = BU Cand B N C £ Ø, contradicting the connectedness of A. 
Since the open set Up — A is connected and Ag N A; # Ø, we see that 

(Uo — A) U UF and (Up — A) U U, are connected, hence 

(UoU Uj) - A- (Uo - JUUT UU], 
is a connected open set. Since, if A; A, 4 Ø both Ut UU; and 
U; U U; are connected, we observe that 

(Up UU, U--- 0 Uj))— A 

= (Up — A)JUUT UU, U---UUT UU; 

and deduce that if (Ug U--- U Uj) — A is connected, so is (Ug U---U 
U;U Uj,1) — A. Therefore, U(A) — A is see by induction to be a con- 
nected open set. Since W is connected and W > U(A), W — A is also a 
connected open set. 


Lemma 7.2. Let A be a piecewise smooth Jordan arc on the Riemann 
sphere S such that oo é A. There exists a conformal mapping h: w 
— z = h(w) which maps S — A onto C U {oo} — [U] and œ onto oo. 


Proof: Since S — A is a region by Lemma 7.1, there exists a biholo- 
morphic map f : w — z = f(w) which maps S — A onto U and co onto 0. 
Putting h(w) = 1/ f(w) we obtain the desired map. 
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In what follows we will denote by S — [U1] —[U,] — --. — [Um] for 
example the open set obtained by deleting the closed domains 
[U1], [U2], ..., [Um] from the Riemann sphere S. 


Theorem 7.6. If Q =S — F is a horizontal slit region of connectivity m 

such that all connected components F|j, F5, ..., Fm of F are segments, 

then &2 is conformally equivalent to a bounded region D C C of the 
following form: 

D = CU (oo) - [Ui] - [U2] - --- — [Un], oo € Uj. 

| (7.15) 


Each U% is a simply connected region on the Riemann sphere C € {oo} 
and its boundary |L'4| = [U] — U; is an analytic Jordan curve while the 
closed regions [U1], [U2], ..., [Um] are mutually disjoint. Orienting all T, 
in such a way that I'; = —ó[U,], we have 

OUP] T1 c D? +--- +p. (7.16) 


Proof: The proof is by induction on m. 
(1) The case m = 1. Assuming F = [-1, 1], the biholomorphic map 
(7.7) 


h:w>z=h(w)=w-vw-1 


maps {2 = S — F conformally onto the unit disk U C C. Putting 2 = 1/z, 
U; = CU {oo} — [U] is the unit disk in the Z-plane. This unit disk is, of 
course, simply connected and its boundary |I',| = [U,] — U; is a circle. 
Hence, £? is conformally equivalent to D = U = CU {oo} — [U1]. 

(2) We assume the theorem is true for m — n — 1 and prove it for 
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m — n. By the induction hypothesis, there exists a conformal mapping g 
which maps S — Fi — F — --: — Fp_; onto 
E = CU {oo} — [P1] — [V2] ^ --- - [Vài]; 00€ Fi. 


Here, each V, is a simply connected region on CU oo) and the 
boundaries |B| = [V] — Vy are analytic Jordan curves, while [V;] NA 
[V4] = Ø if j Æ k. Now A, = g(F,) is an analytic Jordan arc in E and g 
maps Q = S — F, — Fy —--: — F,.4— F, onto E — Apn. By Lemma 7.2, 


n=4 


there exists a conformal map h : w — z = h(w) mapping CU {œ} — A, 
onto C U (oo) — [U] and co onto oo. Since 


E — A, = CU (oo) — A, - [Vi] - [V2] ^ <- — [Vil 
h maps E — A, conformally onto 
D = C U {oo} - [U] - [Ui] — [U2] — <- — [Usi]. 


where we have put Ug = h(V;). Obviously oo = h(oo) € h(Vi) = Ui. 
Since V; is simply connected, Ug = h(V;) is also simply connected. Since 
|B, | = [V4] — Vx is an analytic Jordan curve, so is |T| = [Ux] - Uk = 
h(|Bx|). Since [Vj] N [Vx] = Ø, j # k, (UJ A [Uk] = ALY) N ACV) 
= Ø and further, since [V;] C CU (oo) — An, we have [U;] C CU {oo} 
— [U]; that is [U;] n [U] = Ø. Putting U, = U we have [U;] N [U] = Ø 
for j Æ n, and 
D = CU (co) - [Ui] - [U2] — -++ — [Un], 


proving the theorem for m — n. 


Corollary. Let Q — S— F be a horizontal slit region of connectivity 
m + n, let the connected components Fi, F5, ..., Fm of F be segments 
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and connected components Fm+1, F5,5,..., Fm+n points. Then Q is 
conformally equivalent to a region D of the form 


D — CU {oo} - [Uj] — t [Um] — {c1, C2, ..., Cn}, 
œ € Uj, 

where ci, C2, ..., Cn are points. 

7.2 Compact Riemann surfaces 


a. Cohomology groups 

Let R be an arbitrary Riemann surface. Let W — (W,) be a 
locally finite open covering consisting of coordinate disks W m, let wm be a 
local coordinate on W,, and let {p,,} be a partition of unity subordinated 
to 39. For p, q € R we define the distance d(p, q) between p and q by 


d(p, 4) = X (PMP) — on(a)l + lon(p)wu(p) — Pm(G)Wm()|): 


Here we assume that p,,(p)wm(p) has been extended to a C?? function on 
R which vanishes whenever p é Wm. The distance d(p, q) enjoys the 
following properties: 


(i) d(p, q) is a continuous function of p and q and d(p, q) = 
d(q, p). 


(ii) d(p, p) = 0 and d(p, q) > Oif p z q. 
(ii) d(p, q) S d(p, r) 4- d(r, q) for three points p, q and r. 


Proof: It is obvious that d(p, q) satisfies (i) and (iii) and that d(p, p) 
= 0. If d(p, q) = 0, then p,(p) = pm(q) for all m. Since Y^ mpm(p) = 1, 
we have p4(p) = Pm(q) > 0 for at least one m, i.e. p and q belong to the 
same Wm. Since further ps(p)ws(p) = Pm(q)Wm(q), we have wm(p) = 
Wp(q). Hence p = q. In general, a Hausdorff space on which is defined a 
function satisfying (1), (11) and (iii), is called a metric space, and d(p, q) is 
called the distance between p and q. In this sense, a Riemann surface is a 
metric space. For a metric space È the e-neighborhood of q € X is defined 
as U,(q) = lp : d(p, q) < €). A subset U of È is open if and only if for 
each q € U there exists an € > 0 such that U,(q) C U. Therefore the 
distance function d(p, q) determines a topology on È. 


Lemma 7.3. It is possible to choose a locally finite open covering 
U = {U;} of R consisting of coordinate disks U; such that: 

if U; N Uy # Ø, then there exists a Wm c X9 such that 

U;jUU, C W,. (7.17) 
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Proof: For q€ K there are only finitely many W,, € ® such that 
q € W m. Therefore 
if q E Wm, d(p, q) < (q) then pE Wm (7.18) 


for a sufficiently small ó(g) > 0. Let z, be a local coordinate around q and 
select a coordinate disk Urgo (q) = {p : |z;(p)| < R(q)} such that: 


. l 
if p € Urg (a) then d(p, q) < 794). (7.19) 


Selecting such a coordinate disk Ugro (q) for all points q € R, it is 
possible, by Theorem 6.8, to choose a finite or infinite number of 
coordinate disks: 
U; — Un jq). 0 < r(j) S R(qj), j=1,2,3,..., 

such that Z( = {U}; : j= 1, 2, 3, ...} is a locally finite open covering of 
R. If R is compact, this is obvious. In order to verify that Z( satisfies 
condition (7.17), we assume that U; N Up 7 Ø and we pick an arbitrary 
point p; € U;N Ux. Assuming further that ó(q;) = O(gx), we have 
q; € Wm. Since pj € U; = Un p (qj), r) = R(qy), we have by (7.19) 


i 
d(pi, qj) < 5 9 (4. 


and similarly 


i 
d(pi, qx) < 5 9 (4) 


Therefore 


1 i 
d(qk, qj) = d(qx, pi) + d(pi, Gj) < 5 9 (41) + 5 045) = Ó(q;). 


Hence by (7.18), gx € Wm. Assume p € U;U U,. If p € U;, we have 
d(p, q;) < 6(q;)/2 hence p € Wm. If p € Ux, as q € Wm and d(p, qx) 
< 6(qx)/2, we have p € Wm. Therefore U; U Uy C Wm. 

Let £ be the collection of all closed 1-forms @ continuously differenti- 
able on R and let E€ be the subset of £ consisting of all exact differential 
forms du, where u is a twice continuously differentiable function on R. 
Clearly, £ is a vector space over R and € is a subspace of £. 


Definition 7.2. The quotient space £/E is called the first d-cohomology 
group of the Riemann surface R and denoted by H 1X2 (R). The element in 
H'(R) corresponding to y € Gis called the d-cohomology class of wp. If 
R is compact, L coincides with the space Lo obtained by taking for ® in 
(6.79) the function that is identically 0. We choose a locally finite open 
covering Z( = {U;} satisfying: 
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each U; is a simply connected region and if U; N Uy # ©, 
then there exists a simply connected region W, (7.20) 
depending on U; and U; such that U; U U C W. 


(Such an open covering exists by Lemma 7.3). If y € £, then by Theorem 
6.18 we can write y = duj, where u; is a C? function on the simply 
connected region U;. If U; N Ux # Ø, then cj = uy — uj is constant on 
U; U,. To see this, consider a simply connected region W satisfying 
W D U;U Uz. Then y = du on W, where u is a C? function on W. Hence 
d(u; — u) — 0 on U; and therefore uj — u is constant. Similarly, we see 
that uy — u is constant on U,. 
Cik = Uk — uj = (uy — u) — (uj — u) 

is constant. Writing y = du; on all U;, y € L, and putting cj = uy — uj 
on U;(|U, Ø, we have set up a correspondence between the real 
numbers cj, and all pairs (j, k), such that U; N U, 4, that is vy 
determines a real-valued function cj defined on {(j, k): U; N Uk z Ø}. 
It is easily verified that two functions c;; satisfies the following conditions: 


(1) Ch = —Cjk; 
(ii) if U; 1 U; N Ur # Ø then cy + cj + Cki = 0. 


A real-valued function cj, defined on {(j, k): U; N Uk z o, satisfying 
conditions (1) and (ii) is called a 1-cocycle (with real coefficients) on U. If 
the 1-cocycle cj, can be represented as 

Cik = Ck — Cj 
where c; is a function of j, then cj, is said to be cohomologous to 0. The 
collection of all 1-cocycles on Z( is a vector space over R and denoted by 


L(@). The collection of all 1-cocycles cohomologous to 0 is a subspace of 
L(@) and denoted by E(Z4). 


Definition 7.3. The quotient space L(@)/E(@) is called the first coho- 
mology group of the open covering Z( and is denoted by H!(Z() The 
element of H!(Z4) corresponding with the 1-cocycle cj, € L(Z4) is called 
the cohomology class of c jx. 


Theorem 7.7. (de Rham’s Theorem). Let Z( = (U;j be a locally finite 
open covering of R satisfying condition (7.20). The d-cohomology group 
HR) of R and the cohomology group H!(Z4) of Z4 are isomorphic as 
real vector spaces: 


H(R) = H' (0 (7.21) 
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Proof: Assign to each closed 1-form y € £ a 1-cocycle cj, = uy — uj as 
described above. The C? function u; on U; satisfying du; = v is deter- 
mined uniquely up to a constant, that is if du; = du; = y, then uj = 
uj + c; where c; is a constant. Therefore 


/ / e 
Cj = Uk — Uj = Uk — Uj + Ck — Cj = Cj + Ck — Cj; 


that is the cohomology class of the 1-cocycle cj, is uniquely determined by 
v. Hence the correspondence y — cj, yields a linear map from £ into 
H (24) = L(Z0/ E(Z4). 

If v € £, then y= du for some C^ function u on R. Hence 
d(u; — u) — 0 and therefore u; = u + cj, c; a constant, on U;. Hence 
Cik = Uk — Uj = Ck — Cj. Conversely, if cj; = cg — cj, then uj — cj = uk 
— cy on U;1 U, Æ Ø, hence the function u defined by putting u = uj 
— cj on all U; is a C? function on R and du — du; — y, ie. y € €. 
Therefore, Y — cj, is a one-to-one linear mapping from Hl() = £/£ 
into H'(Z4). To prove that H\(R) = H'(Z4) it suffices to show that for an 
arbitrary 1-cocycle cj € L(Z4) there exists a closed 1-form y correspond- 
ing with cj. Let {p;} be a partition of unity subordinated to Z( = (u;) and 
define a C^? function u; = uj(p) on each U; by 


u(p)— > pi(p)ey, p € Uj. 
If U; N U; N Uy x Ø, then cj, = Cik — cy, by conditions (i) and (ii), hence 
ux(p) — uj(p) = X pil pce — ey) = X pipe = cg 


if p € U; N Ux. Hence du, = du; on U; N Up A Ø. Defining y = du; on 
each U;, we have found the desired y € £ corresponding with cj. 

The isomorphism H\(R) = H!(Z4) shows that H!(Z4) is independent 
of the choice of 74 provided the locally finite open covering ZX satisfies 
condition (7.20). Since only the concept of continuity is needed for the 
formulation of condition (7.20), H!(Z4) is uniquely determined by the 
topology of R. Hence H (R) is also uniquely determined by the topology 
of R. 

The dimension of Hl()as a vector space over R is called the first 
Betti number of R and denoted by bı = b1(): 


bi = bi(R) = dimg HL(R). (7.22) 


Of course, b, = bı (R) is uniquely determined by the topology of R, that is 
the Betti number b, = b1(72) is a topological invariant. 
If R is compact, then Z( is a finite covering and Z(Z4) a finite 
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dimensional vector space. Hence H!(Z()-— L(ZO/E(Z4) is also finite 
dimensional. Hence: | | 


Corollary. The d-cohomology group Hi(W) of the compact Riemann 
surface R is a finite dimensional vector space over R and the Betti number 
bi (7k) is finite. 


b. Structure of compact Riemann surfaces 

Let R be a compact Riemann surface. If R'is schlichtartig, then 
by Theorem 7.3, R is (biholomorphically equivalent to) the Riemann 
sphere S. Hence we assume the R is not planar for the remainder of this 
section. 

Since R is not planar, there is a piecewise smooth Jordan curve C; on R, 
which does not divide R into two regions. Putting R’ = R — |Ci|, R’ is 
again a Riemann surface. If R’ is not planar, there exists a piecewise smooth 
Jordan curve C? on R’ which does not divide R’ into two regions and 
R” = R' — |C2| is again a Riemann surface. If R” is not planar, there exists 
a piecewise smooth Jordan curve C3 on R” which does not divide R” into 
two regions and R” = R” — |C3| is again a Riemann surface. We now show 
that by repeating this procedure, the process terminates after a finite number 
of steps at a planar Riemann surface R™® = R™®-Ð — |C,,|, ie. 


R™ =R — |Ci| - C2] - ++- — |Cnl. (7.23) 


Proof: By the corollary of de Rham's Theorem (Theorem 7.7), the Betti 
number bı = bi(R) of R is finite. Hence it suffices to show that if the 
open set R™ = R — |Ci| — --- — |C,|, where Ci, ..., Cm are piecewise 
smooth Jordan curves in R, is connected, then m = bj, Let d(p, q) be the 
distance function introduced in Section 7.2a and for each q € R, select an 
e(q) > 0 satisfying: 

if q € Cn, and d(p, q) « e(q) then p € C, 
(if m = 1, then we put e(q) = 1 for q € Ci). Next we fix a local coordinate 
Z4: p — Zq(p) around q for each point q and we select (a sufficiently 
small) coordinate disk U,(4(g) = (p € R: |z,(p)| < r(q)). r(q) > 0, such 
that: 


if p € Ung (q) then d(p, q) < je(q). 
Then [Uxola] N C, = Ø if q £ Cn; also [Uxo(4)] N [Uns (3)] = Ø if 
q€Cı and se C, nz l. These follow because if p € [Ung(gQ)] A 
[U,»(s)], then d(p, q) S e(q)/2 are d(p, s) = e(s)/2. hence, assuming 
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that e(q) = e(s), we have d(s, q) S e(q). Therefore, s € C, since q É C, 
contradicting the assumption. 

Since R is compact, the open covering {Uxo (q): q € R} has a finite 
subcovering 


a= (Ujlj —1L2,3,-- Jd U; = Un(a), r(j) = r(q;). 
If gj € C, then [U;] N C, = Ø, hence, if U; 1C, £ Ø, then q; € Cy. 
Further, if q; € C; and qx € Cn, n Æ l, then [U;] N [U,] = Ø. Now (by 
(6.61)) C, divides .U;, qj € Cn, into two regions: UF to the left and U; to 
the right of C,, so 

Uj-C,—-Uj;UU;, U;NU; =Ø. 
We put 

uc, = (Ju, UC= LJ UZ, v«co- LU 07; 

qj€Cn qj€Cn qjECn 
U(C,) is a region containing C,, and C, divides U(C,,) into two regions 
U*(C,) and U~(C,,). If n Æ h, then U(C,)N U(C4) = Ø 
Now let {p;} be a partition of unity subordinated to Z( = (U;). For 

q; € C, we define 


p; (Pp) = 
Further, we put 
pe(p) = >> pj (p) 


qjECn 

so pc. is a C” function on R — |C,|, and supp pc, C U*(C,) UC, and 
pc. p) = lat all points sufficiently close to C„. Hence dpe. is a Closed 1- 
form of class C^? on R and supp dpt, C U*(C,). Choose p, € C, such 
that C, is smooth at p, and select an analytic Jordan arc A, : t — A,(£), 
0 <+ <1, intersecting C, from left to right such that A,(1/2) = Pn, 
A,(t) € U*t(C,)if0x t < 1/2and A,(f) € U (C,) if 1/2 < t S 1 (com- 
pare the proof of Theorem 7.2). By Theorem 6.15, it is possible to connect 
A,(1) and A,(0) by a piecewise analytic Jordan arc y, in R( such that 
yn = ym *À, becomes a piecewise smooth Jordan curve. Now y,, inter- 
sects C, only at p, and does not intersect C}, h Æ n. Also, by (7.1) 
Í, dpc. — 1. Since pc, is a C” function on R — |C,| for h # n, (by 
(6. 46) L, dpc, = 0. Putting V; = dpt, we have 


| Vi = Onn. (7.24) 


DAP) ptc U7 U Cn, 
p UZ UCy. 


From this, it follows that the d-cohomology classes of Y1, Y2, ..., Wm are 
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we have drawn only y, 


linearly independent over R (because, if cii + cow2 b CmYm = 
du, where cj, ..., Cm are constants and u is a C? function on R, then 
Cn = b, du = 0). Hence m < b, = dimg H\(R). 

From the collection of all sets (Cj, C5, ..., Cm} of mutually disjoint 
piecewise smooth Jordan curves such that R — |Ci| — |C?| — --- — |Cn| 
is a connected open set, we select one with the greatest number m of 
elements and put 


R™® =R — |Ci| - |C] —--- — |C,.]. 


Of course, 9 (? is planar. Since each p € C, is a boundary point of R”, 
p can be represented as p = limy_so Pk, pk € RC. If the p, tend to p 
from the left of C,, we write p* = lim, pk, py € U^*(C,), and if the p; 
tend to p from the right of C, we write p^ = lim, p, pk € U (C,), and 
we consider pt and p^ as different boundary points of ?. By adding 
the boundary points p+ and p~ to R™ we obtain a surface R that is 
different from R. In order to define this surface R accurately we consider 
the function pc. Now p¢ is a C^ function on R—|C,| and 
supp pc, C U*(C,)U C,. Moreover, it is continuous on U*(C,)UC, 
and pz. (p) = 1 if p € Cn. Observing that U(Cj) N U(C,) = Ø if h ¥ n, 
we put 


m 
p* — M pt, 
n=1 


so pt is a C? function on R™. Suppose lim py = p € C,; then 
lim p*(pj) = 1 if py € U*(C,) while lim pt(p,) = 0 if p, € U-(C,). 
We define a C% map u from RU? into R X R by 

4: p (p. p'(p). 
Let @ represent the projection from R X R onto R, then wu(p) = p hence 
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R™ and u(RC?) are diffeomorphic. R is defined as the closure of 
u(R™)inR XR 


R = [uR]. 


As R is a closed subset of the compact Hausdorff space R X [0, 1], we see 
that R is compact. If P € R- u(R™), then P = limyoo(Ps, p^ (py) 
where p, € R(? and lim-o Pk = p = Õ(P). Suppose p € R™; then 
lim p*(px) = p*(p)p*(p), hence P = (p, p*(p)) € HR), contradict- 
ing our assumption. Hence p € C, for some C,. Since lim, s; p* (px) 
exists, either p, € U+(C,) for sufficiently large k and lim p*(p;) = 1 or 
pj € U^(C,) for sufficiently large k and lim p*(p,) = 0. Therefore, 
P=(p,1) or P=(p,0), p€C,. Hence, putting C; = C,X1 and 


C. = C, X0, we have: Writing P = (p, p*(P)) and à(P) for PER 
= R X R, p*(P) is a continuous function on R and the distance between 
P and Q € R is given by 


d(P, Q) = y d(p, q} + |p*(P) — pt (Q)/, 


p=O(P), q= øQ). (7.25) 


If P € u(R?), then p*(P) = pt(p); if P = (p, 1) € C;, then p+(P) = 1 
and if P = (p, 0) € C, then p* (P) = 0. 

Since there is a one-to-one correspondence between points P = “(p) 
€ u( RU?) and points p = à(P) € R™, we can identify P € u(R\™) and 
p — à(P) € R(?. Thus, u(R™) and RC? become the same Riemann 
surface, only the distance function d(p, q) has to be replaced by 


d(p, q) = V d(p, q} + |p*(p) - p*(a)P^. (7.26) 


Hence 
R=R®UuUCtUC U- U C} U Ch 
For p € C, we put pt = (p, 1) and p^ = (p, 0). Then 
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C;-ír'peC.. Ch ={P |p E Cr}, 
and p*(p*) = 1 and p+(p7) = 0. Let q € C,. For sufficiently small ¢ > 0, 
if d(p, q) < £ then p*(p) 21 for pe U*++(C,) and p*(p) — 0 for 
p€U (C,). Hence, if U.(q) = {p : d(p, q) < £} is an e-neighborhood 
of q on R, the e-neighborhood U/,(q+) = {p|d(p, q) < e) on R is given 
by 

U.(q*) = (U*(C,)nu(aq)U(p* eC;|petusq. (1.27) 
Similarly 

U(q )=(U (Cr) NUl) U {P7 eC,|peus(q). (7.28) 
Suppose that the sequence {p:}, p, € R™, converges to q on R. For 
sufficiently large k, if p, € U*(C,) then p, € u (q^) and p: ¢ U-(q7), 
while if p, € U-(C,) then p, €U,(q~) and py € U,(q*). Hence q* is 
the limiting position if p, tends to q from the left of C, and q^ is the 
limiting position if p, tends to q from the right of C,. Since 
d(q+, q7) = 1, we have qt £ q7. 

Let qo € R'” be a fixed point. Since R™) is planar, by Theorem 2.3 
there exists a biholomorphic map f : p — w = f(p), mapping R™ onto 
the horizontal slit region Q = S — F (where S is the Riemann sphere) such 
that f (go) = oo 


Lemma 7.4. We can extend f to a continuous map f :p>w= f (p) 
mapping R = [R] onto S. 


Proof: For sufficiently large f, put Ui/r(qo) = {p € R : |f(p) > R} 
and Wa —(wecC:|w| « R}. Thus f maps RC? — Uir(qo) onto 
[Wa] — F conformally. It is sufficient to show that the conformal map 


f : R™ — Urgo) — [Wa] — F (7.29) 
can be extended to a continuous.map 
f : R — Uyz(qo) — (Wal. (7.30) 


The proof of this is similar to the proof of Theorem 5.5. It suffices to prove 
that f is uniformly continuous on U? — U, /R(qo) i.e. that if & > 0 is 
arbitrarily given, then there exists a Ó > 0 such that 


if d(p, q) < ó(c) then |f(p) — f(q)| < e. 


Let us suppose that f is not uniformly continuous. Since R — U; / (qo) is 
compact, there exists (by (2) of the proof of Theorem 5.5) some £9 > 0 and 
some sequences {p+} and {q4} in RU? — U,/R(go) such that 
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lim p, = lim q=, GER, 
—OQ 


k—oo 
jim f(»)-—P,  limf(qg)-Q. "P-Ql2* 


Suppose d € R), then f(g) = P and f(g) = Q, which is impossible since 
|P — Q| = £o. Hence GE R — R”, ice. g € C} or ĝ € C, for some n. 
Since both cases are treated similarly, we may assume g = gt € C7 and 
q E Cn. Let U(q) be a sufficiently small coordinate disk around q on R 
and let U*(q) be the part of U (q) to the left of C,,. Since lim, py = q* on 
R, we have by (7.27) px € U*(q) with the exception of a finite number. 
Similarly, gq, € U*(q) with the exception of a finite number. Hence the 
conformal mapping f maps U*(q) onto the bounded region Wr — F and 
there are sequences {p} and {q} in U*(q) such that lim, p, = 
lim, qy =q, lim, f(px) = P, lim, f(qx) = Q and |P — Q| = £o. This 
contradicts the fact that the area of f(U^*(q)) C Wg — F is bounded 
(compare (2) of the proof of Theorem 5.5). Hence f is uniformly con- 
tinuous on R™ — U,, g(qo). 

Since R is compact, f (R) is, by Theorem 6.7, au compact and 
therefore closed. Hence f(R) D [Q] = S, that is f(R) = 

Observe that f(C}) C F. Indeed, if q€ Ct, we can write q= 
limy.;o; py with py € R™, hence f(g) = lim, f (py). where f(pi) € Q. 
Now suppose that f(q) € Q. Then as f—' is holomorphic on Q we have 


q = lim p, = lim f (f(pi) = f. ((4) € fQ) = RO? 


which contradicts the assumption that q € Ct. 
Hence, since f(R) = S, we have 


F = f(C{)Uf(Cy) U --- U ficu f(6,). 
In order to prove that the connected closed sets f f(C+), f (Cj), 
f(Cf), ..., f(C;,) are all different connected components of F, we 
assume that for connected component F we have, for example 


fF) = CUC. 
Assuming that F; = [—1, 1] and denoting the interior of the ellipse (7.11) 
by E», we have Ey D F; and oz [Eb] = Fi. Hence 


() FIED = ctuc;. 


0<b<1 

So f -!(LE5]) is compact and f -([E,]) 2 f ([LEs]) if c > b > 0. As 
U —-U*(C)UCtUU (C)UC; D CUC 

is an open set in R, f ^ ([E5]) C U for sufficiently small b. Therefore 
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f (Ej-F)CU-CtUC; = UHC) U UT (C5). 
Since f^! is holomorphic and the open set E, — F; is connected, this 
contradicts the fact that U*(C1) (1 U^ (C5) = Ø. We have assumed F; to 
be a segment; if F is a point, we take for E, a disk with center F; and 
radius b and arrive at a contradiction in a similar way. 

Hence F consists of 2m connected components Ff = f (Ci) and 
F; = F(C), n=1,2,..., m. Let F$ be a segment of length 2/, parallel 
to the real axis, let B, be the ellipse with the midpoint of F7 as center, 
major axis 2al,, and minor axis 2b/,, where a= (1/r+ r)/2 and 
b = (1r — r)/2, r € 1, and let E;(F7) denote the interior of B,. Denot- 
ing the midpoint of F$ by Cn, B, is given by 


2f(l oa | 
9 woe et (Le 4 ret), 0 x 0 827. (7.31) 
r 


If F* is a point, then we let B, be the circle with center F7 and radius b 
and Ej(F7) the interior of the circle B,. For sufficiently small b, we have 
B, C Q, hence T, = f ^!(B,) is an analytic Jordan curve on R? C R 
and I, NT, = Ø for n Æ h. 


Lemma 7.5. R — |Ti| — || — --- — |E,[ isa planar Riemann surface. 
Proof: It suffices to show that the open set R — |T1| —---— |L,]| is 
connected. Let us suppose 

R-—Tnl|-----Ir,-2Uuv, UNV = Ø, 

U, V open sets. 
Since we assume that b is sufficiently small, the ellipses B1, Bo, ..., Bm 
divide the sphere S into m + 1 regions: 

S—|Bi| — <+- — |Bn| = EFT) U -+ U E(F5,)UW. 
Since W” = W —F, —--.— F}; C Q is connected and f^! is biholo- 


morphic on Q, f~!(W") is a connected open set in R. Hence f^! (W") is 
contained in either U or V, say f^! (W") C U. Since all points of C;! are 
boundary points of f ^! (W") on R, all points p € C, are boundary points 
of f-'(W") on R. If p¢ U, then p belongs to the boundary |ND| U 
---U |F,,| of U, contradicting p € C,. Hence C, C U. Since Ej(F;) — 
F* C Q is a connected open set, f^ !(Ej(F7) — F;) is also a connected 
open set in R. Since C, C U, we conclude f !(Ej(F?) — F2) C U. 
As 


R-|n|----Ir&-2 UG GG - FDuc)u SW") 


n=l 
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we have R — |ND| — --: — |T4| = U. Therefore, R — || — --- — |La] is 
connected. 

Each Jordan curve I',, has a neighborhood of simple form in R. To see 
this, put 


B,(Z) = cn n (zs z). 
2 \rz 


The parametric representation (7.31) of the ellipse B, now takes the form: 
0 — w = f, (e!"). For sufficiently small e > 0 we put 


l 
Z= fz e C< <1 +e} 


Now n :z— w = f,(z) maps Z, conformally onto the region ß,„(Ze) 
D B, of the w-plane. Hence U(T,) = f ^!(8,(Z;)) is a neighborhood of 
I, on R, while 

Zn: p > Zn(P) = By (p) 
gives a local complex coordinate defined on U(T,). The range of z,, of 
course, is the region Z, and |L,| = (p : |z,(p)| = 1}. By Lemma 7.5 it is 
possible to take analytic Jordan curves I, I>, ... Im for the curves Cj, 
C5, ... , Cm occurring in (7.23). Doing so, each Jordan curve C, satisfies 
the following condition: 

there exists a local complex coordinate z, : p — z,(p) of R 

defined on the neighborhood U(C,) such that: 

{Zn(p)|p € U(C,)) = Ze, IC4] = {p| |za(p)| = 1}. 
We want to consider the Riemann surface 

R™® = & — |Ci| - |C2| — -+ — |Cn| 
again, in the light of the above condition. Let z, = z,(p) denote the local 
coordinate of the point p € U(C,), that is C, is the unit circle in the z,- 
plane. Let the orientation of C, be the positive orientation of the unit 
circle, then 

U*(C,)- {Zn € Zellza| «1, | U^ (C5) = {Zn € Zellzs| > 1}. 
On 

R = [MR] =R™UCHUCT U.U CEUC, 
the open sets | 

U(Ct) = U*(C,)UC? and U(C;) = U (C.a) U C; 
are neighborhoods on C? and C, respectively. 

Putting z,(p^) = z,(p) where p = @(p*), for each pt € Cy, and 

extending the local coordinate z, on U *(C,) to U(C*), we have 
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The z-plane 


~ l 


Hence, each z, € Ct is an interior point of R and a boundary point of 
U(C;) in the z,-plane; also C7 is the unit circle |z,| = 1. Similarly for C; 


Ü(C7) = {zn € Cll < |z,| <1 +€}. (7.33) 


We call C} and C, the borders of R and R is called a bordered Riemann 
surface (see Ahlfors and Sario, 1960, p. 117). 

Fixing a point qo € R™, let f : p — w = f(p) be a biholomorphic 
map which maps R‘”) onto the horizontal slit region Q = S — F and qo 
onto oo. Now extend f to a continuous map f :p>w= f (p) mapping 
R onto S. We claim that all connected components F} = f(C}) and 
F; = f (C,), n— 1, 2, ..., m, are segments parallel to the real axis. To 
prove this let us suppose that F} = c is a point. Now f (Zn) is a continuous 
function of z, on U(C?) = {z, : (12- €) ! < |z,| « 1}, holomorphic for 
Iz,| < 1 and f (Zn) = c if |z,| = 1. Writing z for z,, and denoting the circle 
with center 0 and radius r by C,, we have by Cauchy’s integral formula 


Lf fà | | f® 
= 7— ——| =—d 
JE) 27ti |. C — zZ dc 21 C, C —Z : 
if (1 +8)! <r < |z| < I. Since f(& = c on C}, the first integral on the 
right equals c. The second integral 


no-z fe 


27ti 
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is a holomorphic function of z for |z| > r. For |z| > 1 we have 


l fE) 
O= G — -d =al op 


Hence, by Theorem 3.1, f(z) — 0 for all z satisfying |z| > r. Hence 
f(z) = c identically if r < |z| < 1, contradicting the fact that f is biholo- 
morphic. 

Since, in this way, all connected components Ft, F7, ..., F}, F, of 
F are segments parallel to the real axis, there exists by Theorem 7.6 a 
conformal map h : w — z = h(w), which maps Q onto a bounded domain 
of the form (7.15): 


D = CU {oo} - [U1] - [U2] - --- — [Uzm], oo € Uj. 


Putting g(p) = h(f(p)) g is a biholomorphic map which maps e? 
onto D. We proved in lemma 7.4 that the biholomorphic map which maps 
R™ onto Q can be extended to a continuous map mapping R = [u(R™)] 
onto S = [Q] and it can be proved in exactly the same way that g can 
be extended to a continuous map & mapping R onto [D]. Now 
(2(R — RC?) — [D] — D and for each C? and C7, (g(|C;|) and 
(8(|C,|) are contained in one of the connected components |L,|, 
I; = —O[U;] of [D] — D; hence we may assume that (g(|C*|) = |Ton-1| 
and (£(|C, |) = [Iza]. 

As is clear from the proof of Theorem 7.6, for each U+ there exists a 
conformal mapping A, : E — z = h4(6) which for some sufficiently small 
positive ð maps A= {C EC: || < 1 + 6}, onto a region N, such that 
[Uz] C Nk and Ng — [U,] C D, where U, = (h4(£) : |El < 1}. We put 
€,(z) = hi (z); that is €; is a local coordinate defined on the region N; of 
the z-plane and U+ is the unit coordinate disk. Hence, representing the 
local coordinate of z € N by 6, = (z), we have 


[DIN Ni = (E41 +ô > [Ea] > 1)- (7.34) 
On R, a neighborhood of C? is given by U(Ct) = {zn € Ze : |z,| < 1} 
by (7.32). For sufficiently small £ > 0, g maps U (C1) onto the interior of 
[D] n Nx, k = 2n — 1. Representing g as 
8 : Zn — Gk = (Zn), 

the continuous function g(z;) of z,, defined on U(C*), is biholomorphic 
for |z,| < 1 and g(z,) = 1 if |z,| = 1. We next prove that it is possible to 
extend the continuous map £g : Z, — &(x,) to a conformal mapping G, that 
maps Z; > U( C$) onto the interior of Nz. Let us denote the reflection of z 
with respect to the unit circle by z* (compare Section 5.3a). If |z,| = 1 
then U(z*)* = U(z,), hence, putting 
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_ U(z,), (14-5)! < Iz4| s 1, 

Gen = pei, Vaid cita (35 
we obtain a function G continuous on Z, and biholomorphic on Z, — |C; |. 
It can be proved that G(z,) is holomorphic on the unit circle |C?| also 
(compare the proof of Theorem 5.8). Let r be fixed such that 1 « 
r « ] 4- € and let C, and C, be circles in the z,-plane with center 0 and 
radius r and s — 1/r respectively and put 
l =| G(z) d - zi G(z) d 

c 


2zi Jc, z — Zn 2zi Je, Z — Zn 


H(z4) = 


Then H(z,,) is holomorphic for s < |z,| < r. Writing 
wo-lj Soa. sm 
2i C.-C; 7 — Zn 27i Ci-C,2 — Zn 
it is easily seen that H(z,) = G(z,) if |z,| Z 1. Hence, by the continuity of 
G(Zn), G(z,) = H(z,) identically for s < |z,| < r that is G(z,) is a 
holomorphic function on Z,. Since G(z,) is single-valued on Z, — |C1 |, it 
is also single-valued on Z,. To see this, suppose that G(c,) = G(c2) = a 
for two different points cj, c? € C}. For sufficiently small neighborhoods 
U(ci), U(c2) and W(a) of xj, c2 and a we have (by Theorems 3.2 and 3.3) 
G(U(c1)) = G(U(c2)) = G(W(a)), contradicting the single-valuedness of 
G(Zn) on Z, — |C*|. Now G : Zn > G2n-1 = G(z,) is a conformal map- 
ping which maps Z, into the region N2,_,;. We denote this conformal 
mapping 2 G+. Next we write z} for z, and 
= {zt|1 +e)! <|zt|<1+e} (7.36) 
for Z,. By extending the neighborhood U(C7) = {z} € Z; : |zt| < 1} of 


the border Ct of R to Z?, it is possible to extend R to R U Z*. The part 
added by this extension is “of course 


RUZ} -R = {zt ||z*| > 1}. 
Hence we have extended the continuous mapping g : z; — Con-1 = (27) 
defined on U(C?) = {z} € Z} : |z*| < 1} to a conformal mapping G% : 
zt — Č2n-1 = G} (zt) defined on ZI. In the same way one introduces the 
variable z; and the region 

Z = {z7 0+9 <|z|<1+4+e} 
and one proves that the continuous mapping g : z, — Con = £(z,) defined 
on U(C,) [z,@ € Z, : |z,| s 1} can be extended to a conformal mapping 
G; :z, — Can = G,(z,) defined on Z;. By extending each neighbor- 
hood Ü (C7) and Ü(C;) to ZŁ}. and Z; respectively, R is extended to a 
Riemann surface 


dz, 
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W-RUZIUZ,U---UZLiUZ, 
R is a closed domain in W and its boundary is given by 

OR =C} -CI +C- C ++ C} Ch. 
If the continuous map £ on R is extended to conformal mappings G* and 
G, on regions Z; and Z, respectively, a conformal map G on W is 
obtained. Thus G : p — z = G(p) is a conformal map which maps W onto 
the region W = G(W) D [D] in the z-plane and g = Gls. Hence g is a 
homeomorphism between R and [D]. Since £g is the restriction of the 
conformal map G, we will call g a conformal map mapping R onto [D]. 
Since [D] = G(R), we will say that R and [.D] are conformally equivalent. 
We can identify R, as a bordered Riemann surface, with the bounded, 
closed region [D]. Since G is conformal, g maps the oriented boundary OR 
of R onto the oriented boundary O[D] of [D]. Hence, observing that 
g|Czb = [I?,-i1| and g(|C,,|) = |I2,|, and comparing (7.37) and (7.16), . 
we conclude that 


ECCE) = Doni, ECC) = —Thn. (7.38) 
Putting 
V(Ton-1) = €(Z;), Vn) = €(Z,). 
V(L&) is a region in the z-plane containing |I| for k = 1, 2, ..., 2m. 
Hence 
= [D] U VT QU VT) U ---U VP om). (7.39) 


The analytic Jordan curve I'; = —O[U,] divides V(I';) into two regions, 
namely V *(T,) = VTAN D to the left of Ty and V^ (T4) = VIA) Uk 
to the right of I. The projection @ : R — R is the identity map on 
Ri™ CR mapping R™ onto RC? CR, while on the border of R we 
have @(p*) = ó(p ) = p where pt —(p, 1) € C; and p = (p, 0)€ 
C,. Hence R can be obtained from R by piecing together Ci and C}, 
n — 1,2, ..., m, such that pt € C and p^ € C, coincide. We express 
this by saying that R is obtained from R by identifying corresponding 
points pt € Ct and p^ € C, or, for short, by identifying the borders C; 
and C,. It is a natural consequence of the definition of R that R can be 
obtained from R by identifying C? and C}. 
Since R can be considered as the same Riemann surface as 


[D] — g(R)— CU {oo} — Ui — Un — --- — Um, oo E€ U, 


R can be obtained by identifying the points g(p*) € &(C7) = I2,-1 and 
gp)e £(C; )= -Dn of the boundary of the bounded closed domain; 
that is R can be obtained from [D] by identifying I>,-; and -I»,, 
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n — 1, 2, ..., m. By this identification a point z € [D] becomes a point 
p = ÕE! (z) € R. Identification of I?, , and —I>, means that the Jordan 
curves I>,_; and I>, are pasted together with opposite orientations. 

We show next that the map #27! : z —^ p = @g~'(z), which maps [D] 
onto R can be extended to a holomorphic map which maps the region 
W > [D] onto R. To see this, note that the conformal map £^! mapping 
[D] onto &. can be extended to a conformal map G~!, mapping W onto the 
Riemann surface W C R. On the other hand, the projection © : RoR 
can be extended in a natural way to a holomorphic map, mapping W onto 
R. Actually, let z, = z,(p) represent the local coordinate of a point 
p € U(C,), where U(C,) is a neighborhood of C, on R. On the neighbor- 
hood U(Ct) = {zt € Zt :|z;| <1} of Ct on R we have @: zt 5 
Zn = Z}. Hence @ can be extended to a holomorphic mapping z} — z, 
=z} Which maps Zł onto U(C). Similarly, the mapping ð : z; — 
z, =z, on U(C,) = (z, € Zz : |z;| = 1} can be extended to a holo- 
morphic mapping z, — z, = z, which maps Z, onto U(C,). In this way, 
we extend o : R—>R toa holomorphic mapping which maps W onto R. 
We denote this new map also by à: 

0: FR. 
Thus we have extended the map à !, which maps [D] onto R, to a 
holomorphic map ©G-! mapping W onto R. 

This extended holomorphic map will be denoted by 

II-óog !':WoR. (7.40) 
Since à^!(U(C,)) = Z} U Z,, Q(Z1) = V(To,.1) and GZ) = Vn), 
we have 

II (U(C,) = Vn) U VP an) U Van), n=1,2,...,m 
Since G is conformal and à maps ZÝ and Z; conformally onto U(C,), II 
maps V(I>,_1) and V(I2,) conformally onto U(C,). Hence, for each p € 
U(C,) there exist one point z € V(Iz,_1) such that II(z) = p and one 
point w € v(I5,) such that II(w) = p. For z € V(T5,.,) we denote by ¢,,(z) 
those w € V(I5,) satisfying II(w) = II(z). The map t» :z — t,(z) is a 
conformal map which maps V (I5, .;) onto V(I»,), while 

I(u(z)) — H(z), z € V (12,1), ln(z) € V (Ton). 


If p € Cy, then g(p*) € |I2,-i], 8(» ^) € [D], IH(g(p*)) = @(p*) = p 
and II(g(p ^ )) = o(p^) = p. Hence, putting z = g(p*), we have g(p ^) = 
ln(z): thus «, maps |I5, | onto |I,,|. Taking orientations into considera- 
tion, we have | 


Ly (125-1) = —I2, 
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by (7.38), that is if the point z traverses I5, ; once in the positive direction, 
then t„(z) traverses I>, once in the negative direction. Hence 1, maps 
V *(I2,-1) [which is to the left of I5, ,] onto V-(15,) [which is to the 
right of I5,], and V (I5, 1) onto V*(15,) [for if ze V*(T2, )) = 
V(I?, 1) D, then T(z) = àóg !(z) € U*(C,) and if weV*(I53,) = 
V(I5,)n D, then II(o € U (C,).] 

We have seen that the Riemann surface R can be obtained from the 
bounded closed domain [D] by identifying its boundary points g(p^) 
€ [Poni] and (p~) € |D»,]. Putting z = £(p*) we have &(p-) = tn(z); R 
can be obtained from [D] by identifying the points z € |I>,_;| and 
tn(z) € |I24| for n — 1,2, ..., m. We have now proved the following 
theorem: 


Theorem 7.8. Let R be a compact Riemann surface that is not simply 
connected. There exists a closed region in the complex plane 


[D] = CU {oo} — Ui — Un — --- — Um, oo € ÙU}, 
where the Ux, k = 1, 2, ..., 2m are disjoint simply connected regions, 
where boundaries |I}| = [U4] — Uy, are analytic Jordan curves such that R 
can be obtained from [D] by identifying z € |T?, 1| with 2,(z) € |In], 


n —],..., m. Here, tn : Z —^ t,(z) is a conformal mapping which maps 
a region V(I?,.1) D |I2,-i| onto a region B(I5,) D |I5,|. Determining 
orientations by I, = —O[U;] we have 

Ly (125-1) = —Io. (7.41) 
Since £,(I2,-.1) = —I5,, as explained above, t, maps V*(T5,.1) = 


V(I?,-:1) A D onto V^ (I5,) = Vn) à U5, and V^ (DI5,11) = V(T5,4-1) 
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N U,-, onto V*(I5,) = Van) N D. Hence, enlarging the scope of 
points to be identified from [D] to the region 

W —[DJU VTU VA) U --- U Vos), 
it becomes clear that R can be obtained from W by identifying 
z € V(I5,-1) and t,(z) € Van), n= 1, 2, ..., m. If z € W corresponds 
with p € R, we put p = II(z). Since i, is conformal, TI : z > T(z) is a 
holomorphic map mapping W onto R. The holomorphic map is the same 
as the one (7.40): II = @g7!. II is biholomorphic on V(I5,..;) and V(I>,) 
and 

Ha) —Ilz, z€ VT an-1), talz) € Van). (7.42) 
Hence, by (7.41), C, = II(T?,.1) = —II(T5,) are analytic Jordan curves 
on R and II maps V (T5, 1) and V(T5,) conformally onto the neighbor- 
hood U(C,) of C,. Therefore 

I(V*(15,-))) = (/7(12,)) = U*(C,), 

I(V*(012,)) = IV (Ton-1)) = U (C;). 
From the above, it is clear that R is homeomorphic to a sphere with m 
handles attached to it. Actually, using the local coordinate z, = z,(p), we 
have 


(7.43) 


U(C, = {zn €Cla«|z,| <b}, a-l/b b=1+e, 


where C, is given by: 0 — z, = e'*, 0 < 0 « 2x. Since we may assume 
that z,(p) is a single-valued holomorphic function on a region containing 
[U(C;,)], we have [U(C,)] = {zn € C : a « |z,| « b). Hence 


[U(C,)] = (re'?|a « r « b, 0 < 0 x 27} = [a, b] X C, 
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is a cylinder and its boundary is given by 
O[U(C,,)] = (5 X Cn) — (a X Cp). 


Looking at this cylinder as a handle, we consider 


S = R — U(C1) - U(C2) — «+» — U(Cn) 
S is a closed subregion of R(? = R — |Ci| — --- — |Cm| and its bound- 
ary is given by 


OS = (a X Cı) - (b X Ci) +--+ (a X Cm) — (b X Cm). 


Since II maps D conformally onto R’”, IT^! (S) is a closed region in the 
interior of D and its boundary consists of 2m analytic Jordan curves 
Bj, =I (a X Cy) and Bj, = IT (bX C4) n—1,2,..., m. By 
(7.43) 


II (S5) = D- VT) - V*(I3) 7: — V* (Ds) - V* 29). 


Hence, putting 
V, = Uk U V4) = [UU VT) 


we have D = CU {oo} — [U1] — [U2] — --- — [Uzm] and therefore 
II (S) = Cu {oo} — Vi — Va — +++ — Vam-1— Vom, 00 € V. 
Since each V, is a simply connected region and O[V,] = —B, is an 


analytic Jordan curve, we conclude from the Riemann Mapping Theorem 
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and Theorem 5.5, that V, is conformally equivalent to the unit disk and 
[V;] is homeomorphic to the closed unit disk. Since S and II^! (S) are 
conformally equivalent, we can identify the bordered Riemann surface S 
with the closed region II^! (S). Hence 
R = Ir (S) U [U(C1)] U (U(C2)] U --- U [U(Cs.)] 

is the surface obtained by making m circular holes V5, , and V5,, n = 
l,..., m, in the Riemann sphere CU (oo) and attaching m handles 
[U(C,,)] by identifying the borders B2,_, and B2, with the borders a X C, 
and —b X C, respectively of [U(C,,)] = [a, b] X C,. 


c. Homology groups 

As explained at the beginning of Section 6.4c, the definitions and 
theorems concerning homotopy of curves in a region Q C C and concern- 
ing 1-chains and l-cycles in Q can be applied without any difficulty to a 
Riemann surface R. 

For a given Riemann surface R, the collection of all 1-cycles constitutes 
an additive group, which we denote by Z1(72); it is a subgroup of the group 
C\(R) of 1-chains (see Section 4.4). By the Definition 4.5 of homology, 
the collection (y € Zi(R) : y ~ 0} is a subgroup of Z;(R). The quotient 
group Zi(R)/1y € Z1(R) : y ~ 0} is called the first homology group of 
R and denoted by H (R): 

A(R) = Z\(R)/{y € Zy ~ 0}. (7.44) 
The element of Hı(R) corresponding with a 1-cycle y € 2K) is called 
the homology class of y. 

Let us investigate H,(7*) when R is compact. By Theorem 4.13, an 
arbitrary l-cycle y on R can be represented as a finite sum y = ny; 
+ myY2+n3y3+--:-, where 71, Y2, Y3,... are closed curves and 71, 
n2, n3,... are integers. If R is simply connected, then H;(R) = 0: let us 
assume, therefore, that is not simply connected. We consider the closed 
region 
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[D] = CU {oo} -U, — Uz — «++ — Unm-1 — Uzm, | oo € Ui, 
and its boundary 
OD) - T; c Do +--+ sb Tos Te = —O[U 2], 


and define regions V(I,) containing |I,|, and conformal maps tn : z 
— t,(z) mapping the regions V(I5,.,) onto V(I>,), where 1,(15, 1) = 
—I,,. By Theorem 7.8, R can be obtained from [D] by identifying its 
boundary points z € |I>,_,| and ¢,(z) € |I>,|. Further, let II be the 
holomorphic mapping which maps the region 


W = [D] U VAU VI) U--- U Vos ))U Vlog) 


onto R (see (7.40)). The C, = II(T5,..1) = —-II(T»,) are analytic Jordan 
curves on R and II maps 7V(I5,.1) and V(I5,) onto U(C,). By the 
identification of z € |I?,.1| with ¢,(z) € |I5,l, z € [D] can be considered 
as a point p = II(z) € R. In the following, we will consider H,(7&) by 
representing R as R = II([D]). The restriction II|;p; will also be denoted 
by IL Hence, by (7.43), 


IT(U*t(C) = V^(I5,), | II (U (Cn) = V* (15). 


First consider the segment £, : r — z, = re’, a S r < b, œw constant, in 
[U(C,)]]- {zn E C; a S |z,| S b}, a = 1/b and b = 1 +e which inter- 
sects the unit circle orthogonally. Now II~!(£„) consists of two analytic 
Jordan arcs, namely uo, 1: F — Moan-1(r), a r < 1, contained in the 
interior of [B^(T5,. 1)] and 42, : r > z =A>,(r), 1 S r = b, contained in 
the interior of [V *(T5,)]. Putting A24 1(r) = Man-1(1/N, (M25-1) !. is 
respresented as 42, 1 : r — Azn_-1(r), 1 S r € b. For each A4, we have 
A&(1) € |I;| and A, intersects T, orthogonally at A4;(1). Each A; is con- 
tained in D apart from the point A,(1). For the sake of simplicity, we 
assume that 0 € D and 0  [V*(T,)], k = 1,2, ..., 2m. Let Uo be a disk 
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with center 0 and with sufficiently small radius £y and put e; = ege 7/7", 
k —1,2,...,2m. Put 
G = D — [Uo] — |Ai| — 2] — ++- — lA2m-i] — 2n; 


G is a connected open set. Hence, by Theorem 6.15, it is possible to 
connect (b) and e, by a piecewise smooth Jordan arc f, : t — Dt), 
0 < tx 1, B4(0) = A&(b) and B,(1) = ez, which, with the exception of its 
end points, is in G for k = 1, 2, ...,2m. The curve y, — As*fy isa 
piecewise smooth Jordan arc, which, with the exception of is end points is 
contained in D — [Uo]. A parametric representation of y, is given by 
t — z= y(t), where y4(t) 2 Ak(1--2(b — 1)t) if 0t 1/2 and 
y(t) = ByQt — l)if 1/2 t « I. 


Lemma 7.6. It is possible to choose f, B5, ..., B2m in such a way that 
none of the yi, Y2, ... , yop intersect. 


I, 


m=? 


Proof: (1) We prove that, if one chooses f, in such a way that it intersects 
the circle [Uo] orthogonally at e;, then the open set G — || is connected. 
For q € |yil, take a disk U(q) with center q and sufficiently small radius. 
Now |y;| divides U(q) N G into two regions. Covering |yi| with finitely 
many of these disks U(q1), U(q2), U(q3), ..., we put 


U(y1) = (U(q1)) U U(q2) U U(qx3)U -- )n G; 


U(y1) is a region containing [B4 N G = (fi(t) : 0 < t < 1} and y; divides 
U(y|) into two regions, namely, U *(y;) to the left and U (y) to the right 
of yı. Since the open set Ut(C,) — |£j| is connected, so is V *(T1) 
— |4| = II! (U*(C)) — |&|) and this set has a nonempty intersection 
with U*(y;) or U^ (yi). Hence 
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Wi = Uy) U V* T) — In| 
= U*(y)UU (yDU(* qr) - lN) 

is a connected open subset of G — |fi|. From this fact, it follows almost at 
once that G — |B;| is connected. Indeed, suppose that G — |B;| = Go U Gi 
where Gp and G; are open disjoint sets. W, is contained in either Go or Gj, 
say W; C Gy Hence U(yi)- |yi| C Go, and therefore U(y1) C [Go]. 
Since [Go] N Gi = Ø, we have U(yi) à Gi = Ø. Hence, since |61| N 
G C U(y;), we have 

G=GUUYN)UG, (GUUN))NG = Ø. 
Since G is connected, Gi = Ø. Hence G — |f,| is a connected open set. 

(2) As G — |B;| is connected, it is possible to connect A2(b) and e; by a 

piecewise analytic Jordan curve f); which apart from its end points is 
contained in G — |B;|. Choosing f); in such a way that it intersects O[Uo] 
orthogonally at e», it is proved, as above, that G — |B,| — |B2| is connected. 
Hence there is a piecewise analytic Jordan arc f, which connects A3(5) 
and e; and which, apart from its end points, is contained in G— |B1| — I3]. 
It is possible to choose f in such a way that it intersects O[Uo] 
orthogonally at e3. Repeating this procedure for k = 4, 5, 6, ..., 2m, we 
arrive at the desired curves fi, ..., D2m. 


Lemma 7.7. With the piecewise analytic Jordan curves y, = Ax Dy as 
above, 

D = D- [Uo] - il = lal — +++ — ly2maid — [Yam 
is a simply connected region. 


Proof: It is clear from the proof of Lemma 7.6 that D is a region. The 
complement 
[Uo] Uu [Ui] U ++ U [Uzm] U [yil U [y2] U ++: U [Y2ml 
of D with respect to the Riemann sphere C U (oo) is a connected closed 
set. Hence D is a region without holes (Definition 5.1) and so is 
conformally equivalent to the unit disk U (by Theorem 7.5 or 5.3) thus 
proving the assertion. 
Let 


be the arc of O[ Up] connecting e,_; and ex and put 
Cmn = II(C m+n), Č m+n = y2n-1*QO2n* (Yon). (7.45) 
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Now Cmin = A241 e Ban-1* Azn * (B24) * (A25) ! is a piecewise analytic 
arc connecting 45, (1) € |D?,;| and A2,(1) € |D»,|, which, apart from its 
end points, is contained in D. Since II(42, 1(1)) = II(42,(1)), Cmin isa 
piecewise analytic Jordan curve on R, which intersects C, at only one 
point p, = II(45, 41(1)) = II(42,(1)). By the definition of 42, , and 4,, 
since 


II(425 1) ! - Wan) = Ln, 


C45 coincides with £l on a neighborhood of p,. Hence, C,,,, crosses 
C, at p, from right to left and C, crosses C,,, from left to right. 
Since C,,,, apart from its end points, belongs to D, C,,, does not 


intersect C, if h # n. Obviously, Cm+n does not intersect C,,, if h Z n, 
and C, does not intersect C, if h Z n. For each analytic Jordan curve C,, 
n — 1,2, ..., m, there is defined an annular region U(C,). For each 
piecewise smooth Jordan curve C}, h= m+ 1, ..., 2m, we put U(C;) = 
Uaec, Uj, where Z(— {U;} is a finite open covering consisting of 
sufficiently small coordinate disks U; = U,(q;) of R. For each C;, 

= 1,2,...,m, m+1,...,2m, let dpe, be the C% 1-form used in 
(6.71). Consider the integral Jo, dpe, We have supp dpc, C U*(Cy), 
hence dpe, = 0 on C,, and so fe. dpe, = 0. Since pc, isa |c% function 
on A — Cel, from (6.46) we have f, dpc, = 0, where y is a piecewise 
smooth closed curve not intersecting C4. The curve C; intersects C, only 
if h = nand k = m + norif h = m + nand k =n. Hence 


|. dot, =0, |h—k| xm. (7.46) 


So C, and Cm+n intersect at only one point, and C, crosses C m+n from 
left to right and Cm+n crosses C, from right to left at this point. Hence we 
obtain 
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| dpc = l, | dpt = -1 (7.47) 
C, C mn 
by the same method as used for (7.1). 


Theorem 7.9. Ify isa l-cycle on R then 


y ~ ni Ci + nC +: + nkgCy c + NamCrm.- (7.48) 
where 11, 75, ..., Nk, ..., Nam are uniquely determined integers. 
Proof: (1) We first prove that the coefficients n, ..., 72, are uniquely 


determined by y. If ọ is a continuously differentiable closed 1-form on R 
then Í, ~, where y is an arbitrary curve on R, is defined by (6.99), hence 
J,@ is also defined for an arbitrary 1-chain y. If y is a 1-cycle, then by 
(6.100) f, is uniquely determined by the homology class of y. Hence by 
(7.48): 


[o7] p+ m| oe ms] Q. 
y Ci C2 Crm 


Substituting o = dp¢,, we get from (7.46) and (7.47), 
n, =| dpe...» Nm+h = -| dpo,, h=l,...,m 
y y 


(2) A l-cycle on R is a finite linear combination with integer coeffi- 
cients of closed curves. Hence, in order to prove that an arbitrary 1-cycle y 
can be represented as (7.48), it suffices to prove this when y is a closed 
curve. In this case it is possible to find a piecewise smooth closed curve 
y ~ y, which intersects each Jordan curve C, transversally at most finitely 
many points. Hence we may assume that y is a piecewise smooth closed 
curve intersecting each Jordan curve C, transversally at most finitely many 
points. We want to prove that there exists a closed curve D, which does not 
intersect C1, C5, ..., Cm, such that 


m 


Be9y- 2 mea nin nia € Z. (7.49) 
=] 


Consider [U(Ci)] = {zı : a S |zi| S b} a = 1/b, b= 1 + £, and assume 
for the sake of simplicity that the part of Cm+ı contained in [U(C;)] is 
given by (£441) | :r— zi —r, as r « b. Assume that y intersects Cj 
and call the point of intersection qı since y intersects C transversally, on 
a neighborhood of qı € |y|, with y given by t > zı = y(t) = r(t)e'*9, —ó 
< t < ô, and (0) = e/*O = q,. If y crosses C, from left to right at qı, 
then r(£) is a monotonic increasing function, with r(—d) = a and r(ó) = 

if y crosses C, from right to left at qı, then r(f) is a monotonic decreasing 


366 The structure of Riemann surfaces 


yD) 


function with r(—ò) = b and r(Ó) = a. Since both cases are similar, we 
assume that y crosses Cj from left to right. Let v be the number of points 
of intersection of y and Cı. We will construct a piecewise smooth closed 
curve y” intersecting C, at v — 1 points and satisfying 


y wy + Cmpa: 


Let y, be the curve obtained by deleting {y(t) : -ó < t < 6} from y. 
Then y, is a curve with starting point y(Ó) and end point y(—6). If 
yo: t —5 y(t), —ótxóÓ, then y=y,+y 5. Similarly the curve Cx 
= II(f, - a; - Bz"), obtained from C4, by deleting {r : a<r<bhisa 
Jordan arc with starting point a and end point b and C441 = C« +7). Let 
aa : 0 — ae”, 0 < 0 x 0(—Ó), be the arc connecting a and y(—6) and let 
a, : 0 — be, 0 x 0 < 0(Ó), be the arc connecting b and y(6d). Then 
€=,-a,-y;'+az'! is a closed curve and obviously €~0 on 
[U(Ci)] C R. The curve y) = y, - Cx - ap is a piecewise smooth closed 
curve intersection C at v — 1 points, satisfying 


yO =y + Cm +E, ~O, 


(see Definitions 4.34 and 4.35), hence y® ~ y + Cm+1. If y crosses Cj 
from right to left, then there is a piecewise smooth closed curve y(U 
intersecting C; at v — 1 points and satisfying y! ~ y — Cry. 

From y one obtains a curve y? ~ y(0 + Cm+1, intersecting C1 at 
v — 2 points in the same way. Repeating this procedure one finally arrives 
at a closed curve y satisfying y? ~ ^U + Cm+ı and which does not 
intersect Cj. Obviously, y ~ y — nm+1Cm+1, for some integer 71,4. 
Outside [U(C,)]y™ coincides with the original y. Hence by performing 
the same procedure for C5, ..., Cm we arrive at the desired curve p. It is 
clear that B intersects each C,,; transversally at most finitely many 
points. 
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_ (3) To prove (7.48) it suffices to prove that the closed curve B can be 
represented as | | 


P ~ mC, + nC, + nm Cm, ni, n», ..., Np EZ. 


(7.50) 
As explained above, R —II([D]) Since the domain of II has been 
restricted to [D], IIT! maps R™ = R — |Ci| — --- — |C,| onto the 


region D. Since f is in R(?), II^! ( B) is a piecewise smooth closed curve in 
II^! (B). Choosing y in such a way that it does not pass through the closed 
disk II([Uoj) on R, we find that II! (8) is in the region D — [Up]. Put 
o = II (f) and let s + z= o(s), 0 s <1, where o(0) = 0(1), be a 
parameter representation of o. By Lemma 7.7, 

D = D- [Uo] - il — lol — ++ — lyaml — |Y2ml 
is a simply connected domain. Hence, if ø does not intersect any of the 
Jordan arcs yi, Y2, ..., Y2m, we have o ~ 0 in D, hence 8 = Il(o) ~ O in | 
R and therefore 8 ~ 0. If o intersects at least one of the y,, then 
o = IT}! (£) intersects each yx transversally at most finitely many points, 
since 6 intersects each C,,, = I(Y2}-1 * Qo, y3, 1) transversally at most 
finitely many points. Denote the points of intersection of o and 
y» Y2»... y2m by O0 (51), O0 (52), ett 5 O (Sy—1), 0 < $1 < $2 Se x $y—] 
< 1, and put so = 0 and s, = 1. The curve ø is divided into v curves 

| 0;:s—z-—O(s), Sj) SS € Sj, J=1,2,..., V; 

that is 

O = 01 ° 02 0j: Oy. 
Let t — z = y(t), where y4(0) € [D;| and y;(1) = ez, be a parametric 
representation of y+. Each o (s;) determines a k = k( j) and t pO<t; <l, 
such that o (s;) = y;(t;). Let 

yg:tz-—yyt),  Oztzty, | k-—k(j, 
be the part of y, between y;(0) and y;(t j). Consider I’; as a closed curve 
with base point y;(0). Define e( j) = +1 if a crosses y, from right to left 
at o(s;) and &(j) = —1 if o crosses y, from left to right at o(s;). The 
curve 
E= yg TE” Yi k= KA, | (7.51) 
is a piecewise smooth closed curve with base point o (s j). Since o(s,) is 
the end point of c ; and the starting point of 0 ;,1, the curve 

T= 01°) +07 + 82°03 +--+ Oy + 5, 4*0, (7.52) 

is a closed curve in [D] not passing through the closed disk [Uo] and 

I(r) = I(o1) - I(51)- I(o2) - I(&») - -- II(5,.1) - II(o,). 
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$; = 


“The Vj 


Sj» Tes a 


We have (compare Definitions 4.34 and 4.35) 
V v—1 
Iv) = $ Ilo) -- MINE), ME) = NMC xs) 
j=l j=l 


as l-cycles on R. Hence 


J 
and II(T;,) = —C, 


and therefore 


p= 3 nC El m= $ «- M s 
hzi 


k(j)-2h k(j)=(2h-1) 


Ii(o;) = (01-02 ---0,)=TM(o)=f, | II(T3,.) — C, 
=] 


So, in order to prove (7.50), it suffices to show that I(r) ~ 0 on R. In order 
to prove this, it suffices to show that t ~ 0 on [D] = [D] — Up. All points 
pé|yx| are boundary points of D = D—[Uo]—|yi| —--- —|y2nl. 
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If we consider p as a boundary point of U*(y,) (to the left of y) we 
denote p by p*; if we consider p as a boundary point of U (vx) we denote 
it by p^. Considering p* and p` as different points, we denote the closure 


of D by D. The figure shows a part of [D] — Uo and the corresponding part 
of D. To give a rigorous definition of D, we follow the same procedure as 
used to define R. For each yx, determine a C% function p, = p(z) on 
D — [Uo] satisfying supppy C U(y,), px(2290 for all z and 
px(y;(t)) = 1,0 < t < 1, and define 


2m — 
-=y |j ox, z U (yo), 
p^ (z) UU — pi) p, mm 0. z € U~ (yx). 


Since p; (z) is a C” function on D, so is p*(z). Hence 
u : z > uz) = (z, p' (2) 

is a diffeomorphism mapping D into C X R and we define 
D = [u(D)] 

where [u(D)] is the closure of u(D) in C X R. 
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Let & denote the restriction of the projection of C X R onto C to D. 
Of course, @u(z) = z for z € D. Now Disa compact Hausdorff space and 
© : p—+z=@(p) is a continuous map which maps D onto [D] = 
[D] — Uo. The projection à is one-to-one on a sufficiently small neighbor- 
hood of each q € D. The inverse image à! (y4(f)) of a point y(t) on y, 
consists of two different points yt (£) = (y;(t), 1) and yx (D = (yu(t), 0). 
The inverse image of a point z € [D] — Up — |yi| — --- — |72m| consists 
of one point p = ©! (z). The inverse image O(y4) of y, consists of two 
Jordan arcs 


yk:t— yi(,  vypg:toy;(, Osxtxl. 
The end point of y; is y, (1) = ez, the end point of y; is yz (1) = ex. The 
inverse image Ty = à (T4), of T, is a Jordan arc with starting point 
Y X (0) and end point y; (0). Hence 

~ A 

Ük— (yy) Tee yi (7.53) 
is a Jordan arc with starting point e; , and end point ei. The inverse 
image à !(a,) of the arc a, consists of two points and a Jordan arc, 
denoted by à. The starting point of à, is €, its end point is ef}. Hence 

Z = fom G5) + fom d, f Gz! +7 a! (7.54) 
ff, 


is a Jordan curve. Since |=| = à- ((D] — D) and u(D) = à (D), we have 
D=MD)U|E|,  u(D)n|8| =ð. 
Identifying z € D and u(z) = ^ (z), u(D) and D can be regarded as the 
same Riemann surface, hence 
D-DU|S, Dn|s|=@. (7.55) 
Hence the Jordan arc || is the boundary of D in D and D is the surface 
obtained from [D] = [D] — Up by replacing its boundary [D] — D by |El. 
The C° function p*(z) on D can be extended in a natural way to a 
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continuous function p+(p) on D. Denoting the restriction of the projection 
of C X R onto R to D by pt : p — pt(p), then p*(p) is a continuous map 
on D and p*(p)- p*(z) for p= u(z) —z € D. The distance d( P. 4) 
between two points p, q € D is given by 


d(p, q) = V|@(p) — čl + |p*C(p) — 9* (a). 


As shown in the proof of Lemma 7.7, D is a region without holes and there 
exists a conformal map f : z — w = f(z) which maps D onto the unit disk 
U. Exactly as in the proof of Lemma 7.4, it is possible to extend f to a 
continuous map f. which maps D onto [U]. Similarly, it is possible to 
extend the conformal map g = f^! (which maps U onto D) to a contin- 
uous map g mapping [U] onto [D]. The map go f maps D onto [D] and 
go f coincides with w on D sine (g o fY2 = g(f(2)) =zforze DC D. 
Hence go f and à coincide on D: 


= gof. (7.56) 


e(j)=+1 


e(j)=- 
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We want to consider the closed curve t = 0; + &;+07--- £, 4 0, on [D] 
(see (7.52)). The curve o ; has o (s;. 1) as its starting point and O (5j) as its 
end point and @~'(0,) consists of two points and a curve G, (just as 
@~'(ax)). If o crosses y, at o(s;) = yx(t;), k = k(j), from right to left, 
then the end point of 6; is y, (1j); if o crosses from left to right then the 
end point of 6; is y; (f;). Hence the end point of G j is given by y, 9 (tj), 
where £(j) is defined in (7.51). Similarly, the starting point of ó j+1 is 
y(t j). The inverse image à (yy) of the Jordan arc y; consists of two 
Jordan arcs 

yg : t y{ (Ð and Yg:t— yy,() O<tSt, k-k(j. 
For 4j, as defined in (7.51), we put 

E= y Ty yu k= kG, 
and É j 1$ a Jordan arc on D; its starting point is y, P (£j) and its end point 
is y j). Hence, by joining together the curves 61, Ë, 05, Ë, 3, ... in 
this order we obtain the closed curve 

T = 061°) * 02 Ë2 ° 03 o Oy t Er 4: 6, 
on D. Since à(6;) = o; and à(£ j) = j, we have @(t) = v. Since à = 
č o f by (7.56), we have | 

t= g(f(1)). 
Since f (T) is a closed curve on the closed unit disk [U], we have f (t)~0 
in [U]. ‘Therefore, since g maps [U] onto [D] continuously, we conclude 
t= g(f(1)) ~ 0 on [D]. 

We want to study the homology of a Riemann surface R from which the 
points g1,..., q, have been deleted. For simplicity, we assume that 
qx € II([Uo] and qa € |C;|, h=1,..., rand k= 1, ..., 2m. Since IT! 
maps R™ conformally onto D, it maps R — II([Uo]) —|Ci| —- --- 
— |C2m| conformally onto D. Hence 

foll : p> w= fü (p) 
maps R — II([Uo]) — |Ci| — --- — |Co,| conformally onto the unit disk 
U. Put wa = f(II ! (g4)) and, 0, for sufficiently small £ > 0, let U,(w;) be 
an &-neighborhood of w, in the w-plane; that is [U;(w;)] C U. Regarding 
w = f(II!(p)) as a local coordinate of p, then II(f ^! (U,(w4))) is a 
coordinate disk with center q, on R, the circumference of which we denote 


by qnr- 


Theorem 7.10. An arbitrary 1-cycle y on R — (qi, ..., q+} is homolo- 
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gous to a linear combination with integer coefficients of Cj, C5, ..., Com, 
Qi, Q2, ..., Qu; that is 
y~ niC, + +++ + ros Cos + 1254101 +-+ Nam=r Qr. 
(7.57) 


Proof: From the proof of Theorem 7.9, we have 

y~ p + Nm+1C m+ + lm42C m42 + +++ + NomCom, 
on R — Íqi, ..., qr}, where P is a closed curve in RU? — (qi, ..., qr}. 
Further 


B—»:n,C,-IKr), t=, 
h-1 
and 7 is a closed curve on D = DU =| not passing through II~'(g,) € D. 
Hence f (T) is closed curve in the closed unit disk [U] not passing through 
Wh = f (1^! (q4)), h= 1,2, ..., r. 

Now B,-O[U;(w,)] is a circle with center w, and radius e, 
On = II(g(B5)) = (IIo 8)(B,), g = f ^!, and IIo g is a continuous map 
mapping [U] onto R — Uo, while (II o g)(w;) = gy. Hence II o g maps 
[U] — (wi, w2, ..., w, onto R — Up — --- (q1, q2, ..., qr} continuous- 
ly. To prove (7.57) it suffices to prove that 

I(r) ~ N2m+1Qı + N2m+2Q? tcc 2m r Qr 
on R -(qi425...,q,)]. Since t= g(f(?)) and hence II(t)= 
(II o gY(f(?)), it suffices to prove that 

f (1) ~ nami Bi + n2s42B2 + +++ + NamsrB, (7.58) 
on [U] — (wi, w2, ..., wy}. Now (7.58) is easily verified by the method 
used in part (2) of the proof of Theorem 7.9. Fixing wo € O[U], let La be 


the segment connecting w, and wo. By choosing wo suitably, we may 
assume that any two of Li, L2, ..., L, intersect only at wo. We choose a 
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piecewise smooth closed curve u in U — (wi, ..., wy} which intersects 
each L, transversally at most finitely many points, such that u ~ f (T) on . 
[U] — iwi, ..., w,): u can be obtained by a slight continuous deformation 
of f(z). 

Let t —^w = u(t), 0 S t <1, u(1) = u(0), be a parametric representa- 
tion of u. Let u(t1), 0 < t; < 1, be a point of intersection of u and L}. For 
sufficiently small 6, divide øu into the Jordan arc us: t—5 w= u(t), 
fı —Ó St < tı + Ó, and the remaining curve 4, : U = Uy * uo. Replacing 
Hs by a Jordan arc A), connecting u(t; — ô) and “u(t; +ô) in U — 
|L] — |Z2| — --- — |L,|, we obtain a closed curve 


(1) 
u u 


u” = Wy Ay uc B, 
(compare (2) in the proof of Theorem 7.9). The total number of points of 
intersection of u® and Li, L2, ..., L, is one fewer then the total number 
of points of intersection of u and Li, L,,..., L,. By repeating this 
procedure a finite number of times, we arrive at a closed curve 


HO esu — naga Bi — nom42B2 — +++ — ngo B, 
in U, which does not intersect any of the segments Li, Lo, ..., L,. Thus 
—|L,| — --- — |L,| is a simply connected region and so u™ ~ 0 on that 


region. Hence, since f(T) ~ u, (7.58) is true. 

According to Theorem 7.9, each element of H4() can be represented 
in only one way as the homology class of a linear combination with integer 
coefficients of Jordan curves Ci, C5, ..., Com. We say (C, ..., Com} 
constitutes a base of H,(R). Denoting, as usual the additive group 
{(m1, m, ..., Nom): ni E Z, i— 1, ..., 2m} by Z?", we can summarize 
the above as: H\(R) is isomorphic to Z^". Since obviously H(R) is 
determined uniquely by the topology of R, m is a topological invariant of 
R. We shall see later that 2m = b,(R). For an arbitrary continuously 
differentiable closed 1-form y, we call fe, y the period of v on the 1- 
cycle Cx. If f yy = 0 for all piecewise smooth closed curves y on R, then 
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by Theorem 6.14 y = dy for some twice continuously differentiable func- 
tion 7 on R. Since y Y ",n,C, (Theorem 7.9), we have J,yv= 
Y" n Jc, V by (6.100). Hence, if all periods f,Y, k=1, 2,...,2m, 
vanish, then V is exact. Let us put pj = pc c, then dpi is a closed 1-form 
of class C^? on R. 


Theorem 7.11. A continuously differentiable closed 1-form Y on R can 
be represented as: 


Vy =a, dp} +a, dpy ^: t aos dp5,, + dn, (7.59) 
where 7 is a twice continuously differentiable function and where the 
coefficients a4, a2, ..., a2, are uniquely determined by y. 


Proof: fw can be written in the form (7.59), then 
a--| w «| (7.60) 
C mh C, 


h —1,2, ...,2m, by (7.46) and (7.47). Conversely, for a given y, define 
di, Q2, ..., A2m by (7.60). Putting o = y — 3 "a dpi, we have Jo, p 
=0, k=1,2,..., 2m. Hence q = dy for some function 7, thus proving 
(7.59). 

lt follows from this theorem that the dimension of the d-cohomology 
group H1(R) of R is 2m where 2m = b1(). We call m = bı(R)/2 the 
genus of R and denote it by g = g(R): 


1 
g=a(R)=m= 5 ^09. (7.61) 


Corollary. This first homology group H\(R) of R is isomorphic to Z^. 


8 


Analytic functions on a closed Riemann 
surface 


In this chapter we will investigate analytic functions on a closed Riemann 
surface R which we will always suppose to be compact. 


8.1 Abelian differentials of the first kind 

a. Harmonic I-forms of the first kind 

Let R be a compact Riemann surface. The only holomorphic 
single-valued functions on R are constants. For suppose f(p) is holo- 
morphic on R. Since R is compact, the continuous function |f(p)| 
assumes a maximum at some point po € A, hence f(p) has to be a 
constant by the maximum principle (Theorem 1.21). However, for multi- 
valued functions the situation is different. For example, if @ is a harmonic 
| -form on R (not identically equal to 0), then the integral of (6.102) 


P " 
f(r) =| (o +ixo) (8.1) 
Y 


defines a multi-valued analytic function, holomorphic on R. A 1-form 
which is harmonic on the whole of R is called a harmonic 1-form of the 
first kind. If o is a harmonic 1-form of the first kind, then g + i * o is a 1- 
form which is holomorphic on the whole of R. A 1-form which is 
holomorphic on the whole of R is called an Abelian differential of the first 
kind. Writing an Abelian differential w of the first kind as w = 9 + i * g, 
then 9 and *@ are harmonic 1-forms of the first kind. 

Let g = g(R) be the genus of R. By (7.61), g = m, where m is defined 
in Section 7.2b. Choosing analytic Jordan curves Ci, C5, ..., C g» as 
described in Section 7.2b, piecewise analytic Jordan curves Cg,1, 
C 242; ..., Cog are determined by (7.45). Let A, v be two natural numbers 
less than or equal to g and let j, k be two natural numbers less than or 
equal to 2g. Put pj — pc, We have, by (7.46) and (7.47) 
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[ aie p, tn 


gtv 


(8.2) 
if j= kl # g then | dp; =0. 
Ck 


The linear space £ of all continuously differentiable closed 1-forms on R 
coincides with the space £4, where @ is the function which vanishes 
identically, i.e. C = Lo (compare (6.79)). Hence, by Dirichlet’s Principle 
for each y € £ there exists a harmonic 1-form of the first kind ~ such that 
Q = V + dy where 7 is a twice continuously differentiable function on R. 
(In general, o = Y + dN% is a harmonic 1-form with the same singulari- 
ties as dø. Since in this case do = 0, we have q is harmonic on R.) 


Lemma 8.1. If the harmonic 1-form of the first kind @ is exact, then 
o = 0 throughout R. 


Proof: By assumption, o = d for some twice continuously differenti- 
able function 7 on R. Since d * o = 0, we have, (from Theorem 6.11), 


lel? - | o^se- | an +o - | d(n * 9) = 0. 
R R R 


Hence ọ = 0. 

For each v € £, the harmonic 1-form of the first kind @ satisfying 
p = V + dy is unique. To see this, let o, = Y + dm and p2 = Y + dg 
be harmonic 1-forms of the first kind. Then o2 — ọı = d(m — yı) = 0 
identically, by the above Lemma. The harmonic 1-form of the first kind 
go = w + dn is called the harmonic part of w. 

Since dp; is a closed 1-form of class C^, we have dp; € L. Letting e; 
denote the harmonic part of dp; , we have 

e; = dp; = dj, j=l, 2,..., 2g. (8.3) 


The function 7; is of class C^? on R. Since Jo, dn; = 0 by (6.46), we have 


| € gy =l, | e, = —l, if Ij — kl # g then | e; — 0. 
C, Cg 


C, 


(8.4) 


Theorem 8.1. A harmonic 1-form of the first kind @ on R can be written 
in exactly one way as a linear combination of ei, e», ..., eag: 
p = aye; + a2€2 +++ + Ageg + Agii@git T occ + a2g€2g. 
(8.5) 


378 Analytic functions on a closed Riemann surface 


The coefficients are given by 


a, = -| Q, ager = | Q, v—1,2,..., g. (8.6) 
Cosy C, 


Proof: Assuming (8.5), (8.6) follows from (8.4). Conversely, we define 
dj, Q2, ... , Arg by (8.6) and put 
VU = @ — aye; — a2€) — +++ — a2g€2g. 

Then fet = 0, k=1,2,..., 2g, by (8.4). Now y is harmonic, hence 
closed, and the arbitrary closed curve y on R is homologous to a linear 
combination of Ci, C5, ..., C5, with integer coefficients. Hence J yy = 0 
by (6.100), therefore y is exact by Theorem 6.14. Hence y = 0 by Lemma 
8.1, and we are done. 


For arbitrary y € L, we have 
| v=| dpi ^w (8.7) 
C R 
by (6.71). Substituting e, for y and observing that f dn; ^e; = 
J d(9jex) = 0, we have 


| ex = | dpj Nex = | e; ^ €x. 
C; R R 


Hence, by (8.4), 
| ey ^ €giy = |, if j — kl # g then | €; ^ ey = 0. (8.8) 
R R 


The subspace of £L consisting of all harmonic 1-forms of the first kind will 
be denoted by H. By Theorem 8.1, dimp H = 2g and (ei, e2, ..., erg} is 
a basis of H. The conjugate form xe, is also a harmonic 1-form of the first 
kind. Hence xe; can be represented as: 


g g 
xe, = 9 aeg +Y Bue, A=1,2,..., 8, (8.9) 
v=1 v=] 
where, by (8.8), 
Qj, = | e, ^ *e, = (ey, 2). (8.10) 
R 


2 . 
Hence a,; = ayy and $77, ,aj,xix» = |l: aell = 0 with || So xel 
> 0 whenever xj, x? ...xj are not all 0. Hence det(a;,) #0, and each 
eg+v, V=1,2,..., g can be represented as a linear combination of 
€, €2,..., Eg, *€], *€5, ..., *eg by (8.9). It follows that (ei, e», ..., 
Eg, *€], *€2, ... , *eg } is another basis of H. 
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b. Abelian differential of the first kind 
An Abelian differential of the first kind on R can be written as 
w = ọ + i x ọ with o € H. Since o € H can be represented uniquely as 


g g 
p= > ae, +S b*e), 
i=l À-l 


w can be written in a unique way as 
g 
w = ` ca(e} +ix*e), Ci = a, — ib}. 
À-1 
We have, by (8.9), 


H4 4 
e, + i*ej— N (Ôn + ipj,)e, + »» idiye g+v 
v=1 


v= 


and det(a,,) Z 0. Putting (4;,) = (a4,) ! and 


S S 
Wy = 2. Ay; (€ + i* ej) = 2. Aye, + ie giv, (8.11) 


we obtain the following theorem. 


Theorem 8.2. An Abelian differential of the first kind œw can be repre- 
sented uniquely as 
w = C101 + C202 +: + CgWyg 
where Cj, C2, ..., cg are complex numbers. 
We have, by (8.4) and (8.11) 


| Oy = iÔ], | Oy = —da,. (8.12) 
C; C g+ 


8.2 Abelian differentials of the second and third kind 

a. Meromorphic functions 

A function f = f(p) which is holomorphic and single-valued on 
R with the exception of a finite number of poles, is called meromorphic. 
Let g1, ..., 9; be the poles of f with orders mı, ..., m, and let pj, ..., Bs 
be the zeros of f with orders nı, ..., ms. The 0-chain: 

nip + "292 + +e + NsPs — mg; — M202 — +--+ — mq, 
is called the divisor of f and denoted by (f). Generally, a 0-chain 
d = my, with integer coefficients is called a divisor of R; X` mpx is 
called the degree of ù and denoted by deg à. If all m, = 0, then we write 
d > 0. If m, = 0 and at least on m, > 0, then 0 is called positive and we 
write d > 0. 
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b. Abelian differentials of the second and third kind 

Next we want to consider a 1-form w which is holomorphic on R 
with the exception of a finite number of points q1, ..., 9,. Fix po € R and 
for arbitrary p € R let y be a piecewise smooth Jordan arc connecting po 
and p. The function 


fü) = ^ 


is a holomorphic analytic function on R — (01, ..., 4,}. We assume that 
p £ Ak and po # 9, and that y does not pass through any g+, k = 1, ..., r. 
Of course, f is in general a multi-valued function and w = df, that is w is 
locally the differential of the analytic function f. Let z: p — z,(p) bea 
local coordinate around q4 and let us write f(z;) for f(p) as a function of 
Zk = zy(p). Then 

w = f'(zy)dzk 
and 0 = z,(8,) is an isolated singularity of f'(z,). If z = 0 is a pole of 
f (zx) for k=1,..., r, then o is called an Abelian differential on R. If 
Zy = 0 is a pole of the m,th order, q is called a pole of the mth order 
of w. On a neighborhood of q4, œw can be represented as 

w = (Trte St aot) dz,, 

k 


nm 
Zk 


ak—m # 0, m= my, 


The coefficient a,,., is called the residue of œw at qj and is denoted by 
Res,, [o]. 
Res,,[@] = — ia 

If Res,,[@] = 0 for all poles gg, then w is called an Abelian differential of 
the second kind. If Res,,[w] Z 0 for some q then w is called an an 
Abelian differential of the third kind. The integral IM w is called an Abelian 
integral of the first (second, third) kind if w is an Abelian differential of 
the first (second, third) kind. Considering the Abelian integral f = f(p) as 
an indefinite integral of w, we write f = fœ. The Abelian differential œw 
can be represented as w = df. Using a local coordinate, the Abelian 
differential w = df can be written as w = f'(z) dz. If z(p) is a zero of the 
nth order of f’(z), then p is called a zero of the nth order of w. Let w have 
poles pı, ..., q; with orders mı, ..., m, and zeros pj, ..., 9, with orders 
ni, ..., Ns. Exactly as for meromorphic functions, we define the divisor 
(w) of w by 
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(w) = nip + nop? +--+ n,D,— MQ, — M2Q2 —--- — myí9,. 


Theorem 8.3 (Residue Theorem). f w is an Abelian differential of the 
third kind on R with poles qj, ..., g», then Y^; , Res, [o] = 0. 


Proof: Let [D] = R — U; - U2 —---— U, be the closed region ob- 
tained by deleting from R sufficiently small disks U, = { p|z,(p)| < €} 
with center 94. Since dw = 0, we have 


2zti 2 Ress[o] = yf o- -f = -L, dw = 0 


by Green's Theorem (Theorem 6.10). 


It is obvious that if f is a nonconstant meromorphic function on R, then 
df is an Abelian differential of the second kind, and df/f is an Abelian 
differential of the third kind. Indeed if (f) = $7, , m8, then f can be 
written as f = z)*h;(z,), where zę is a local coordinate around g, and 
h,(Z,) is a holomorphic function of z,, h,(0) Æ 0. Hence, 


df (my, hz) 
f = (= + o dzy, (8.13) 


i.e. gx, is a pole of the first order of df/f throughout. Since it is obvious 
that df/f is holomorphic on R — (84, ..., q}, df/f is an Abelian dif- 
ferential of the third kind. Since Res,,[df/f] = m, by (8.13), we deduce, 
from the above Theorem, that ^;.., m, = 0. 

We have proved: 


Theorem 8.4. If f is a meromorphic function on R, then deg( f) = 


Since 9, is a zero of the m,th order if m, > 0, and a pole of the m, |th 
order if m, < 0, this theorem shows that the number of zeros of a 
meromorphic function equals of its poles. 


8.3 The Riemann- Roch Theorem 
a. Existence theorem 
Fix q € R and let z, : p — z,(p) be a local coordinate around 9 
such that its range in the z,-plane contains the closed unit disk and put 
= {p : |z,(p)| < 1}. We also put 


l 
S mq) = n + in = zm + Za 
g 
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where m is a natural number. Since $,,(e'*) = 2cos m0, we have V,, = 0 
on lUo]. Hence S,,(z,) satisfies condition (6.75). Let v = d(p®,,) (com- 
pare with the Corollary of Theorem 6.19) and let p= Y + dæ be the 
harmonic 1-form of Theorem 6.16. The 1-form 
dlym=O+ix@ 

is holomorphic on R — {q} and has the same singularity at q as dS ,,(z,). 
Since $ dS m(Zq) = 0, dtq,m is an Abelian differential of the second kind 
and Tam = [($ +ix*®@) is an Abelian integral of the second kind. This 
proves: 


Theorem 8.5. Let 9g € R. The there exists an Abelian differential of the 
second kind dt,,, which is holomorphic on R — {q} and which, on a 
neighborhood of q, can be written as 


dt, s = d s ; +a holomorphic 1-form. (8.14) 
Zo 


b. The Riemann—Roch Theorem 

Let qi, ..., Q; be points of R, let z,, = z be a local coordinate 
around q4, k = 1, ..., t, and let us write dT m instead of dr, m. Further 
let w, = e, + i * e, be the Abelian differential of the first kind introduced 
in Section 8.1b. The linear combination 


df — y Y Ck, m QU km + y C,O, (8.15) 
k=1 m=1 v=1 


with complex coefficients is an Abelian differential of the second kind and 
f = Í df an Abelian integral of the second kind. The Abelian integral f is, 
of course, in general a multi-valued function on R. If f is single-valued, 
then f is holomorphic on R — (8j, ..., gz} and, by (8.14), 


f= y ys ——" + a holomorphic function (8.16) 
k=1 m=1 
on a neighborhood of each q. Hence f is meromorphic on R, holo- 
morphic on R — (91, ..., qz} and has a pole of at most m,th order at each 
ak. - 


Conversely, if the meromorphic function f is holomorphic on R — 
(01, ..., Qz} and has a pole of at most m,th order at q4, then f is of the 
form (8.16) on a neighborhood of each q,, hence df can be written in the 
form (8.15). What conditions must the coefficients Cg, m and c, satisfy for 
the Abelian integral f = f df to be single-valued? It is single-valued if and 
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only if [, df = 0 for all piecewise smooth closed curves y not passing 
through 4), 02, ..., +. For given 9), ..., q; it is possible to choose the 
Jordan curves C1, C5, ..., Cog of Theorem 7.9 in such a way that none of 
them passes through 9, ..., q,. Actually, since C, is the unit circle, which 
is contained in the region {z,|a < |z,| < b, b=1/a>1, of R, 
n — l,..., g, if suffices to replace C, by a circle |z,| =r for some 
suitably chosen r, a < r < b, if q € |C,]. The choice of the curves 
Cg, +--+, Cog is thus restricted further. Hence 


y ~ ni C, + mC t c nogCog + rog Qi t occ roguuQ: 


where Q; is a sufficiently small circle |z;| = € > 0 with center qg, in 
R — (0,...,8;) (see Theorem 7.10). Since df is an Abelian differential 
of the second kind, we have fo, df = $a, df = 27i Res, [df] = 0. Hence 


| df = "| df + n| df +--+ me| df. 


C2g 


Therefore, f is single-valued if and only if 


| d =0, j=1,2,..., 2g. (8.17) 
Cj 
We regard (8.17) as a system of linear equations in the unknowns c,,,, and 
C,. 

Putting 


t my 


H4 
df = dt + ` CyO y, dt = ` Ck,m dTk m, 
v=1 l 


k=1 m= 
(8.17) can be written as 
g 
| dt + ic, = 0, | dt — V ^ anc, =0, A=1,2,..., 2, 
Ch € gta v=] 


(8.18) 


by (8.12). An arbitrary Abelian differential œ can be represented as 
w = h(zg)dz,, wherre z, is a local coordinate on a neighborhood of an 
arbitrary q € R. Since dz, ^ dz, = 0, the exterior product of two Abelian 
differentials vanishes identically. Therefore, 


i(a5, — yi) = | w, \w, = 0, 
R 


by (8.11) and (8.8), so that (a;,) is a symmetric matrix. Hence, by eliminat- 
ing c4 from (8.18), we obtain 
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| r+ Y asf dt = 0 ÀA—-1L12,...,g. (8.19) 
C gta 


Since a € |C;|, it is possible to choose p; = pi, in such a way that 
supp pj N [U:(0;)] = Ø, When U;(0;) = (zi: Izal < £) for some suffi- 
ciently small £. Since e; is uniquely determined by condition (8.4), it is 
independent of the choice of p. Put 


G: = R — [U-(91)] — [Uc(02)] — --- — [Us(0;)] 


Since supp pj C Ge and dt is holomorphic on Ge, fe, dt = fe, dpj ^ dt. 
Hence, putting 


S 
C= IN gta + ` aivi 


v-l 


we have 


g 
idp sa + `“ adp} = € — dt, 


v=1 


by (8.3) and (8.11). Therefore (8.19) becomes 
| ondt- | dO, ^ dt = 90. 
Ge 


The exterior product œ, ^ dt of the Abelian differentials œw} and dt 
vanishes identically. As €,b, is a C% function R and since AUCH) 
= Q;, we have 


[Ge] = —Qi — Q2 — +++ Qe. 


Hence, using Green’s Theorem, 
t 


J. dt, A dt = |. d(&, dt) = — 2. J. C, dt. 


€ 


In general, t = [dt is a multi-valued function, but all branches of t over 
[U;(8,)] are single-valued functions: 


t= DE Em 4 h(z,), h(k) 1 holomorphic function. 


J o, (Sit) = 0, we have 


-| 6 dt = J. td, = `. Ck n| z zr + |. h(zk)o0 


=| 


and f, h(zz)w, = 0 by Cauchy's Theorem. Hence, writing $4, for fo, 
(8.19) takes the form 
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t my l 
SS cenh 9170, A212... (8.20) 
k 


k=1 m=1 
Thus if the integral f = f df of the Abelian differential of (8.15) is single- 
valued on R, then the coefficients c, ,,, m = 1,..., my; K=1,..., t, are 
solutions of the system of linear equations (8.20). Conversely, if the cx m 
are solutions of (8.20), then dt = Y 74 mCk,m dt y, satisfies (8.19). So, 
putting c4 = i fe, dt we get (8.18) and therefore f — | df is single-valued. 
Let 91, ..., 0, € R and mı, ..., m, be natural numbers. The collection 
of all meromorphic functions on R, which are holomorphic on R— 
[0;, ..., Qz} and have poles of order at most m, at qx, constitute a linear 
space. Putting b = mig; +---+ m,Q,, this space is denoted by J(v). 
Assuming that f does not vanish identically, a meromorphic function f 
belongs to F) if and only if (f) +d = 0. Since the divisor of the function 
which is identically equal to 0 is not defined, we will formally agree that 
(0) +d = 0. Hence 
FA) = (f|Cf) +d = 0), f a meromorphic function}. (8.21) 


The function f € F) is uniquely determined by df apart from a constant 
and df is uniquely determined by the solution Ck,m of the system of linear 
equations (8.20). Hence dime F(t) — 1 equals the number of linear 
independent solutions of (8.20). 


The linear system with unknowns ci, c2, ..., Cg 
£ l 
) CA —w, =0,m=1,2,..., Mmk, K=1,2,..., t, (8.22) 
A=1 Ok k 


is the transposed equation of (8.20). Representing w = c1@1 + c2W2 + 
.-- + Cg@g ona neighborhood of q, by 

w = (ako + ak1Zk + aka, +) ak, 
Equation (8.22) means that for k= 1,2, ..., t, we have k= 1,2, 
..., t, we have akm = 0 when m = 0, 1, 2, ..., mx_1 i.e. qy iS a zero of 
w of at least m;th order; in another way (w)— d => 0. The number of 
linearly independent Abelian differentials satisfying (c) — b = 0 is called 
the index of speciality of ð and denoted by i(t): | 

i) = dim{w|(w) — d = 0}. (8.23) 
(Since in this case b > 0, any Abelian differential satisfying (œw) — t > 0, 
is of the first kind.) Observe that i(b) equals the number of linearly 
independent solutions of the system of linear equations (8.22). Hence 

i-g-r (8.24) 
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where r is the rank of the matrix of coefficients $,,(1/z™)w, of (8.22). 
Since the number of unknowns Ckm Of (8.20) equals m; + m+ :-- 
+ my, = deg and the rank of its coefficient matrix also equals r, we have 
dim (v) — 1 = degd — r. (8.25) 
Elimination of r from (8.24) and (8.25) yields the following theorem: 


Theorem 8.6 (The Riemann—Roch Theorem). 
dim F(b) = degd — g + i(d) + 1. (8.26) 


The Riemann—Roch Theorem is one of the basic theorems concerning 
meromorphic functions on a Riemann surface. Since i(0) = 0, we have 
dim (b) = degb — g + 1. 

We conclude from this equality that there exists at least one nonconstant 
meromorphic function f on R that is holomorphic on R — (8, ..., 9 gti} 
and has poles of at most first order at 91, ...,9 g41 for arbitrarily given 
points qj, ..., Qg+1 on R. This is because dim (0 + 92 + --- + O41) 
— 2. If q8,..., fg are g' points of R “in general position" and if 
B — 0 +--:+ gg, then it can be shown that i(t) = 0. Hence by the 
Riemann- Roch Theorem dim F) = 1. Thus the only meromorphic func- 
tions which are holomorphic on R — (9;, ..., Gg} and which have poles 
of at most first order at gi, ..., 9 g, are constants. 

We have proved the Riemann—Roch Theorem under the assumption that 
b is positive. If d is not positive, we still define F(X) and i(v) by (8.21), and 
(8.23) and the Theorem still holds. For the general case, let d= 
3 La MEO — $ nb (pj Æ Ak; Mk, n; € N). Now F) is the linear 
space consisting of all meromorphic functions f which are holomorphic on 
R — (8), ..., Az}, have poles of at most m,th order at q, and zeros of 
order of at least n; at pj: id) is the number of linearly independent Abelian 
differentials which are holomorphic on R — (9i, ..., Ps} and have poles 
of at most n;th order at p; and zero of at least mth order at q4. The general 
case of the Riemann- Roch Theorem follows easily from the special case 
d >Q. 

(1) The case d = 0. Since F(0) = C, dim F (0) = 1 and (o: (v) = 0} is 
the linear space consisting of all Abelian differentials of the first kind on 
R, where i(0) = g. Hence (8.26) is valid in this case. 

(2) The divisor of an arbitrary Abelian differential w on R is called a 
canonical divisor and denoted by f : f= (w) (we assume that « is not 
identically equal to 0). Fixing an Abelian differential wo, we put f = (wọ). 
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For an arbitrary meromorphic function f, the divisor of the Abelian 
differential w = f + wo is given by 
| (0) - (fF) Ff, 

hence (w) — d = 0 is equivalent to (f) + f — = 0. Thus the linear map 
f — w = f -wo is an isomorphism mapping F(t — b) onto {w : (v) — b 
= 0}, hence 

iù) = dim F(f — d). 
Therefore, (8.26) can be written as 

dim F) — dim F(f — d) = degb — g + 1. (8.27) 
By Theorem 8.6 and (1) above, (8.27) is true when b = 0. 

(3) Two divisors d; and b; on R are called linearly equivalent if there 
exists a meromorphic function f such that b; — b; = ( f). We write this as 
D; ~ d2. It is obvious that ~ is an equivalence relation. Indeed, b ~ d since 
d —b = (1) = 0. If b; ~ b», then b; ~ dı because if b; — d = ( f), then 
d —b; —(1/f). If &j — d = (fi) and d —$ + (f2), then dı —3; = 
(fi + f2), and so b, ~ b. 

If dù — d = (f), then degd, — deg?) = = deg( f) = 0 by Theorem 8.4, 
hence 

if d © d then degd, = deg dy. (8.28) 
If à; - d = (fo) and f is an arbitrary meromorphic function, then 


(f+ fo) co =(f)+ Cfo) +h — (f) +d 
and the linear map f — f+ fo maps F(d)) isomorphically onto J(b;). 
Thus 


if d zz b; then dim 7 (bi) = dim 7 (b;). (8.29) 
If fj and fz are two canonical divisors on R, then | 
f; zt (8. 30) 


for iff, = (w1) and f2 = (w2), then w; = f - &», where fisa meromorphic 
function; hence fı — f2 = ( f). Thus by (8.28) 

degf, = deg fz. (8.31) 

(4) The case dim F@) => 1. Pick a (nonzero) fọ € F(d) and put 

do = (fo) + d. Since do = 0, (8.27) is valid so 

dim (8o) — dim F(f — do) = deg d — g + 1. 
If g = 1, at least one (nonzero) Abelian differential w of the first kind 
exists. Since F = (w) = 0, we have 

dim F (f) — dim F(0) = degf — g + 1. 
Since dim F(f) = i(0) = g and dim F(0) = 1, we have 
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degf — 2g — 2. (8.32) 


If g = 0, then R is the Riemann sphere S = C U {oo}. Regarding C as the 
z-plane, z is a meromorphic function on S that is holomorphic on C and 
has a pole of first order at oo. Let Z% = 1/z be the local coordinate around 
oo. The Abelian differential œw = dz is holomorphic on C and has n zeros 
on C. Since w = d(1/z4,) = —dz,, / dz. w has a pole of the second order 
at oo. Hence f = (w) = —2-oo, hence degf = —2 = 2g — 2. Hence, by 
(8.31), the degree of the canonical divisor f is always given by (8.32). 
(5) The case dim F(f — b) = 1. By (4), the formula 

dim F (f — d) — dim (b) = deg(f — 3) — g + 1 
holds for the divisor f — d. Hence by (8.32), 

dim F (f — d) — dim (b) = —deg d + g — 1 
and this is nothing but (8.27). 

(6) The case dim F — (d) = dim F(t — d). We first verify that 
dim F) = 1 ifdegd > g. Ifd = 0, then F@) D C; that is dim (b) = 1. If 
b = 0 is not true, we put d = SO,- magi — ? nb. pj É 0k; my, n; EN, 
dt = 5^, ,miüy and b; = 57^ ,njpj. We put p = p, and let zp denote a 
local coordinate around p. In order for f € 7(n* — D. ;) to belong to 
Fat —5,) = F(at —h. , — nsp), f has to satisfy the n, linear equations, 


FD- =0, n-L2,..m 


Hence, dim F+ — d7) 7 dim F+ — b. ,) — ns, therefore by induction 
with respect to s we have | 


dim F@* — b.) > dim 7(5*) - V^ nj. 


j=l 


Since 5^, ,my — $5; n; = degd 7 g, we have dt > 0. Hence, 
t 
dim Ft) > 3m, — g +1, 
k=l 


by Theorem 8.6, and therefore, 
dim (b) = degb—2g-r-12 I. 
Thus, since in this case dim (b) — 0, degd < g — 1. Further, since 
dim F (f — d) = 0, we have deg(f — d) < g — 1, i.e. degb = degf — g + 
1 = g — 1. Thus degb = g — 1, proving (8.27). 
This finishes the proof of the Riemann- Roch Theorem for an arbitrary 
divisor b on R. 
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8.4 Abel’s Theorem 

a Existence theorem 

We want to prove that for arbitrary p, q € R, p Æ 9, there exists an 
Abelian differential of the third kind which is holomorphic on R — {p, a} 
and has poles of the first order at p and q. We first consider the case when p 
and q are contained in the same coordinate disk Up = (p : |z(p)| < 1}. We 
introduce the function 


z—-B /z-a 
1—fz/ 1-az 


Si) = +8 = n Jas so 
As S(z) is a holomorphic single-valued function on Up — |o|, when o is 
the segment in Up connecting a and D, and on O[ Uo], we have 

z— p 2-0| jg. 
1 — pz l-az| ' 
that is S(z) satisfies condition (6,75). For arbitrary «o € £a, let 
Q = Y + dno be the harmonic 1-form of Theorem 6.16. Then o + i * @ is 
an Abelian differential on R with the same singularities as dS(z), by 
Theorem 6.19. Put 


Wp = —i(o + i* p). 
Since we have 


V — log 


— log 


dz dz 
z— 29) z z(o) 
on Up, it follows that wy, is an Abelian differential of the third kind with 
poles of the first order at p and q and holomorphic on R — (p, q}. We have 
e = dzy + holomorphic 1-form, 
z—z@) Z% 
where z is a local coordinate around p, and a similar expression with regard 
to a local coordinate around q; hence wy, can be represented as 


—idS(z) = — 


+ holomorphic 1-form 


d. 
Wy = — + holomorphic 1-form, 


P (8.33) 


d , 
(pg = T holomorphic 1-form 
Zo 
on a neighborhood of p and q respectively. If p and q do not belong to the 
same coordinate disk, we choose a sequence of points: po = P, pi, b», 
.«, Pns P441 = A such that p, and p+; belong to the same coordinate disk 


for all k. Defining c5,,,,, as above, we put 


Dyq = Opp, + Opp; t ccc + Opa. 
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Then og is an Abelian differential of the third kind which is holomorphic 
on R — (p, q} and can be written as 


d. d. 
(pg = — T holomorphic 1-form, «4 = ag holomorphic 1-form 
Zp Zq 


on a neighborhood of p and q respectively. Let Ci, C5, ..., Cag be the 
Jordan curves of Theorem 7.9, chosen in such a way that they do not pass 
through p and q. Put: U,(p){zp : lz| < €}, Ue(a) = {z4 :|lz < eb Pe = 
O[U,(p)] and Q; = O[U,(q)] for some sufficiently small € > 0. If y isa 
piecewise smooth closed curve in R - (p, q}, then, by Theorem 7.10, 


2g 
y ` n;C; + nP; + mQ;. 
j=l 


Hence, by (8.34), we have 


2g 
| Vy = ` n| Wp + 2zti(m — n). (8.35) 
y ja Je | 
The 1-form: 
g S 
w = ` ly (€ gv +ix* €g+v) — ` rg 4v (€y +1%* Cy) 
v=] v=] 


where r; = Re fe Opa: is an Abelian differential of the first kind and 
Re J.," = řj. Hence Re J, (@pq — €) = 0 for arbitrary y by (8.35). Thus 
the real part of the Abelian integral f(@p — œ) is single-valued on R. 
Writing Wy, for cg — © we put u = Re f@p. We have proved the fol- 
lowing theorem: 


Theorem 8.7. For arbitrary p, q E R, p Æ q there exists an Abelian dif- 
ferential of the third kind 

Wy, = du + i * du 
which is holomorphic on R — {p, q} and has poles of the first order at p 
and q. Then c can be written as 


d d. 
(pg = — “ + holomorphic 1-form, «y = = + holomorphic 1-form 
Zp g 


on a neighborhood of p and g and u = Re J @pq is harmonic and single- 
valued on R — {pq}. 

We write exp for e?. Now f ,ej Where y is an arbitrary piecewise 
smooth closed curve, is an integer by Theorem 7.9 and (8.4), hence 
exp(27i fre j) is independent of the choice of the path of integration 
connection p and 9g. 
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Theorem 6.8. 
q 
exp ( om = exp ed e) (8.36) 


Proof: We put G: = R — [U,(p)] — [U:(9)]. By (6.71) and (8.3), we have 


| om = | dp} None = | ej Nd | dnj ^ Wyn. 


j € € € 
Since Wy, = du t-i* du and e; ^ «du = du ^xej, we have ej ^ Op = 
—du ^ 0j where @; = e; — i x ej, hence dw; = 0. Therefore 


| ej ^t = - | du ^ij = - | dua) = | 
Ge Ge Ge 


by Green’s Theorem. 

Since u = log|Z,|+ a harmonic function on a neighborhood of p by 
(8.34), and w; = e; + i * e; is a holomorphic 1-form, we have |, œ; = 0. 
Therefore 


u ; «| uo j, 
Q: 


€ 


lim] ui; = -imf log |zhy|o; = —lim log e| a; = 0, 


and similarly lim,_,9 Jo uà; = 0. Again, By Green's Theorem, we have 


-| dn; ^ Oy = -| AH jp) = | N jO yg «| N jO pg- 
G: G: P; Q 


€ 


Hence 


dz dz 
| Op = lim C] nj— T | nj E = —2zi[n ;(P) — 7)(0)]. 
C; £ B p Q, ^9 


Since dy; = e; on R — supp pj, we have 
q 
n;a) — n;@) = | ej 
p 
where b e; is taken along a path of integration not passing through 


supp p; . Hence (8.36) is proved. 


b  Abel's Theorem 

Let b = ( f) be the divisor of a nonconstant meromorphic function 
f on R. By Theorem 8.4, we have deg = 0. Conversely, if a divisor d on 
R is given such that degd = 0, then it is not necessarily true that there 
exists a meromorphic function f such that d = ( f). Abel's Theorem gives 
a necessary and sufficient condition for the existence of such a mero- 
morphic function. 
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Let d = $7, .,m,9, be a divisor on R such that degd = Y^, ,m, = 0. 
Let Zk = z,, be a local coordinate around z,. Fixing po € a, we put 


t 
Wy — ` m kO pgg: (8.37) 
k=1 


Of course, coy, represents the Abelian differential of the third kind of 
Theorem 8.7 corresponding to po and q. Now «x is an Abelian differential 
of the third kind which is holomorphic on R — {q;, ..., Qz} and can be 
represented as 


Wy = mydzy + a holomorphic 1-form (8.38) 
Zk 


on a neighborhood of each gx. 

The Abelian integral w(p) — fo, Wy, where po € R, is a holomorphic, 
multi-valued analytic function on R — (8;, ..., qz} and all branches of 
W( p) can be represented as 


w(p) = m, log z;,(p) + a holomorphic function 
on a neighborhood of qz, by (8.38). Hence, the function 


P 
f(p) = exp | 3 (8.39) 
Po 


is also a holomorphic, nonzero, multi-valued analytic function on R— 
{91,---, Qz} and 


f(p) = z«C(p)"* - hip), where h;(p) is holomorphic 


(8.40) 
and h,(94) Æ 0, 


on a neighborhood of q,. 
By analytic continuation along a closed curve y not passing through po, 
01, ..., Qz, fü» becomes: 


XwM(p) Adv) = exp ( on) 
y 


If y — ie, n;C; then, by (8.35), 


2g 
|o - Son Wy + 27ti * m, m c £L. 
y C 


j=l j 


Hence 
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2g 
xv) = [[xc)". 
j=l 


Therefore, f (p) is single-valued on R if and only if 4(C;) — 1, j — 1, 
2, ..., 2g. Since o» = $7, mio, We have 


d OK 
Xə(C;) = exp Gos m| e) 
k=1 Po 

by (8.36) and therefore |yy(y)| = 1. If f(p) is single-valued then, by 
(8.40), f = f(p) is meromorphic and (f) — b. Conversely, if fo is a 
meromorphic function satisfying (fo) — b, then hk = f/fo is a holo- 
morphic analytic function on the whole of R and |h(p)| is single-valued 
since |yy(y)| = 1. Hence A(p)= constant by the maximum principle. 
Therefore f(p) is single-valued too and yy(C;) = 1. We have proved: 


Theorem 8.9. Let à = $7, mi, be a divisor on R such that deg = 0. 
There exists a meromorphic function f such that ( f) = d if and only if 


d Qk 
wC) = em (1mm. «| -L j=1,2,...,2g. 


k=l Po 


Since DDr m, = 0, we have %a(C;) is uniquely determined by d and does 
not depend on po. The analytic function f = f(p) defined above is in 
general a multivalued function on R, but its many-valuedness is not 
arbitrary: by analytic continuation along a closed curve yy, the value f(p) 
becomes xy»(y) -+ f (p). This is expressed by saying that f is a multiplicative 
function. Since |yy(y)| = 1, the poles and zeros of f and their orders do not 
change under analytic continuation, hence the divisor (f) of f is well 
defined and (f) = b by (8.40). In this way, there always exists a multi- 
plicative function f satisfying (f) — b for an arbitrary divisor dð with 
degt = 0. Abel's Theorem gives necessary and sufficient conditions for 
this f to be single-valued. 
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The problems presented here comprise simple exercises and results that 
could not be mentioned in the text. The latter are marked with an asterisk. 


Chapter 1 
1. Prove that the equality z} + 22 + z2 = z,24 + z47, + z,z; is valid if and 
only if the points z,, z2, and z, are the vertices of a regular triangle. (Ahlfors, 
1966, p. 15.) 
2*. If 2x = (z+ 2), 2iy = (z—z)andz = x + iy, z and Z are not independent 
variables. À formal application of the chain rule for partial derivatives yields 


ð ôxð aya iG id) 


dz  Ozüx | dzdy 2\dx y 


2 axa dy 1/8 0 
02 OZdx dzdy 2\dx ay! 


which we use to define the partial derivatives 0/0z and 0/0z with respect to 
z and Z respectively. If u(x, y) and v(x, y) are continuously differentiable, 
real-valued functions on some region, then f(z) = u(x, y)+ iv(x, y) is a 
holomorphic function of z = x + iy if and only if (0 f (z)/0z) = 0. Prove this. 
3. Find the power series expansion in z of f(z) = 1/(1 — z)" (m is a natural 
number). 

4. Find the radius of convergence of the power series: 


1 z? 137 135 z 
23724572467 

5*. If the radius of convergence r of the power series )'^ , az" satisfies 
0 « r « +o, and if ¢ is a point on the circle of convergence such that 
> =o 4n" converges, then the function f(t) = att". OSts lisa 
continuous function of t. Prove this. 

6. Let (t) and y (t) be continuous functions defined on the closed interval 


arcsin z = z+ >- 


«20 Ôn 
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[a,b] and let |$ (t)] < 1 for all te[a,b]. Prove that 


^ wt) , .4.[" 
| dz | z- 7 ri | V (t) dt, 


where » is the unit circle in the z-plane. 

7. Prove that lim,,,(14z)(1--z2)(1—z*)--- (129-7) —-1—z for 
lz| « 1. 

8. For which z does the series $7. , (z/(1 + z))" converge? (Ahlfors, 1966, 
p. 41.) 

9. A series of the form 5^ , a,[z"/(1 — z")] is called a Lambert series. If 
>, <1 a converges, then the Lambert series ) ^ , a, [z"/(1 — z")] converges 
for all z with |z| 4 1 and its sum S(z) is holomorphic on the domain of 
convergence. Prove this. 

10. Let f(z) be an entire function of z. Prove that if | f(z)| / |z|” is bounded for 
|z| z 1 and some natural number n then f(z) is a polynomial of degree at 
most n. 

11. Let f(z) be a nonconstant entire function, and let M (r) = max, |/f(re?)| 
be the maximum value assumed by f(z) ona circle with center 0 and radius r. 
Prove that M(r) is a monotone increasing function of r. 

12. Let f,(z), f2(2),. . . ,f,(z) be holomorphic functions defined on a region 


D and put 
a(z) = If, (21+ Ul + -o + falz). 


If not all functions f, (z), f(z), . . . ,f,(z) are constants, then the function o(z) 
does not assume a maximum value on D. Prove this. (Pólya and Szego, 1978, 
Problem 300.) 


Chapter 2 

We have seen that the proof of Cauchy's Theorem for a sufficiently 
general bounded region D is quite complicated, but for a region D of simple 
shape a simple proof of Cauchy's Theorem is possible, as is shown by the 
proof of Cauchy's integral formula for a circle given in Section 1.3c. 

As another example, let us assume that the boundary C = 0[D] of Disa 
smooth Jordan curve, that the projection of C on the real axis is the closed 
interval [a,b], and that for all x € (a,b), the line through x parallel to the 
imaginary axis intersects C transversely in exactly two points x + i$ (x) and 
x -Fiy(x) with (x) < p(x). Putting D. = (zeD:Rez < č} for a < č S b, 
the boundary C, = 0[D, ] of D; is a Jordan curve consisting of two smooth 
Jordan arcs and at most two segments parallel to the imaginary axis. Let f (z) 
be a function holomorphic on [D]. 
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13. Prove that 


v(à) v(a) 
| rex: - | (E+innidy— | f(a + iy)idy 
C, $(&) (a) 
č 
+ | f(x ^ i$ (x)) (1 - ib'(x)) dx 


Š . 
-| f (x + iy (x)) (1 + ij (x)) dx. 


(The third and fourth integrals on the right are improper integrals.) 
14. Prove that (d/d£) fe, f(z)dz = 0. 


15. Prove that| f (z)dz = 0. 
In Cauchy's Theorem (Theorem 2.2), we assumed that the boundary 0[.D] of 
the bounded region D consists of a finite number of mutually disjoint 
piecewise smooth Jordan curves. For application it often suffices to consider 
regions D where boundary C = 0[D] satisfies the following condition: 
Let [a,b] be the projection of [D] onto the real axis. Then there 
exist a finite number of points ag = a < a, <a, < --- <a,=b 
such that for each x (a,..,, a,) a line through x parallel to the 
imaginary axis intersects C transversely in 2m, different points. 
Under this assumption, the region [D] is divided into a finite number of 
closed regions [D,], A = 1, 2, .. . , v, by the lines 1,, l,,...,1,-1, passing 
through a,, a5, .. . , a, ,, respectively, and parallel to the imaginary axis. 
16. Prove that [. f(zdz—-» z)dz = 0, where C, = O[D,]. 
17. Evaluate le a am: LA | i [Pa 


( | +œ cos(ax) — cos(bx) dx 


x? 


(11) M (=) dx, a> 0. 
0 
| d 
(iii) im . T i D 


(iv) l 00 
0 


2n d0 
9| osoa? ^b 


a>0,b>0. 


bi 
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(In order to evaluate integrals of the type fe " R(sin0, cos0) d0, where : 
R (sin 0, cos 0) is a rational expression of sin 0 and cos 6, one puts z = e” and 
considers a suitable integral along the unit circle. Ahlfors, 1966, p. 154.) 


. [* dé 
(vi) [ sin? +a’ a> 0. 


+ oo x"^ 1 
(vii) NE tox" lx dx, | where m,n are natural numbers m < n. 


Chapter 3 
18. Let f(z) be holomorphic for |z| < 1 and assume | f(z)| < 1 if |z| < 1. 
Prove 


Ln eiu 1-2 OP 
lf) - SON s lel roy ia 
(Polya and Szego, 1978, Problem 282.) 
19. Let f(z) be holomorphic for |z| < 1 and assume |/f(z)| < 1 if |z| « 1. 
If x and f are such that |«| < 1, |B| < 1, a # B, and f(a) = f(B) = 0, then 


—a 1- 
TOE „1-A 
—ăz |—fz 
Prove this. (Pólya and Szegö, 1978, Problem 294.) 


20*. Let f(z) be holomorphic on the closed disk {z: |z| € R}. Deduce 
Poisson’s formula: 
R?—r? 


2n 
fee) o3 3i JRE)" qz Rr cos9 BF 


from the Mean Value Theorem with the help of the linear fractional 
transformation g: z ( = g(z) = ((z—c)/(R—€z/R)), c = re, 0€r < R. 
(We have 


f(g (0) = 


lz} « 1 


; lz] « 1. 


1 fa) 
Hj. $ 
by the Mean Value Theorem. Now substitute g(z) for ¢ in the expression.) 


di 


21. Prove that the linear fractional transformations 


cos 0 ° z — sinb , 
z—z|lz—————————— and z >z! = e” 
sin -z +cos0 


represent rotations of the Riemann sphere S through an angle of 20 around 
the ¢,-axis and the £,-axis respectively. 

22. Prove that a linear fractional transformation of the form z > z! = 
(az + B)/(— Bz +8), |x|? +|B|? = 1, represents a rotation of the Riemann 


398 Problems 


sphere and that, conversely, all rotations of the Riemann sphere are 
represented by such linear fractional transformations. (First prove that all 
unitary matrices (5; £) can be written as: 


a B\ [(e* 0 cosü —sinüV /e*" 0 
-p a) WO e^ sin 0 cos0/ NO e "/ 


23*. Prove that the stereographic projection č —z maps the sphere 
S — {N j, from which the north pole has been deleted, “conformally” onto 
the z-plane. 

24. Find a conformal mapping that maps {z: |z| < 1 and Imz > 0} onto 
the unit disk. 

25. Find a conformal mapping which maps the region (z:|z— i| < J 2, 
Iz i| < J2 and Re z « 0} onto the unit disk. 

26. Find a conformal mapping which maps the region {x + iy: x? — y? > a, 
and x > 0}, a > 0, onto the unit disk. 


Chapter 4 

27. If the function f(z) is holomorphic and without zeros on the right half- 
plane, | z: Im z > 0}, and satisfies f(z + 1) = zf (2), Im z > 0, then f (z)can be 
analytically extended to a function holomorphic on € — (0, —1, —2,..., 
—n,...}and0, — 1, —2,..., —n,...are first-order poles of F(z). Prove 
this. 

28. Let g(z) be an entire function and let C be a smooth Jordan arc 
connecting 0 and 1. Put f(z) — f .g(C)dC/((—z). The function f(z) is 
holomorphic on C — |C |. Replacing C by another curve C,, such that C, ~ C 
in C— {z}, does not affect f(z). Prove that f(z) is freely analytically 
continuable on C — (0, 1). Prove also that the analytic continuation of f(z) 
along a smooth closed curve y which does not pass through 0 and 1 is 
f (z) + 2nimg(z), where 


l 
masa de/C(¢ — 1). 


29. Evaluate [> log x dx/(x? +1)? . (Ahlfors, 1966, p. 160.) 
30. If f(z) is holomorphic on the closed unit disk, then 


1 
| f (z)logzdz = 2mi | f(x) dx 
"4c 0 
where C is the unit circle. Prove this. (Pólya and Szegó, 1925, Problem 167.) 


Chapter 5 
31*. Let 4:t-2 A(t), a€t € b be an analytic Jordan arc. Prove that the 
reflection z = A(w) > z* = A(w) is invariant under a parameter transfor- 
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mation: t = $(t), «St S B, with $(x) a real analytic function satisfying 
$' (1) > O. 

32*. Let 6: w—z = $(w) be a conformal mapping from the upper half- 
plane H * onto the interior D of an n-gon such that $ (oo) is a vertex of [D]. 
Prove that $ (w) is given by 


w n-i 


piw) = Co [[ (w—2,)79/7 dw+C,. 
w A=1 
0 
(Transform formula (5.38) using a linear fractional transformation from 
H* onto H * and a, onto oo.) 
33*. Provethat a conformal mapping from the unit disk onto the interior D 
as an n-gon can be represented as 


Y:w>z = piw) = Co fo [[ w-b)797dw-C, — Ibl 
A=1 


Considering y/(w) as a function defined on the closed unit disk, prove that 
Ww: w— z = ý (w) is a homeomorphism from the closed unit disk onto [D] 
and that y (b) à = 1, 2,...,n, is a vertex of [D]. 

34. Prove that w >z = fọ (1 —w")~?/" is a conformal mapping from the 
unit disk onto the interior of a regular n-gon. 


Chapter 6 
35. Deduce Cauchy’s Theorem (Theorem 2.2) directly from Green’s 
Theorem (Thereom 6.1). | 
36*. Let u(z) be a function which is continuous for |z| « r and harmonic 
for |z| « R. Prove Poisson's formula: 

; B l 27 6 R2 n r2 

u(re P) -5| u(Re 2 —DRreosO—p) Lr dO, 0zxrc« R; 
compare Exercise 20*. 
37. Consider w € C such that Im 9 > 0 then G = {m+ nw: m, neZ} 
is an additive subgroup of C. Show that “in a natural way" the quotient 
group R = C/G is a Riemann surface. 
38. Prove the equalities Susy d(p;o) = [.pjq, (6.70) and Ju, 4(0;9) = 
if [U;] C D, directly by using polar coordinates. 

N.B. If one proves equality (6.69) directly in this way, Green's Theorem 
(Theorem 6.10) is proved by using partitions of unity reather than cell 
decompositions. Theorem 6.1 is a special case of Theorem 6.10. Hence, it 
is also possible to base the proof of Cauchy's Theorem on partitions of 
unity. 


400 Problems 


39*. Prove that the value of the right-hand side of (6.99) does not depend 
on the choice of the open cover U = (U;) or on the decomposition of y. 
40. Define J, f(z) dz, where f(z) is a function holomorphic on a region 
X2 C C and y is an arbitrary curve in Q in the same way as (6.99) and use 
this to prove Theorem 4.14 Cauchy's Theorem). 


Chapter 7 

41. Let @ be a continuously differentiable closed 1-form defined on the 
region D = {z: a < |z| < b}, 0<a<b and let y:0—z— re®, 0 < 
0 = 27, be a circle with center 0 and radius r, a < r < b. Prove that if 
],€9 = 0, then @ is exact on D. 

42. Let Q = S — F be a horizontal slit region with connectivity m and let 
all connected components F4, k = 1,..., m, of F be segments connecting 
the points a, and B, (Ima, = Im f,, Rea; < Re f),) and put 


gx(z) = (Bt — Ax) (s 2 t5 + Bx). 


Write Ey = (g4(2) : 1 < |z| < 1 +€} as an elliptic neighborhood of F; 
and E, — F, C Q, while g,:z— w= g,(z) maps D= {z:1 < |z| < 
l + €} conformally onto E; — F, for some sufficiently small ¢ > 0. The 
parametric representation y, : 0 — w = g;(re’®), 0 < 0 < 2m, where r = 
l + €/2, defines an ellipse y}, where [y| C Ey — Fy. Let o be a con- 
tinuously differentiable closed 1-form defined on Q. Prove that @ is exact 
on Q if f, 9 — 0 for k = 2, 3,...,m. 

43. Let Q = S — F be a horizontal slit region of connectivity m. Prove that 
the first Betti number 5;(Q) = m — 1. 

44*. (See Section 7.2c). The composition of the continuous map g, 
mapping [U] onto [D] and the holomorphic map 9, mapping [D] onto R is 
a continuous map which maps [4] onto R — q(Uo) and maps U confor- 
mally onto R — q([Uo]) — |Ci| — --- — |Com|. Hence go g is one-to-one 
on U and R — (Uo) can be obtained from [U] by identifying the points w, 
and w € [U] — U if (qo g)(wi) = (Go g)(w;). Using this fact, prove that 
R, as a Hausdorff space, is uniquely determined by its genus g(R) = m. 
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O-chain, 191 

1-chain, 191 

1-cycle, 316 

1-form, 247 

1-form, harmonic, 258, 295 
1-form, holomorphic, 257, 258 
1-form, real, 247 

2-form, 248 


a-point, 119 

Abelian differential, 380, 386 

Abelian differential of the first kind, 376, 379, 
387, 390 

Abelian differential of the second kind, 380 

Abelian differential of the third kind, 380, 
389, 390, 392 

Abelian differential, residue of an, 380 

Abelian differential, zero of the nth order, 380 

Abelian integral, 380, 392 

Abel's Theorem for meromorphic functions, 
391 

absolute value, 1 

absolutely convergent, 4, 53 

absolutely convergent, uniformly, 43 

absolutely convergent integral, 251 

accumulation point, 272, 273 

analytic continuation, 153, 162 

analytic continuation, direct, 154 

analytic continuation, result of, 164 

analytic function, 46, 154 

analytic function, complete, 154 

analytic Jordan arc, 232 

analytically continuable, 153, 162 

analytically continuable, freely, 165, 178, 399 

arc, 26 

argument, 23 


Betti number, first, 343, 400 
biholomorphic, 127, 264, 267 
border, 352 

bordered Riemann surface, 352 


boundary, 65, 73, 191, 261 
boundary point, 261, 285 
branch, 178 


canonical divisor, 386—388 
Cauchy - Hadamard formula, 18 
Cauchy - Riemann equations, 10, 258 
Cauchy’s criterion, 4, 6 

Cauchy’s integral formula, 36, 104 
Cauchy’s Theorem, 101, 103, 194, 396, 399 
Cauchy’s Theorem, homotopy variant, 190 
cell, 74, 77 

cellular decomposition, 80, 399 
cellularly decomposable, 80 

center of a power series, 16 

chain group, 0-dimensional, 191 
chain group, 1-dimensional, 191 
chain, 0-, 191 

chain, 1- , 191, 360 

circle of convergence, 18 

closed differential form, 256, 318 
closed region, 6 

closed set, 261 

closure, 261 

cocycle, 1-, 342 

cohomologous, 342 

cohomology class, 342 

cohomology class, d-, 341 
cohomology group, first, 342 
cohomology group, first d-, 341, 375 
compact set, 262 

complete analytic function, 154 
complex coordinate, 137 

complex number, | 

complex plane, 1 

complex plane, extended, 133 
complex projective space, 1-dimensional , 138 
complex sphere, 133 

conformal, 123 

conformal mapping, 267, 398, 399 
conformally equivalent, 214, 355 
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conjugate, 2 

connect, 26 

connected, 5, 207, 321 
connected, simply, 172 
connected set, 261 
connectivity, 333, 400 
continuous, 6, 7, 25 
continuous, uniformly, 8 
continuous mapping, 262 
continuously differentiable, 55, 255 
contractible, 171 
convergence, 4, 6 
convergent, uniformly, 15, 43 
convex, 172 

coordinate , 24,137 
coordinate disk, 275 
coordinate transformation, 137 
cross, 70 

cross ratio, 143 

curve, 26, 271 

curve, analytic, 272 

curve, smooth, 272 

cycle, 1-, 192, 360, 365 


de Rham's Theorem, 342 

degree of a divisor, 380 

derivative, 10 

differentiable, 9,10, 25 

differentiable, continuously, 25 

differential coefficient, 9 

differential form, 247 

differential form, exact, 256, 318 

differential form of degree 1; see 1-form, 

differential form of degree 2; see 2-form, 

differential form on the Riemann sphere, 268 

direct analytic continuation, 154 

Dirichlet integral, 312 

Dirichlet’s Principle, 299, 377 

disk, 35 

disk, unit, 128 

distance, 340 

divergence, 4 

divides, Jordan curve, 320 

divisor of a meromorphic function, 379, 385, 
391 

divisor of an Abelian differential, 381 

divisor, canonical, 386—388 

divisor, linearly equivalent, 387 

domain, 5, 6 

dual form, 250, 258 


entire function, 58, 395 
essential singularity, 57, 136 
exact differential form, 256, 318 
extended complex plane, 133 
exterior derivative, 249, 270 
exterior of a Jordan curve, 321 
exterior product, 248 


final point, 26 

fractional linear function, 139 

fractional linear transformation, 141, 397 
freely analytically continuable, 165, 178, 399 
fundamental group, 174 

Fundamental Theorem of Algebra, 59 


genus, 375, 400 
Green's Theorem, 251, 255, 287, 399 


harmonic 1-form, 295 

harmonic 1-form of the first kind, 376 
harmonic form, 258, 271 

harmonic function, 259 

harmonic part of a form, 377 
Hausdorff space, 261, 276, 400 
holomorphic, 11 

holomorphic 1-form, 257, 258 
holomorphic function , 256, 259, 267 
homeomorphism, 215, 262 
homogeneous coordinates, 138 
homologous, 193, 316 

homology, 372 

homology class, 360 

homology group, first, 360, 375 
homotopic, 166 

homotopy, 314, 360 

homotopy class, 167 

homotopy variant of Cauchy's Theorem, 190 
horizontal slit region, 329, 400 


image, 117 

imaginary axis, 2 

imaginary part, 2 

index of speciality, 385 
infinitesimal, 10 
inhomogeneous coordinates, 139 
initial point, 26 

inner product, 295 

integral, 32 

integral operator, 307 
interior, 261 

interior of a Jordan curve, 321 


interior point, 261 
inverse image, 117 
isolated singularity, 55 


Jordan arc, 26, 62, 272 

Jordan arc, analytic, 232 

Jordan curve, 27, 73, 320, 395 
Jordan Curve Theorem, 68, 73, 321 


Lambert series, 395 

Laplacian, 259, 271 

Laurent expansion, 55 

Laurent series, 53 

Lebesgue measurable, 312 

limit, 6 

line integral , 250, 274 

linear (fractional) function, 139 

linear (fractional) transformation, 141, 397 

linearly equivalent divisors, 387 

Liouville's Theorem, 59 

local complex coordinates, 137, 264 

local complex coordinates, system of, 264, 
267 

locally finite open covering, 276 

logarithmic function, 155 


maximum principle, 51, 376 

Mean Value Theorem, 51 

meromorphic function, 379, 385, 386, 
391-393 

metric space, 340 

modular function, 240 

Monodromy Theorem, 168, 315 

Montel’s Theorem, 202 

multiple point, 290 

multiplicity, 56 

multiply connected, 333 


natural boundary, 160 
neighborhood, 261 
norm, 296 

north pole, 132 


open covering, 262 

open covering, finite, 262 
open mapping, 121 
order, 56, 136 
orientation, 62 


parameter, 62 
parameter representation, 62 


Index 403 


partition of unity, 278, 399 

path of integration, 32 

period of a form, 374 

Picard’s Theorem, 241 
piecewise smooth, 64, 181 
planar Riemann surface, 319, 320 
point at infinity, 133 

Poisson’s formula, 397, 399 
pole, 56, 136 

power series, 16 

primitive function, 32 

principal part, 55 

principal value, , 331 

principle of reflection , 230, 233 


radius of convergence, 18 

range, 5 

real axis, 2 

real part, 2 

reflection, 227 

reflection, principle of, 230, 233 

region, 6, 261, 265 

region without holes, 208 

removable singularity, 55 

residue, 106 

residue of an Abelian differential, 380 

Residue Theorem, 107 

Residue Theorem for Abelian differentials, 
381 

restriction, 14 

result of analytic continuation, 164 

Riemann Mapping Theorem, 200, 332 

Riemann sphere, 133, 263, 265, 397 

Riemann surface, 264, 265, 274 

Riemann surface, bordered, 352 

Riemann—Roch Theorem, 382, 386 


schlichtartig; see planar Riemann surface, 
Schwarz—Christoffel formula, 246 
Schwarz’s lemma, 130 

simply connected, 172 

simply connected Riemann surface, 329 
single-valued function, 267 

singularity, essential, 57, 136 
singularity, isolated, 55 

smooth, 26, 29, 60, 62 

south pole , 132 

stereographic projection, 133, 264, 398 
subcovering, 262 

support, 278 

system of open sets, 260 
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tangent, 28 

tangent vector, 28 

Taylor series, 22 
topological space, 260 
touch, 30 

transversal intersection, 70 
triangle inequality, 3 


uniformly absolutely convergent, 43 
uniformly continuous, 8 


uniformly convergent, 15, 43 
unit disk, 128 
univalent; see also single-valued, 127 


Weierstrass’ Theorem, 57 
Weyl’s Lemma, 313 
Weyl’s method of orthogonal projection, 312 


zero of the nth order, 380 
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